Branched Coverings

/e'(' X, T ée two Vl—maq/'fo//j
Q proper map F: X2 is a d-fold branched covering F
) 3 Q CV'com/o/p/x BecY (Ca”ea( branch /ocus)

of cotwrension 2
st 7B e X also a codiension 2 CV—wm,o/w

2) ‘HY-'F"(B): (x- £-(®) ="~ 1) s a dejreeol couenh/ mag

Romark: We will "ﬂ’d?uen'f'ly add wna?(fzw.s to B and ¥
(¢9. B a wbmanchold, f smootta...)

TL) = ( Alexande, 1220)

Every closed, oriented (PL) n-manifold M is a branched
cover of S

KGW/"J: 1) PL meons Receh/(,{.e. /Iﬂea/‘ this means M is hamaamarphlé to an n-complex

(5.1‘: the luik of every vertex £ a sphere)

2) the bravched cover map s PL ( hiear on 5«6,91:21&;, maybe aften 5uéplw'('dni/>
3) All smooth mancfdds ore PL (but can map be made sueootl ?)
u) Mot all éo,oo/oﬁgéa? monifolds ore Pl (are they branched covess

. e $* 7)
but tn n=1,2,%3, ol wonilolds are PL
Shetda o’f,oraa(:

We do for Nz, genern/ case suiilor (dea.

Gwed a surface Zj et T by a swipliéiol compleg as above
lex ¥i,..,% be the vetfities of 7
let p(, ...)Pn be pa(hf‘j 2 57' [roww/ Sz th 183)
n ;eu&lal ,oosihh«" . 2¢. 1) Mo L ase aatipedles
2) no 3 lie om some
ynea{- ccle
hof€ ! ey 74)/ any 7leA/ louﬂpp)z clefrne

G,



— 1
s*- Ayp s also a {wanj/e Ak

the ,ooMﬁS Pi- Pa yw'c. Sz a t‘wdn/oaéu'zm%
and the By, e 4!4'72114'!{;‘ or._(_/ﬂ_l; of-
stmplicies 1 '('rz'anjuézt‘zm
alo £ 14,4 ,4U, o vetilte of @ smiplen
O’,,}Z 14 7 thea we get “liear "mcyj

F 1o

Yh uk.—') A'yh and

‘[:Ult T A?j/z
oreit Z, and S°
- M , .
jw&/\ Jd a Z-o(mr./( 5/44/6% la 7 04‘00;@
ord%:'y of veniétes v, st or® om o

agrez s wietd one (adeced é}/ om@«zmy

F orom A’I}k From ordoqn
of vetiiies agrees wz\"/?
orfom §* then JAdefne

o> 5" oy £,
if not by q‘;_
you caa check £ s a Cov&myrnaf Fom Zj-fffq; to $= f,o,}
1.8, a branch covering mop /
Hut: only really need to chech edpes. z

M aue‘jﬁd'uj: ’
1) Can we vpgrade 42 to Vhe smoott world with
branch set a sobmondfold ¢

2) How cam we dLescribe branch tovers ond “see  them 7

2. Dimensional Case:

exramples:
) -f:df = C:22" (s an n-bld Yranched rover

witb  branch locus ©



. R
2

Remork : a)braach locas of will olunys be ollectron of ,oorz;fs

we assome all branch pomts have meﬁbhbo/hoaol
where %ey Look /lbz zz——az" (n=b/anclnly ino(ex)

Q.ueshaﬁ: is th necessary or com we @ lbwgs arsange 'Hzo'?

b) We will take cor branch co:/e/{r't/ maps smeoth.

2) s ccxR

fisto 5"
@x) > @*x)

2 pofvl(:;

}
A-Bld cover
branched over
3) _—_ﬂ_:
g

\L 7uo+reii'(' map ovel 29+l ,aou?n‘S

orieited closed surface of genus
(s 0 2-fold cover of $* branchey

‘f)

‘{ 2- fold

Y
) each Polit hos bmnc(au&j l»;za(exl

[ 2- fold

D



5)

Y

<’ <7

F )= §x, %]

¥,

bfaucAay 1adex X = 2e. w branclhn
\lr 3- fold " ¥y e 7

_51'
x

a émwcheap cover 'P:XA—) Yn 15 ca//?a( 5/0;1/0/6 o‘fdefnscoe ,‘7L
f7'(y) olwnys consiits of d or @-l] pomts

(note £ 4, then every Pout 14 f”(y) is ”/e/au(a/ "
it d-\, the all but ore powt /7«4[0/ and other
point has b/amch/y tudex 2)

) I
A=$'xI

2- fold
;
this s a very vsotul &(am}o/e,! AxA cﬁi -3
for now 1t las & stdiaple q///éat‘roﬁ : | 2-fM
A xD" —5 s'xs
| 2-fld J

DL‘DZ —_— 5 3
3
s0 9 4- fld brauched cover T 55
you cau check branch locas ¢

@@

2



and %St ¢ 2-fold bramched cover overs’
withi brendh loces @
pl'elvwrm - Hurwitz Formala

let p;)(—-a}’ be a brancec cover of swﬁm?s
B-1{y, . y,‘§ el the bruch set
pUB) = fxy o md <X, ayc | Py
let dyz branch indeg at *,
d = fold of cover

Ax) = d (1) - T -
= AN -k)+ a+ . +a,

Then

froof: note A(Y-8) = Xr)-k
so AN(p=7r-8)) = AN (r-6) 4 Al X -k)

now add bach ,oom"(f{ (e ,0"//5> Hhee are Q¢ .. ta, v

7cor other ﬁfmuél note f ,0"/‘4-)—’ }’K,l, X,,m} then
d= d,"\‘ e td

T

VB : each b.p. gues a partrtron of I
(4
Smee there are k pomnfs ¥, we seé kd = ;:d"

also n=a,+ ... ta,

Ll ke = -hds T done g7

noee: RH formola restreets /0055/:5/6. wuerl/_ij.r

ey. F Zj—a St tx a branced cover ana(yzl
Hen there are 2 3 branch polnts,

(smee  d(z-k) «at..ta, >0 f ksz2)

P’?ﬁoszﬁ'on . "
Any arz€m‘€a( 50/74:«6 s a éfcchEﬂ( oover a-»[ S

branched over 3 poiats.




P

Prof ‘
\_

b
P‘,J, d- Pold branched over f‘u’?}’
a

note: P.(-‘[;q' s, J) = {3: Q’/ G,q, ... C,,}
' now guwen q suféuc Z of geavs g

we huows 3 a 2-fold cover ‘Zf—> S* braached

- over Zg+2 Iooz;ufg
let these pornis be ¢ ... C,jﬂ_ 11 z;f‘z(c)
the oq ! — &
“ szﬁ F1T 25 s deswed cover 7

Rema h: auy surfuce (s

D 2-fld cover over §° branched a/avﬁ cuome set
2) a cover of 5% bramched over 3 ponts (fold of tove, not ﬁxeb/)

3) branach cover with braunch

locus a scbomanidold

Auestrons:
1) ls an n-manfold an n-fold cover of s” ?
(M'ﬂ‘ é/&rt(lt lo(as @ 5041!4—014(7[.0// 7)
2) [s vhew o submaudfold T < S such that 24
n-monifolds are a cover of S branched cver T €
3) Gwer M s thew a brached tover quer ST vt

braach set a {Uémomtélf.?

ln odimiensem 3! answer Tes fo a2 3 |
In o(mheo;gw} $: quswer a/mos{- (I/e; to i’ | aud 3
(noﬂuéy known abeut Z ?)

In hijka« Admiens cons onswen is sometmes Mo fo
all 70{:51‘:&45



/‘/(é.e qpﬂ/zc'a‘ﬁan O‘lC RH 7£O/M0/Q

aomple: We can vse RH formola to 1q']unc ovt what a gien SVrface (5,
é9. an—' f[‘X:y:Z] e CP"} X”-o-y"-f- 2” =0} Fermat curve
(-1)(n-2)
2

Claw 2,65 a surfece of genus

1”‘{— Z. ¢s a closed surteas:
fF:¢’ —>¢ "6‘:%?) - x"-fy".f-a"
¥ pe £7(0) with pxo df, sujechie

so f o) “@:0:0) Q ‘/-—maw;falo’

L lwm,eneou; = pé f (o) & &P é€ 1o
X Ve4o

FYr~(ama) :
7z ~ /.o/(c_o)c CP” pghes sen¢e

note actton of € s free and

pProper (1¢ Xxlc-0)~Xx¥
@ t)—>cp2.p)

proper Ma/)
Yo L real Zomandold ‘
( complex /- ot fd - o/le.«fw/)

?.""d &ompufe gen Us:

note wﬁye*(- a map pf((ipz- [[o:o: l]]) — CF' =5t
[x:y:z] — L[x:y]

[0:0:1] &7, .. p' mduces a map
pefly TS’

for [x,:y,]€ &f’"
p"([r.:y,])= f[x.,:x,: 2] G‘C/’Z/Z"= ("5, §
when X'tV FO  thisc consists of a Points
(can chech dp*o0 ot these so Cot/?/'liy 5/‘4(6)

UA@M }(: A-Yo" =0 o«f;/ one pa(;t{‘

thes bogpeas ot [1: 6]



duestzon:
SUﬂoose you ore 7“/'&4 2 9 ond T, onented surtaces |

wlle/e £, = nt'h root of On('b/

that s ot u pots

50 F ¢t an - fold branched cover
bravched ocver n-pa)nt;

(aud each bp. has | pre (;«?C)
S XZ,)=En (X(Sq')-n) 4+

S 2n-nt4u = -N*+3n

o j(fm): 2—3{{,,) - fll"zjn-fL
= (h-nNn-2)

2

delN
k‘fa/h:hbnfa‘fdi (d,, ... a,'l.)‘ (a(,”’ -'-”(kl)
50&:5!2)/17 fﬂe RH 'A’/'M(//a :
h
A(L)= 4 %T,) - Z (L (e, 1)

J

Ly
ten s there a branched cover 2_’5—92'[,
V‘Ca[/'él'ly the deto ? How MaAy?

Hu{emOHef |62 5ay’/ _&_5_ ,.ﬁ hZ,
it lq=0, 7€ fhzgz; then sometimes N O

éy. Z,s' 57-, Z;:SZ
A=4
(2,2),(2,2), (3,1)

bat (20,7, (2.1) Ok

Open Problen:
When 15 +he answer to Question Yes for Z,=57
/ Is of true f dej/ee prime T

Hurwite problea



M onoa(/omy and coJers .

Sf'ﬂ/'f' wth non -branched covers
X
gwea P be an n-fold Coring yace

X

we }ef' a homamorﬂu;é«
m: T (X ) — S,

where §,= Symmetric _group of u letters

as follows :
l‘b{' p"(xo)z {xl)n-;xn;

jlm’m 2% logpg ¥ :S'2 X based ot x,
let b’1.’[0.(3—>)?’ be the It of ¥
based at ¥
de'ﬁne o;.’ f',-..n]’-P fl,... n}

7 — mdex on 11“)
Casy fo chech O} on ‘y o/e/aemd! o L‘omt‘opy

clags A5 ¥, ¥
dehne mp(ﬁ’l) = 0y

note: 1f we relabel pomts 1 p~x,)
then wh ts @«j&jﬂk/
exercse.! i, 15 bransrhoe

2. %,y €p(x), then L ¥

st. |ift of ¥ baseS at X
has eud ptz §%y3

now j'we«n any Llomomofphl.fh;i
70" 7/7[)(1 xo)-_ysn

let H=foeqxn): £(9)0) =13 thises a
Suéy/vu/o of 77;/)(/&)



F £ s tvasinve (22 1) t+hen 37T st
£y )=))

then H s tadex =
30 (»OV\?/‘My space Y assoccated fto H
and 3;, s n-fld ond 14 ruonoo(/owy

X
(5 (conjuya)l'e) to ‘F

gxample X
m W(X,)(,)’ 4 * Z
b Q
%o o W(X,x)—> S, determmed by

1mage of generators

76 /'(/.51‘ late( t_’ayp; wit

5 elements of = S,

@ j('2)(3 4)

buld cover as follows: |
) wt each edye at a pomt
(b/anclt cq-{—)

1) tahe 1 copres
3) 7/06 Coples QCCo/dlrny At

ég. )C

now 'For éfancéeﬂ( Covers.

[emma
B<cT* oay faie set exercise: prove tacs
any cover of T-B exteads /o
e branced cover over 2

(Cone)




50 branched covers are oetermined é\/ the Monoo(/‘omy of

ther associated covers

&(ame/e :
tonsider D°

i B X,y xa}, thea T(D-B)EF, free group
o Aomomr/&ls.m 77,’101—3)"75,, detervined

by /my& of yené/&foff
7€, jaa" label ,oom'fr

wrth elements of S,

called Horwitz Sygem

e mnch
@ &

ke
+a /I ve
2 fo,ole.f

—_—_—

exercise Show cover ts

11}

loackfo St Y= fold coves with data (z,2), (2,2), (3,1)

Cant be realized

7 (5 (3poits)) = & x

need 0> prduct 2 tangpasttrons
(12)(3¢) (can assume

ey
’eldb‘ty)
bt product L tanspegitiors
(1) (34)
or ((3)(24)

or (14)(23)

(am" be (2)039) or 1mage only (n)4

1§ (13) (24)  then c goes o
(14)(23)



bot need ¢+ (abe) B
same for (14)(2Y)

2 branched covers
1, f: X227
are éfuu'/a lent f 3 hmco»v.o?o‘ukm.s /A 4ﬁ‘eomorpéléms

3: X=X
hi?r=2Y

such that X _9_-) X

Hl oo f

Y o
Th'? (Hurwitz)
2 branched coverss ) 3 [\omeomoflohlsl;ﬂ
fof: Z>Z ) h:(‘[:[}h,%)—ali;ﬂﬁlﬂ)

of surfuces are equalent )
7 SUC‘l that M, = m, o lq' mod Conju'?ahpn

where "'71 < M‘F ’f-B modod/omy

and hy: T (T8 %) T,(T"-B,x)

exesuse  prove v (just fact about covers and wonodromy)

a branched cover X % [ of olegree o 5 callecd simple o
VyéV, lf"(y)l= d or A-1
7. F be 7 a branch ,ﬂo:ﬂ"(' thean -f"l{b)::fx,,,,. x,,_,] wifY

X l“vliy romefeiation 2
X, “”7010(’ pomts" 122

1[5/' G Surfece ths co/'/es/oondj to ltawvij a Wurvite s )rskm wettl an[y {Yan&,oos;ﬁ;n{

eq. () (=
’ e T

(%)

)
& [
avy)



we ca[/ YA éfamcﬁe/ Col/e/m.ﬂ.f
fo £ X7

b— meat‘o/ofé i 3 G L‘o/uofo/af -&JX"WV ¢elo,(]
‘(4'/0094 érartcﬁe/ cover ls;tﬁ_s

hﬂ
) lee F1 X297 be a s1mple branched cover, }’wm,oam‘
T an open set U vi compact -open fupobjy om COUXY)
st any branched cover wi |/ s 5,',,,//¢ |
2) Qay branched coves Ing of a surface s

b- A—omo(-v/.)zi to a Sl.m/o@, b/&"w[te/ toveér

FProof :
D) Ie{—f&s& balls 15 [ svch that £7(B,) =V of n or @-1) disjoint

bﬂs i X,
Jor each ¥ choose smaller badl /404 C it .B,

Voom/utf s0 3 faite % ,A,.., A, . r= (/m?‘A,'
4 open set 14 Compr (t -Open fopslogy on C(xy)
54 9 11 open set = for each A co mponent” £(4,)
9(A) c B
.‘.}7"[7:)[214-1 Veey

also dej7=0/ejf:ﬂ (5/‘;"5 f 7[/7 close Woyé hszé;‘e‘)

$0 7 an n-+old éfemcée/ Cover .. 514n/0[§_/

2 nofe Just needd o Iamﬁwé Cover nNea, brauach /Oomé

near branch poi 26> 2"
change to 22"+ now path to rest

@ _ {[:) or- cover
l
&




gLl
1f 7 a commected surtace then ary two 51;"//5 bm'?&/f!ﬂ(

covers over ST of the same dgrec ore
efac'/a[em‘ aud b-homotopic

for proof reed Hurwite moves

—2
difteo

o,
W, € Lo
€y ol

50 cover co//as/awa(ly fo (% Ko, % A, )
and ([« M,2,0.7, &, ,«,) are egquwalent
ond b-b"oma‘o/m(é:

=

F725a Siuple brancted cover thea 16 Huwewts date (s
o(,/a/,_ ey

gt (a) ¥y &y = IJCM‘II"}/ 14 gﬂ
(8) &, Pramspocitzins
(¢) fol.. o § genemte a Vauste fa(éa/my of 3,

from above we Ruow we tan makhe Wm7e
@ W,y =D Y 4, (or  dyey, oty 4y,,)
also if ¥, y tbransposifins Can make {.',//owmj ¢ hanpes
() =9y = Yy«
(T) =xwy = yry,yxy, v,y

,O/DOFM[ 74"‘:1 743//0‘4/)‘ ﬁ"om

lemme

lany seguence ¥, ...,A’k) saﬁkﬁ}daj @)-(c) can be




pat 11 e form
(rR)1¢e2) ... (1R)(12) @3)(23) 69)(39)... (M-t n) (n-) ")

by a sequeace of @ moves

Dok

SME V... & = identrly, we Auow h=2m even
Claws: can arrange o,  =o; Vi=1,..m

proot: suppose = (x,x,)
must be anothe, +€rm with X, choose one closest 4> o (
Q,-'- (xz %)
can conugate so 122, iF %,=X, we resuce m by | olone by
InducCon
1t %FX, thea ferm (%,,x,) closost to ¥, Can assume o,

I‘F X¢= X, ,%en
{X, XL) /xl xs) {"3 X,) “D(Y, \‘;)(X, X,) /)C‘)(’)
L done éy 1udoctron
i Xy=1%, thea )
(xl Yz\ {xt )‘3)IX,,X7_) -~ ()(lK’)/xz_r;)[xl ){")
& done by nductinn
/7[ Xy ¥ X or %2 ,taen abave o get
(5(/ )‘-n.) (xz)(;) . es [K,--" Y,)

since  haile nombos of x;'s Mﬂ% X, =X, Some )<r
and dlone as above.

now (T) d‘na/ﬁr) I'ndpb/ can Mpé{e 441.7/ pm/’ 57' Qa Coo?/byafc 0.7(‘ ant/ pﬂ{/‘

Since N....w, Generate transiive Group cau fud

(% %) (8 %) () o lem) (6%) .. G, 2, )
s0 get pour 02)(12) at font
ré move IOali‘
Can assyme remasiig ferms Passthive on 2,...,n
mdeed € X €§3,..1} and caut sead 259X then (an send | to %
by transitwity of or'lyu:wl ¥,

50 as above can vse ® w;er( )(lx)((x)
move fo front: 012)() (1X)(x| L (2)(17) (2¥(2x)
vow f 1 (a Nmam:}: ferms fhen Mey are Trranscfive On fl, ... uf

and can remove anothe, (1)) pawr



keep go1ng omtall no 15 lefe
now can pull off some nvmber of (3)23) pm}x
f more thay one theu we see
02 () @) (23) @ 9)3) =2 (1U42) (13)13) (23)(23)
- (12)12) (2 X12)(23) (23)

V4

wnﬁéuﬁy jl-ué’j desized /‘efu/z‘!

Th*:
$

/ef L — st be a Sluh/o@ cover of o/éfree at least 3

and f: 3T > T any homomorphim

then 3 a hom:omgrphah h: $*— 8% qud W 25

such that p —'%Z

4] o |6

s* k0
and ,': lSo'fbplz fo -F
Moreover 4>01: (s é—homofvplé fo ¢,

Foof: Start with ofejrce. 3

recall a Debm hoist ’T;, q/onj a curve ¥ 1n a §ur‘1cb;(e D s a(e'Fmeo( as
Pollous: let N be a nbbd of ¥ ond F:C-1,)%s"' — a/dl#wf/)lﬂlrm

or2 pres
fet‘ f:[‘l,l])‘Sl_7[‘///J¥S’ 2T
(£16) > (¢, 06~ fre)  Whee f
avm( -1
Ty I fotef'te) pet/ | !
4 z P gr) pel-n
.f
771'1 (HwMF‘Ir[e_{ ‘79) @ @
/e{- Z be a closed oriented Svféte

then any diftcomorphism is exerese: Up fo sotopy T,
ljofbﬁlé o « ‘0‘10"5”‘”‘4 O.F on[y o(efemdj on the

DeLuﬂ ﬁ/l.f.{'s aéoll'{' ‘/,)...ngf, Lsafbpy Gé!.(S oﬁ 3/

ol R
K\f//‘\/ :)




50 -ﬁ,lonpve our theorem we just need fo gae can realze al/
7’); n Q branched cove,

let acZ be an arc
@ has @ nbhd NV Atteomonphic to Dz uvmit Ak ta //?
a arc twist- (s vhe A fFCo nr 0 Mismn with @< [o,(-) H-lcr/e
b1 Z— Z.,of——»((““ff) pev=p
FGZ— S

where
tw: =" J
(ro)olr, 0+f)  where

.1___|/""

© Y \

CKCrC(i’e: SLov tso“)b,oy f‘y/oe(fcl 94’) 0/ fk{, only a/e’oends o
the 1'501‘0/)/ C(as,s [re/ Ba) o‘f a
lemma:

let : 4] xS' 5D be Vhe cypcli 2-fold cover branched
over { (0% ‘/7.3}

the tugt map o, here a=flof)|lt1c%] 15 covercs
by e Deln it u/l\e/e o= fo] xS’

Lo }(p

/Jemﬁﬁv
P deabrty near F) rod & st
| WMote tug = rigd T sotution near @ \g 4 ’
st on rest L=




- (dntity near d
am/ /Z.} /‘{7(/ T rotation neary

(-di’wh"y
twist on resté

réid T st

on greev ¢ s Zx"rdewn?\/” so T &tv c/ea/éz re lted
on ,our,o/e ¢ }5 whewe é’bwc&/n] oaqures

bt clearls rr/'w'o/ rofateorn rela ted 47 ¢
on yel(ow ¢ s Zx“(i/enh'fy “and holf tuiyts /IA"E

Aﬁ/ofe: Relatiors wn the mcja/au}y clags Ggroup

m
Go
7&7 s S B B “6/
pe 5Jf&"‘6 -9 ! » "”z/
| (}&Lﬂﬁe/m”‘ @ | o
"(7-0’1' ('d (E ;‘ I5eiia / | et ] S 7 ) %
fcr,"‘ ,(’7) \/ )
b L,
» o ‘47\42\ ,_, (T )’29147_’ ?/
Proof : D"—
&on.{lo/er

2-fld banched coye, (s

je/!u.f _9

Ie{ 0(1: orc 7<1 +* 'Y'I('I ’
note o« fte + %
es. J
$
¢ fU.(1 covered by ?’r?_

A .
also uote t‘ﬁ L (s

the ’CZ} It 1o Tb'°?; smee o ubbd of L )t o

a ubk/ of L UL,



note: ’Z’; sofopic 7‘0( °... °h‘/x )z,ﬂ-
‘l,-fl

to see ths o i ao*o/y classes of Aefteos (D:{x,}) )[D fisd)
correspond fo beids 7ww (D’ fi,3) = (0° )

fet 5? "7D be l_(m‘uﬂ/ of £ ro //Dt_
“yra/)lf of 8. (s

H twvo maps ‘Il:j (D% fi3) = O° ) Jwe
same brad then 10,7 1s0fpe cel §x)

now braid for 'Z'L\ /s

,_—~

:S;

e

sty

repeat 3 more twmés

= [t o Y2
5o Cl'eafl‘/ 7’£ ('('L/a‘ t%zo obw )

2;4/
/17[1‘1‘4/ fo 2- fold branchod cover 7([/6’
_ 29¢2
% G, )7

t;w
o¥ue, case swilar eoe:e./z‘ for a % does pot It but

T M

&

oW  retume +o p/oof of “a"f Ao ¢ I 07[ diffes for
71244/9/6 toves of degree 23"

vecull we consder leyres 3 bt

by previous theorewm any d%,/ee 3 suuple tove, of Zj over S,



/ef a, be Y ars

" (D (U ) G2 ¢re) 23)(23)
—0—— 0 —¢ ©° oo
= Q'.,_q}---—~q9“

and o, 2

(V) @tlee) @ @? G3)
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