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⑰

If n#4, then 1R" has one smooth structure

(this means if R is a smooth n-manifold

and R is homeomorphic to IR"then
R is diffeomorphic to IRV)

in dimension 4 we have

Th1:

there exist a 2-parameter family

\Rs, + 1s+ t(0,1)3
such that Rot is home to IRY but

there is no embedding of Rs,+ to Rs,'+

and t = t'*isan in Mosesbut of SISand tE+' then Rs.+ ->(s't

moreover each 1st contains a compact set
that does not embed in 19 "so they
are not differ to IRY

Remarks: 1) the existence of one such exotic IRY

follows from an argument of Casson



using work of Donaldson and Freedman ②

2) 3 such examples were found by Gompf in
"
Three erotic 1124 's

,

and other anomalies
"

and a countable family was found by Gompf in
"

An infinite set of exotic IR "'s
"

4) An uncountable family {Rt : c- c-Con) ) was found

by Taubes in
"

Gauge theory on asymptotically
periodic manifolds

"

in the second paper of Gompf above hegave
the family in That using Taubes work

That can be refined
,
we say R

≤ R ' if any

compact, smooth, codiinenensuin zero
submanifold of R embeds in R

'

we say R and R
'

are compactly equivalent it
RER

'
and R' ≤ R

,
denote R ~ R

'

it is easy to see ≤ is a partial order on

equivalence classes of n-manifolds

exercise : assume R and R
'

are connected

1) it R~R
'

,
then they are both closed or

both non- closed



③2) it R
, R
'
are closed and R -R

'

,

then R diffeomorphic to R
'

Th' 1
'

:

there exist a 2-parameter family
{ Rs

.
+
I sit c- (Q1) }

such that Rs
,
+
is homeo to R " but

Rs
.
+
≤ Rsi

,
+
i
⇔ se s

'

and c-≤ t
'

Remark : The 1 and I
'

are proven using
A) Freedman's proof that

"

Casson handles
lots of

are topological 2- handles
"

1€ classifying simply connected} hard topology
4-manifolds

B) Donaldson's Diagonalizatin That ) analysis

c) for the uncountable family , Taubes} hardergeneralization of B) to
"

end analysis

periodic
"manifolds

we will cover these later .

Remark : getting a single exotic IR
"
can be done by

uses A)and {finding a topologically ( locally flat) slice knot Ii
53

B) or
Khovanov that is not smoothly slice
home↳9Y This can be done with no analysis as wewill see later



That2 : ④

there exist a family
{ Rt : c- c- Coi D)

such that Rt is homeomorphic to IR
"
and

1) all Rt are subsets of IR
"

2) Rt Rt , it e ≤ t
'

3) uncountably many of the Rt are not

diffeomorphic
note all Rt ~ R

"

Remark :

1) The first such R was constructed by Freedman

hi unpublished work based on ideas of Casson

4Th 72 was proved by DeMichelis and Freedman
"

Uncountable many exotic
1124 's in standard 4-space

"

Th%
'
:

there is a family { Rt : c- c- (ai) } such that Rt is

homeomorphic to IR
"
and Rt ~Rt ' ⇔ + = t

'

and for each + 3- an uncountable family
{Ras } such that Rt

,,
is homeomorphic

to IR
"

,
all B+

.
s
are compactly equivalent and



⑤
Rt
,
s is difteomopic to Rt.si iff 5--5

'

Remark : This is due to Gomph is
"

An Exotic Menagerie
"

Remark : The proofof Th 72 is basedon A) above
and

D) I h -wbordart 4-manifolds that are
} analysisnot diffeomorphic

we call an exotic 1124 large if it contains compact
codimension 0 sets that don't embed in IR

"

and we call it small if it is compactly
equivalent to IR

"

Open Question 1?) :
if R ~ R "

,
does R embed in' IR

"

Thʰ3 :

3- an erotic R
"

,
Ru , such that any exotic RYR

embeds in Ru

Remark : This is due to Freedman and Taylor
"

A universal smoothing of four -space
"



Open questions : ⑥

1) Does every compact equivalence class of
exotic 1124 's have uncountable many
representatives ?

2) Is Ra the unique representative in its

compact equivalence class ?
3) Given a compactequivalence class C of Rts
µµ,,,,.,,,amµ,gy

How can we organize exotic 1174's ?

Algebraic structure

let 72 be the set of all exotic IR
"
's

and 92
~
be the compact equivalence
classes of exotic V24's

so far we know these are both uncountable sets

we can define a binary operation called
end sum

.

given R, , Rze 92 chose proper embeddings
Vi : @ ,
x) →Ri

we can take neighborhoods of Ncaa))
Nj i lo , a) ✗ →Ri



⑦
now HR

,

- in Ni ) = 1123

choose an orientation reversing diffeomorphism
∅ : 2 CR

,
- im A)→ 21Ricin Nz)

and define the end sum to be

R
, 4 Rz = (R , - im µ ) u e- imNak

where ✗ c- 2113
,
- imN

,
) is glued to

load C- (Ri link)
R - -

-

, y
'

i
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note : any 2 choices fore & are
⑧

isotopic so 4 is well-defined
if any choices

for Vi are

isotopic
exercise : show two proper embeddings

of [0.x) into an exotic 1124
are isotopic

Hint: first isotope so agree at the

integers

11→ i
r r

'

r r
'

now have lots of hoops
each bounds disk with a finite

number of intersection points
use

"

finger moves
"

to remove

double pts .
. .

we now have a map

↳ : 22×72-732

and



⑨
↳ '-72×72_→R~

lemma 4 :

22 and 72
_
are commutative monoid under 4

2.e. 4 is associative and has an identity
no non-trivialelement has an inverse

Proof :

Clearly R
"
is the identity and 4 is

associative and commutative

suppose 72,473, = IR
"

then R
,

= R
, ↳ (%A

"

)
7= I

=D
, 4 (AGRA 4172453,74 -

. .

= ( 73,4727402473274 - -
.

= LÉ Bit = IR
"
¥7

Tha 3
'
:

Ru from Thʰ3 satisfies R4Ru±Ru
for all R c- 92

clearly This 3
'
⇒ Th 23



⑤
Open hueston :

Is there a group we can associate to

92 or 92
~
and 4 ? Some

other operation ?

note : knots in 5 under # is a monoid

without inverses
,
but knob upto

cobordism is a group under #

So question above is asking for something
like this for 4

Recall : one way to get a group
from a commutative

monoid is to form its Grothendieck group
where you

"add inverses
" this is how you

get It from INu {03

Specifically if (Mt ) is a commutative monoid,
then its Grothendieck group is

constructed as follows :

• start with MxM

think of 1min) as
"

m - n
"

• define the equivalence relation

ChiYi ) ~ (Munz ) it 3- keM



④
SI M, -1 nztk =Mztn , -1k

set K = MXM/~

note : it (m
,
± me ⇒ mint Mzt a)

then don't need ~

• define
(m

, ,
n
,
) + (on

, ,
no) =@Fmr, n'+42)

(K+) is the Grothendieck group of 1M¥)

exercise : show the Grothendieck group of
Nu { o} is Z

lemma 5 :

The Grothendieck group
of 2.G) and

(Rn
,
4) is trivial

Proof :

R = 112%12=(72%472) ↳R=R"u↳lRu4R )
= )Ñu4Ru = Ru

☒-
Partial Order :
lemma 6 :

it R
,
≤ R2 and R} ≤ By , then

R
,
G R
}
≤ Rz4Ry

and ≤ is a partial order on R
-



④
exercise : Convince yourself of this

what more can you say about
≤ on 92 and 92

~
?

note :

minimglelementsi.IR≤ R V R c-92

so IR
"
is mined in both

92 and The
•
if Rm is another minimal eft in J2~
then Rm ≤ IR

"
and R

"
≤ Rm

i. R
"
- Rm

e. e. LIR
"] is un-EE.lt in J2~

•
if R such that REIR " then R is also

a minimal element in 72

hueston : rephrase
if Rex is a minimalelement of earlier

question
does R embed in IR

" ?

maxiinalele-ments.gg
th ☐ 3 above

• R ≤ Ru VR c-92

so Ru ismÉt for both

92 and R~



④
• as above [Ru ] is the unique

mneme element in The

direction :

if REX is a maximal element

does Ru embed in R ?

or is Ru=R ?

gaps
:

hueston :

• if R ≤ R
'

is there always some
R
"

such that R ≤ R
"

≤R
' ?

• infinitely many such R
"

?

comparability :
Truestion :

◦given R are there R
'

that are not

comparable to R ?
uncountably many ?

◦ given a family { Ra } are there (uncountable

many ) R
'

that are not comparable
to any Rs

?

other's



hueston : ④

• What else can you say
about

≤ on 92 or 92
~
?

• Is there another order on 92 or

92
~
?

• Is there an order on a compact
equivalence class ?

Topology
we can put a topology on ✗~ using ≤

for all R c-22 let

KR = {R
'
c- 92

~

: R
'
≤R }

closed subbasis

LR = {R
'

c-92
~

: R ≤ ×
.}}
"⇔ £" "

let B = { all finite unions of K
,
and↳ ,}

{
dosed basis

and É = { all infnice intersections of egg of ☐}
É
↳ed%¥

so open sets in I are complements of elts of¥
not much is known about this topology, but Gompf in

'

"

A moduli of exotic R
"
's " gave a refinementof %

for any compact oriented 4-manifold ✗ let

U
✗
= { R c- 92

~

: ✗ embeds in R}

now let t be the topology with closed



⑤subbasis all 92=4 and LR

Gompf proved :
1) 7 is regular
2) T is 2ⁿᵈ countable follows from D. 2) by
3) T is metrizable

£
Urysohn Metrication

4) every increasing sequence converges

Open Problems :
• is T=T≤ ?
• what more can be said about Torre ?

• is there a
"

better
"

topology on R~ ?
• is there a "good

"

topology on 22 ?

Symmetries :

note if I :/R'→ 1122 is rotation by it

then Ñ/
✗→⇔

E R2 and IR
'
→ Rte

this is the standard 2- fold cover of Ñ

branched over a point

so T
'
= Tx id :(1134=1132×1134 → IN :&

.y ) to), y)

satisfies R%⇒, I IR
"
and 1174→

"% .

this is the standard 2- told cover of IR
4

branched over a plane



④Theorem 7 :

there exists 1124's R
, ,
Mz and a

smooth involution 0 :B,→ R, that is

1) topologically standard
2) R

,
→ Ryo = Rz

and we can independently choose
R
, and Rz to be large or small
exotic 1174 's as long as R , is
not 1174 ( we can take Rz to be standard)

Open Question :

can you find such an R , → Rz

with R
,
± IN and Rz not ?

Remark :

1) ¥
small

is due to Freedman in
R
"

unpublished work

2) rest of theorem due to Gomph in
"

An exotic menagerie
"



④
more group actions (from Gonpf)

let 6 be I) agroup that acts property

discussion 1123
e.e. If ✗ c- 1123 3- a nbhd Uof✗
s-t.gl07 no =∅ Fg ≠1

clearly 6 acts on 1124=1123×112

or E) a finite
group acting on 1124

let ✗ = {10.0.0} × [0.x) and

1- = U g (a)
gc- 6

let R be an exotic 1124 (large or small)
set R

'
= 1124 ↳

a# R )

( ie
.

end sum one R into 1124

along each g k ) )

clearly 6 acts on R
'

and is topologically
equivalent to the G action on 1124

if R% = 1124
,
then

R
'

/a ER



④
note : R'

,
R are both either large or small

and R
'
≥ R

Open Question :

Can an exotic IR " cover a compact
4-manifold ?

now for any IRT R set

D.(B) = { diffeomorphisms of R }/isotopy
and DIR) CDCR) the subgroup of orientation1-

preserving isotopy classes
hole : D.+ (Ri ) = { id} Un

Th ʰ8 :

there are oncountably many R ( both large andsmall)

for which there is an uncountable subgroup of Dt (R)

Remark : This is due to Gompf in
"

Group actions, corks and exotic smoothings of IR
" "

when studying manifold with boundary we
are interested in how differs of the

boundary interact with differs of the mfd



for non -compact manifolds we introduce
④

"

diffeomorphisms at infinity
"

a closed neighborhood of infinity kni) in a manifold
M is a codimension one submanifold ECM

that is closed and ÑE is compact

given Chi E, CMe . and EicMi 2=42
and diffeomorphisms f

,
: E
,
→ Ei

we say f-,
- fz if 3- a Cni E C M

S.t. Ei C E, and f.IE = file
fi
,
fi have same "

germ
at •

"

a diffeomorphism at infinity from M to M
'

is an equivalence class of such differs
when M

,
M

'

have a single end we also
say this is a diffeomorphism of the ends

let D.
•

(M ) = {isotopy classes of differs ata}
and D? (m) the orient pres. subgroup
there is an obvious restriction map

r :D (m) → Drm)
(t) (t)



lemma 9 : ④
for any REJQ ,

Kerr and Coker r
are countable

Theorem 9 :

there are uncountable many
Rts R ( large and small)

5€
1) RCDCRD c DMR ) is uncountable

2) 3- non finitelygeneratedgroups
in cokes r = DMR)

3) for the universal Ru%%?¥→ set
Coker r = {1}

Open Question :

What can you say about Kerr ?

is it always trivial ?

Open dues lion :

Lan S' or IR act non- trivially on an
erotic 1124 ?



④
Geometry :
There is not much known about Riemannian
metrics on erotic 1124 's

here are a few : suppose R c-22 but 4=112 "

1) Can't have a constant curvature metric

(since this ⇒ IR " or 54)

2) Can't have curvature ≤ 0 ( since ⇒ 1124)

3) Can have a complete metric with negative
Ricci curvature

and one with sectional curvature

any constant negative number
(Lohhamp)

Truestions :

Can you construct in variants of exotic

R "s using Riemannian metrics ?

eg . forg on R let

Gg= Max curvature - min curvature

G)E int Ggg

can this distinguish exotic IRF ?
can this be 0 ?



④
That 10 :

3- erotic IR "'s that admit metrics whose

isometrygroup contains an uncountable

subgroup

Remark : Due to Gompf in last mentioned paper

an erotic IRYR , is called full it there

exists a compact subset that cannot be

embedded in its complement or into any
homology S

" (not hard to construct these

That 11 :

1) any metric on a
full 1124 has finite

isometry group

2) there exist R
,
full erotic 1134's

,
with

D (B) and DMR) uncountable

Open Question :

Does every isometry group of an exotic 1124

inject into its diffeotopy group ?

note : not true for IR
" !



④
Remark : 1) in That due (mostly) to Taylor in
"

smooth Euclidean 4-spaces with few isometries
"

2) is due to Gompf in above paper
let's move to symplecticgeometry
recall a symplectic structure on a

4-manifold M is a 2- form w set.

(closed) dw = 0 and

(non-degenerate) wnw is never zero lie.
volume form )

a complex manifold X is Stein if

3- an

erh@sEngpluri-subharwonifunctionoiX-lR1.e
. 4-YC-x.cdiscompac.tv# and

t.dk#v,Jr)aoV-v--oin-X-
this ⇒ d (dot ◦J) is a symplectic form

here J : TX→ TX is the action of

multiplication by i on TX



④Th ☐ 12 :

Thereareunwuntablymanysmallexofr.cl/24's that admit Stein structures

There are uncountably many large 1124's
that embed into Stein surfaces

There are exotic IRY 's that donot embed

into Stein surfaces

Remark : 1ˢᵗ result is due to Gompf in
"

Handlebody constructions of Stein surfaces
"

other results due to Bennett in

"
Exotic smoothings via large 1124's in Stein surfaces

"

herestions :

do all small R "s admit skin structures ?

( symplectic with convex
"

boundary
")

does any large IR
"
admit a Stein structure ?

Invariants :

given R homeomorphic to R
"

for
any compact subset CCR

there is a

compact 3-manifold M separating C from a



I just take any smooth properf:(- (0,0)
⑮

then there is some regular value (
St. Cof" (90.23) so M= f(c) works)

let b =min 3b, (n)) over all such M
*
1 Betti number

note: If CCCCIT then beDc

Bizaka and Sompt defined the engulfing index of1
to be

e(R) = sup(b,)ca(3

easy to see e(4)(i) = [e((,)
in many examples it is

ThE13:

=>exotic RY's with a finite

Question: (I think y'yeC
which values of a can be realize? Many can

Nowgiven 1 consider the set

sp((x) =2 closed spin 4-manifolds with
intersection form (%d)
into which Rembeds

if Sp((2)=0, set b =E



otherwise be + min (6,(13 ⑳

NtSp((2) *I* Betti number

for any smooth 4-manifold M let

&(M) =3 topological embeddings e:D"->M
5e(DY) is bicollared and

=>pEOD"s.t. elubud(p) is smooth3

for exe) let Re-smooth structure induced

on e (interior of DY

finally set
W(R) =masbE

this is called the Taylor invariant

roughly UIR) measures the minimal number n
SER embeds in #nS"x5

all the complications in the deft are to prove things
about

we can extend U to any "-manifold as follows

If M is spin, then

&(M) = max[U(E) 3

whereEopen the

If M is orientable but not spin and



1) the 2 Steifel- Whitney class We(n) has ⑳

no compactdual then

V(n) = - x
2) If there are compact duals then

V(x) =max3V(M-F) -dim H, (F;E( 3
where Frons over all

compact deals to w. (M)

If M isnonorientable, then let is be
its orientation double cover and set

W(x) =w(π)

tesof U:

1) if wo ... CWinCraw... cM

then U(m) max[2(wi)3 get = if M spin

2) If Me spin and M. Me then

xM,) =V(M)

3)U/<pY) = 0 but Jerotic(CGp"st

U(() arbitrarily large
4)5M with W(x) = - y and

for each 20, 5uncountably many exotic IRY
with U=n In could be x)

5) If M is a stain manifold then USM) = b,(m)
so for a Stein exotic IR, v= 0
1.:get lots of exotic IR* with no Steinsor



6) I uncountably many exotic IR" that embed in

Stein manifold but have arbitrarily large

7) If R is an exotic IRY and R nontrivially covers
some other manifold then

V(GVE) =V(E)

I examples of R st. UIG VE)= ErUIE)
so these can't cover!

8W(() = e())

Remark: All results due to Taylor
"An Invariant of Smooth 4-Manifolds"

except 6) due to Bennett in above paper
and 8) due to Khuzam in

"A comparative study of two fundamental

invariants of exotic IRY's
"

question:

can I take on finite negative values?

question:

· can one find a non discrete invariant of

exotic IRY?

· can one define an invariant of exotic IRY's



in a compact equivalence class? ⑳

(note U(R) = U/R' of ChuR'
is this true of e?)

Other Manifolds

ThE/4:

let X be one of the following
1) W-pt for my topologicalmanifold
2) total space ofan oriented IR"bundle

over an oriented surface

3)YXIR for a 3-manifold Y that topologically locally
flatly embeds in #Cp

then X admits uncountably many smooth structures

Remark: 1) is due to compt in
"An Exotic Menagerie"

but Furuta and Ohta provedmany cases in

"A remark on uncountably many exotic
differential structures on one-point

punctured topological 4-manifolds"

2) is due to Ding in



"Smooth structures on some o
open 4-manifolds"

3) is due to Fang in

"Embedding 3-manifolds and smooth
structures of 4-manifolds"

also note any rational homology sphere or
Seifert fibered space has such embeddings

ThE 15:

If Y is any compact 3-manifold then YTIR admits

infinitely many smooth structures

if X is any open manifold with at least one
end

that is topologically TX and X has only
finitely many ends homeomorphic to YXIR

then X admits infinitely many
smooth structures

Remark: This is due to Bizaca and Etuyre in

"Smooth structures on collarable ends

of 4-manifolds"

questions:

I 1) can thy be upgraded toget uncountably manysmooth structures?



2) Can thebe upgraded so Y ismy 3-manifold? O

3) Can the be upgraded so X is an open
4-manifold?

3 constructions of exotic IRY's

1)Restrictions of the intersection form of 4-manifolds

(failure ofsmoothswegery)
recall given an oriented closed 4-manifold X

Hp (X) = E and a generator [x]

is called a fundamental class

Poincare Duality says
I
xH(xYor x H (x)
-> E
to

(a,p)1> cup((x)

is a (symmetricnon-degenerate pairing
called the intersection form

using Poincare duality we can reinteperate this in Hn(x)

recall it CX is an embedded oriented surface then

[I]cHc(x) (actually i: I->X inclusion
-([z])c +(xy)

Fact: for any htH2(X*) I some surface ["<X
s+.h =(z]



⑫
now given h,h'c Helx") let h

=[z) and h=2z]

we can isotop [' so that I is transverse to ['

so I 121: 3p.... Pn3

let 3(() = sign of intersection
See does or "on Tp, I followed by
or "on Tpz' agree or not
with oron To, x3
k

define z.['=E,c(m)
now Ix: Hz(X) x Hc(x -> E

([I],[z1]) ++ 2011

is Poincare dual to pairing above

example: T2
in dimension 2:

o
HulTY =EE,

wath:Goyyouaaco
a.b = 1

so i=(1- j)



⑬
similarly for 5"x5"we have Hc(SxS4 =***

I =(%)
can also check Hz)CPY = # and F= (1]

Theodororienta sinusseasonsmooth
(i.e. Iy(e.e)<0fe) then Fx = 0C

- 1]
↑
12. It is diagonalizable

Remark: There are lots of non-diagonalizable symmetric

I
-1 O
1-71 -2 - 2 - 2 - 2 - 2 - 1 - 2

pairings, e.g.

(
-I I

1-21

1-21 I I - 2

·

O 1-2) d
1-2 O

10-2

is not diagonalizable over t

so it cannot be Ix for X as in theorem

Idea of Proof:

Given X as in the except Ix is pos definite (just revers ort

there is a SU(z)-bradle Fove X with Chernclass ((P) = 1



⑳
let B = connections Don EwithstarvatureRp=FRtrans
m = P/egaugegroup (symmetries

of solts)

using work of many people, in particular Taubes and

Unlenback one can show:
-

· M is a compact oriented 5-manifold

with singular points
number = 1 + solutions to [x((,h)=
call this number m

· singular points have abled that are
cones on <p2

· 2T =X
-

so m'= M-ubld of
sing pts and,

them fortarcs connecting

has JM'= Xv - (tmCp4
=a positive definite so rank(FM) = oSmoguiture
but signature is cobordism invariant so

rank([n) =0(n) =0(tm(px) =m

note: for any symmetric pos definite unimodular form
#if m =2# solutions [(h,h) = 1

then me rank (I) andequality( Idiagonal
indeed given solth considion

== (spanh) * (pan()
+



if bth is another solI then
⑤

#(hIK, hIk) = 1 + 112I(h,k)

since I pos definite F(h.k) = 0

all other solt in Ispanch)
result follows by induction

Donaldson's thenow follows! (

Existence of 1 large exotic IRP:

let K be "the "K3 surface

12.1=3z + z,"+z +ES in<p3)

one can compute #(k)
= 1, Hc(k) =*22E, and

#k = EgOEgOsH where H = (,

since i=1 we know Tc(K) = Hz(k

so ] immersions : 3-> K generating OsH

after work of Casson we have

ThE (Freedman):
let X be 3 copies of S"x<p30<p3x5"in #gS'xSh

connected by arcs

-**
- a topologicalembedding i: X-> K realizing OSH,

a top embedding;: X-># 5"x3"top isotopic to X,



a ubLdU of i (X), a ubLdVof s (X), and

vano
-

SE OC C S
K

i(X)
#S-y52 j(x)

le+ R =(tys-x5Y) - j(X)

Claim: R is an exotic IRY

1homeo, to IRY

for this we use

Th (Freedman):

any open manifold with i= 0 and H =0

and me end topologically equivalent to
5"x IR is homeomorphic to IR

Y

we can easily check these properties for
2: I not differ to IRY

assume I differ to IRY



let C = #,53x52-Y ⑰

this is
a

compact set
in 1we know given any compactset(
3 a 3-sphere 5 that separates (
form b

in

* ·SRO
k4"(s)[(x) #S-y52 ↑

j(x)

S

now 4(c) breaks K into K, oke with

i(x)2kz

set K'= K, 0BY gloed along 53

#( = PzEg

Contradicts Donaldson's The

so I not differ to IRY

now let's check is large
let C'be a compact set in 1 containing (



and homeomorphic to IRY ⑱

If C'smoothly embedded in IRY then if
embeds in 34

⑪
"

now we cangive s"- c tok - 0(cc)
by o on(:c) to0-('-c)

giving a closed smooth mid with It PEg
#

There are many ways toget an
infinite family, one uses

If X is a smooth closed Emaniulover I-sheleton
then by Donaldson It is Isimply connected () I, even

OnEyteH (Rochlin's the says 0=0mod 16

Th* (Furota): so k is even

must have l=k +

uses the Seiberg-Witten equations and restrictions on
equivariant maps between spheres

Countably infinite family of large IRY's

let 7, = 1 from about



⑱
Rn =Rn -47

and Ry = 4oM

note: In contains a copies of (and C'

let (n = the boundary sum of all these
(n =
1 ↓(

we could alternately constructthe R andC, Ch
by doing the above construction to

EnK and HynS"x52
Lemona
X is any closed smooth spin manifold, the
Jan mostfor any nom, the

and Ca

cannot be smoothly embedded in X

Proof:
as noted above Ix= PenEg *H
let m be any integer with <m>1-2k

If Im then Rn cannot imbed in X

X #nKy&Matis
assume tore

E
Cu-c



So we can glue X-C to a piece of #nk aut
along 2 to get z

with Iz = Pen+InEyDeH

but 1 <2k+In & Furuta:

now all Ruare distinct since by construction

1, embeds in #S"x5"
3r

but by Lemma not in HanS,
from this it is clear that infinitelymany of the

Ru are different

but now assume Rn=Rm for nam

this implies for any Rim. Matte for melam

:Mn+1m for n+m(

exercise:Rn can't embed in any neg. definite
mid

My 1 C 1 (
W

or any spin mtd.

Infinitely many smooth structures on MxR

let M be a compact closedsmooth



orientable 3-manifold *

Fact: In St. M smoothly embeds in #S"x5
1.. MxR does too

idea: M is obtained from 3"by Dehn surgery
on a link with even integer coeff

3
so M= 6 X where X is 4-manifold obtained

from B" by attaching I-handles

*(X) =2( Xx(0.3) has handle diagram

· 2 ~ 4-handle

o
handle slides give

of 20004-handle
this is use

now (MXIR)-*n+1 is not differ to MXIR

since it contains a set that can't be
embedded in #nS"x52

similarly infinitely many of (MMR)GRm
must be different-



⑭
If M has boundary, but is orientable

then DIM) = 2(MxI) is closed and as above

embeds in #uSS"so M does too

now same argument
-> MXIR has infinitely

many smooth strs

If M is non oriented then letit be its orientation

double cover

note the double cover of (MXIR)GRn is
CMXIR)GRen and a differ of (MXIRLGRn
with MXM777m will lift to a differ of

CNx1R)4 Ron to (Ex1R)472m

infinitely many of (Mx1R)4T mostbe
different.

Uncountablymany large IRY
For this we need: an end of an open manifold X

iscalled periodic if Ja shift mop 4: E->E

St. d: E->P(E) is a differmorphism
and 4 'E) exits any compact set for some n



*
example: let X = open 4-manifold with a compact set

↓St. X-K has I components B and E
as shown

*
ie,

and 40: B->E a differmorphism
St."4 "In B maps to "OK" in E

now let Xx: HX/ where X = x

and Bin X, gloedto Em Xn
I

*
ful;iii,...
clearly end periodic

ThE (Taubes):

let X be a smooth open simply connected
4-manifold with one end

If X is end periodic and Ix is definite

then Ix is on (1) or on(t)



*4
now left be the first example constructed

above

let fiR> (0.4) be a topological
radial function

=>some A St. ('cf"((0,A)

let (+ = f"( [0.t)) for +>A

Claim: R+FCs for +#S

If not let it be a differ R+ -> Rs tas

Oneo
-370st 4/R+ - Rx -a)cR, -d+

now consider the component of K-4"("(s)
I= O, Eg

&
↑component of U -4"/f-(s)
not containing i (x)

we can now gloe p copies of (R,-R+-1) to this
using for toget X an openmfe



with periodic end and [y = *,Eg45
* Taubs #

#Topologically slice not smoothly slice knots
(more large exotic IR")

given a knot Ka53

let X(K) = B*vZ-handle attached to k
with framing o

1.glve D"xD to
BY along 3'xDr

by an embedding0: 5' xD->S

sending PSS'x (03) to K and
↑Is 'x 30503) to a copy
of K linking 0 times w/K

X (K) is called the two trace of K

Lemma) Trace Embedding Lemmal:
K is smoothly (resp. topologically) slice in BY

#

X(k) smoothly (resp. topologically) embeds in 3,

or IRY

recall K is slice in B" it s an



embedded disk D"cB"stID= 1 ⑯

it is smoothtop slice of the embedding
is smooth topological Docally flat.

Proof: ()) K slice means we have

③
↑

Bot

glve B "to this B" to get

OoBi
SE

a ubhd of DF in B."is D"xD"attached
to the other B"along S'x"
12. B"-Dx D" is result of

a 2-handle attachment to k

If framing not zew then
Dr Seitent surface fork

would give a non-trivial



⑭
homology class in H(SY) =0

(since self-intersection to

..we have X(K) embedded in
(E) if XIK embeds we see

&a3x()
let B= 5.B* in X(K)

So Bj is a 4-ball

and D"x903 in 2-handle

gives slice disk
for 12 in B.

F

Fact: There are topologically slice knots that
are not smoothly slice

to see this need

Freedman:If KCS "has Alexander polynomial
1, then K is topologically slice



Gompt using Donaldson: - Alexpoly 1
⑭

knots that are not smoothly slice

more resently one can use Khoranor homology
to construct examples
This isgreat! Since it does not
use any "hard analysis" like all

previous methods used

e.g.

·
Given a top slice, but not smoothly slice KCS

"

we can constructa large exotic IP
Since K is top slice, lemic above says - a

topological embedding
&: X(K) -> IR*

let C = 17"- P(in+X(K)

Zainn proved that any open manifold has a

smooth structure



⑭
so we canput a smooth sar on (

x=-2X(k) and these are smooth

3-manifolds so they are diffeomorphic
4:62 - - xX(k)

let t = x(K) Up (

by Freedman's work discussed above we
know it is homeomorphic to IRP

but X(K) smoothly embeds in 7 so

I can't be 1Y or K would be

smoothly slice by Trace Embedding Lemma
#

Guestion:
Can you construct more than one

exotic RP using such knots?

almost certainly yes, but how do you
distinguish them?



⑳

#) Constructing small exotic IRP using the failure

of the smooth 5Dh-cobordism theorem

an h-cobordism from MS to M, is a compact
(n+1) -manifold W such that

->
buel (

2w =
-Moru,c/rpper)

and the inclusions is: M; ->W are homotopy equiv

Fact: if Mo and, are homotopy equivalent then

they are h-cobordant (Norikor (Wall)

Facts about h-cobordims & handlebodies:

"recall "an n-dimensional k-handle is

hk =Dkxpr
-k

2hk =(zD4)x yn
-k

=sk+pu-k

hi is attached to the 8 of an amanifold X

by an embedding4:(-h" -> 2X

so attaching toX is

xuph" =xH4*/xt2-hk- q(x)t)X
example:

a O-handle is just D" attached along
so attaching Orhandle is just



disjoint union with D ⑰

& I-handle in ID

-
203x2D"belt sphere

n =D'x D'
O 2-h'

*oc-2Dx 903 athaching sphere

↓0 #
O &

⑮ W
a handlebody is a manifold X"built from 4 or

M "x 901 by a sequence of handle

attachments

example: h'

O - * - =040
S

h I

-> = -
Facts about handlebodies:

1) any compact smooth manifold, or cobordism,
has structure of a handlebody

2)handles can be attached with increasing index



⑤2

# this is just A for
belt and attaching
spheres

3)If he and heattached to I so that

attaching sphere abelt sphere he

exactly once (and transvesely) then

Mrh"whRe =M

nottostacking-
W

= W
4)If M "connected and 2-50 then can

assume no o-handles

(2+t0 then non-handles)

Ijust cancel as above)
5) it X is a cobordism, i,(X)=1, and

n25, then can assume there are no

or (n-1)-handles (and no 0 or n-handles, by 4)

Now suppose M and M are homeomorphic non-differ.

4-manifolds (such examples exist due to



Freedman and Donaldson) ⑮
From above - a cobordism X with

2x =-Mvn

and we can assume there are no 0, 1, 4, and 5 handles

30 x = Mx(0.1] v2h's 03-h's

the CW-chain complex ((X, n) :generated by -handles
and Onh" =2<h,he) he

where <hhhT): algebraic intersection of
attaching sphere of hi
and belt sphere of her

since He(X,m) = Hs(x,M) =0 (since M->X a

homotopy equiv)

we know us is an isomorphism (in particular
#2 -h =#3-4)

after "sliding handles" we can assume

Cattaching sphere hi). (belt sphere ) = Gij
if thegeometric 1= Si; then we could
cuncel all handles and x=MxC0.1]

sn'=Mx<i3 & choice of M.M

From now on assume only one 2 and 3-handles
Cargument same if more, and 3 examples like this



! *

#Grebebeex anI
wa

we can find Casson handles in X., to cancel extra

intersections between A: attaching sphere of he
and B: belt sphere of hi

and arrange that
N = open ubld of AUBU

Casson handles

is homeomorphic (by Freedman) to 53x5" Ball

let U = everything above and below N

↓More Tr
W

set R
=M/V and R

+
=M'rU

note: R is obtained from N by "surgering B
"

so is topologically IR Y

similarly for R+



le+K = union of all cores and cocores of handles
together with points above and below
AUB

A
"

↑Fl.
K-
m

U - K is a trivial cobordism from R.-(KMR)

to R
+
- (krR+)
-

k+

Claim: R
=
C IR4

indeed, we can build 5*x30,1] from 5"x (0,3) by

attaching a cancelling pair of 2 and 3-handles
now add double points to attatching & belt
spheres

8-8
now since we added the double pts ]

embedded disks to cancel them and a ubled of

these disks are 2-handles

recall
any
lasson handle embeds in a real



2-handle ⑮

so we can find N in (3"x90), and Win
54 x [0.1]

now Un(S*x(03) is Ran is clearly
contained in 1n"= s"-p

same for RI
Claim: R

I
not diffeomorphic to IR

If R - is diffeomorphic to AP then 5a 4-ball D.
in R-st. k.CD-

since U-K is a product, above IDis an S"in R+

bounding some comact set D+ in R+ (and K+ cD+)

so we see
↓
differsmorphic

M - in+)D] =M'- in+(D+)

and
5 in+(D) = SY - in+(D+

now D" = 5"- int(D) = S"in+(D+

reall = DY

soD also a 4-ball

:. M =(M -m+(x)) 04-handle

n = (n- in+(D1) v4-handle



30M - in+(x) = M'- mF(D1) = MEMf


