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What is GGT

Groups are collections of symmetries
of geometric objects

Use the geometry to learn about
the algebraic

properties of the group



A group

It is De



A group Group theory

SLICK 2 2 integer generators

mdegtn.us
of relations

torsion
examples o Ti subgroups

9 quotients

Lin alg eigenvals eigenvectors

in transf of 1122



A geometric object Fareygraph
loot Not obvious buttmeimatmultip

3 all primitive integervectors

j.LT eIeEYYizeogiresa
symmetry of thegraph

siii

I to t t t

f Rotation by IT



1

To do the check prove

f R T are connected by an edge

det f f f s t l

Check if v w connectedbyedge
then Av Aw connectedbyedge

Alf 5 Ali AKI
If f 5 then det ft I 1

then Det Alf5 1 then Alf Alf



gig of Course 1 7457L

Chad Cayley graph 0 ends

G graph zends 2 ends

o s s

a
I end 3 I I O l 2 3 4

7L with genset 3,23

t
oaas



Chap2 Coxeter gps Charts Groups acting on trees

groups genby
freegpsreflections

example Fn gapwith n gens
1122 no relations

Groups acting freely on trees

ab F s

fuses

Fo s Fz



Chard BaumslagSolitargps Chap 5 Wordproblem

see pic on web site Given a productofgems
is it it in gp

Chap8 Lamplighter gp

ChasedThompson's gp

f chapI Large SealeW properties

hyperbolic plane treelike Thy Every gp
has

0 I 2 or Menands





 

Announcements Jan 19

Cameras on in class

1st HW assigned Thu dueTue 3 30 Grades
cope

Lecture notes HW posted on web site

Groups topics due Feb 5

Office hours Tue Il 12 Fri 2 3 appt

Q Howmany symmetries
does a cubehave

tetrahedron icosahedron



Grays Exajmpesof finite groups

G set Dihedral group Dn
GxG G multi set of symmetries of n g on

wt id i i s t are generators
inv I

since St is a rotation
assoc I

i n relations
1

example symmetries s it 5 th id
of anything sty id

a

general.org
his is a presentationforDn

s.se G t 15 5 stisid



Symmetricgroup Generators ti In I II
Sn set of permutations Relations If id

of Ii in Thesegive I Tj I I Ii 5 71

generators r it 1 Ii a presentation I Ii Ii Titilitit
I 2 3 9 forSn ist n 2

i it i't2

i XX X
1347437 K l 1

tititititititit.it
a



Finite cyclic gps Examplesof Infinitegrains
74mL a a

ma

i
O

µ
Presentation

22 2 2 d b ia.biz

a blab.ba
a Cho

a an _id b oil

Trivial group aba a'b 12,1

l or Lala



SLn7L n xn integer
matriceswith
det I

What is this the symmetriesof
Presentation

Harder



Ofree s
no relations

Checkthis is a group
finite id emptyword

Fz freely reduced words inverse reverse invertletters
I I i yin a b

e.g Cabab baba
word sefiguetnce.ofa.b.ci b

assoc

freely reduced no ad a a Anissue different reductions
bb b b lead to same reduced word

Multiplication concatenate then e.g aa bb
freely reduce

or baa bb
e.g aba ab s abb w u

Presentation La b l



So

z F
Nexttime Freegps are important
because every countablegroup

Fo trivial group
is a quotientof a freegroup

Later in the class

In 5h12

a to31 it 29
generate a freegroup

so a b'a b ta t id





 

Announcements Jan 21

Please turn cameras on

HW1 dueTue 3 30 I need to setup
Gradescope

HWI Lecture notes posted on web site
Needtoadd

Groups topics due Feb 5
a readingprompt

Officehours Fri 2 3 Tue 11 12 byappt



Exampks groups Braidgroups Brf
ofstrands

Dn Sn Mn elements I
1µg

Totty

7L Sheik Fn 74 11

What is Fn the 1 in Be
symmetries of Fz

a multiple concatenation

a H'HH
Y l ab
ai



Internal presentations

Sl R is an internal presentationof G
if S is a generating set for G

If two words in SUS are equal in G

they differ by a finite seq of elements

of R replacing one sideof an equalitywith

another or

Fct Every group has one S G
R every possible equality



Example Bn Ti Tn r i Tir g Ji li JI 1
Ti Titi Ti Titi Tite't

i iti

ri il H
4



Homomorphisms Which groups have inj homoms

to BnF G H
f ab Fla Fcb 7L I T V

Injective homomorphisms 224,071 0 assuming

putting one group intoanother 6,171T n 4

as a subgg
742 DoesBn have an elf

74N Dn rotations oforder 2

742 Dn reflection do
2

7L Fa Fz amor
buri1 1 a



Ion injective homoms Normalsutogps NSG
forgetting wisely gfg.isN V GE G

7L 742 evenlodd

I 07410 1 s digit ffgkenfelsgffnono.fr'gsubes

Dn 742 flip

in i
t

Then HEGIK



First IsomorphismThem

If f G H surj homom Surjhomoms

with kernel K
ThenH G 333 istIsom

7422 742

Thr

Dn 742 DYrotations5742

Fz 7L Dn174ns742

at 4,07
b to lo i FY.gl 722

Bn Sn
commutator
subgp

BnpBnE Sn



External presentation

Sl R
S set
ellsof R equalities between

words in Sus

and id

free9am Not ab bae but abab
s id

s

y
normal closureof R

we obtain a group FB
smallest normal sub99of

HIV Internal External presentations 957 containing R

are equivalent subgpof Ffs gen by

Coxe Every gp is a quotientof
eltsof R theirconjugates

a freegroup 72 6 blab a b id





 

ANNOUNCEMENTS JAN 26

Cameras on for class
G die d abhi'd

HWI due Thu 3 30

Groups topics due Feb 5

Office hours Fri 2 3 Tue 11
12 appt

How many symmetries

does a cubehave



Symmetries Diasavectsp GLalR
Euclidean2 space AfflR

X math object linepreserving
gym X symmetries of X

topological space HomeolX

group under composition group G Aut G

exampley

X Santy
regular n gon Dn
l n Sn

n din vectorspace GLnF
over F



Actions and the restriction

An action of a group G g xx X

on a math object Xi's is in Sym V ge.co

a homomorphism G does Examples

G Sym X something

to X DNG n gonffilledinornot

of a map Write IR

G xx X GOX verticesof n gon

g x g x
facts diagonals of n gon
on 512201122 as avectorspace

with
e V eX Co vectors in11223

g h x gh X V gheG X G primitivevectors
Fareygraph



C en grap

Two vocab words
If have G X say G is representedby symmetriesof X
An action is faithful if G Sym is injective

Cayley'sThin
faithfully

Every group can be represented as a group of permutations

Rephrase there is G Sum X X a set
g'tid 1 not id

Pf Take X G as a set Sym X is a permutation group

Given g E G need a permutation of X G

of G x G G Needtocheck defnofaction

g h gh faithful



Exampled
2

G TI X 7L

o

s s s s

t

Theaction of 12,17
on 722



Graphs Exampled kn completegraph on

A graff is a n vertices

set VC aset Elf
Ivertices tedges

Km n completebipartitegraphand a function

Ends ECT un u vtV A

v e f

off Trees connected graphwith no

Ends f w cycles

qq.czEnds e v w



Fts ofgrads Examples fob
A sundry of a graph of Sym kn t 54mm

is a pair of bijections E Sym Wkn
x Va Va

p Ece Ece IT
0

SymlKm.n iSymmxSymn

preserving Ends function
unless m n

Ends pla L Ends e How many symmetries 12

deg3

f gg.gs
permute



Graphs can havedecorations Symt f symmetriesof f
directed edges

qg
preserving decorations

directedgraph

labeled edges
Cayley's bettertheorm Everygroup
is faithfully rep as symmetries

bµg5bµ

of a smh next time



Cayley graphs

G group

5 gem set

no Cayley graph for G with respectto S

has vertices G

edges ooo ge G
g 95 se 5

Examples G 74N S I on s





 

Announcements Ian 28

Cameras on
RECORD

HW2 duenext week Thu 3 30

Groups topics due Feb 5

Officehours Fri 2 3 Tue 11 12 appt

Way too early course evals



Goals today

Given a graph what are its symmetries

Given a group what graph does it act on

Why e g Thy If G tree freely

then G is free



Last time Graphs

D exactly

2 symmetries

Symmetries permutation of VI f EA
respecting Ends

Actions

GOX GxX X

means G Sym X g x 1 g x



Orbits stabilizers

say G G X
Stab x geo g x x Orb x g x ge G

this is a subgroup eg Dn G n gon

eg Dn G n gon
v Orban 2h

Stab v E 742 0 torbenI n

Dn O n gon forbidI 1

Stable Dn

The action of G isfree if Stablx TeTx



Stab geo g x x for rbit

5tabThmJ0rblxlsfg.xgo G
If 16km G X then

161stStabat torbay

Thy There is
a bijection

Pf Lagrange's thin
G

Orban leftcoatsof
Stabat 99 f

given g
s gStab

Examte How cosetsofH

by many symmetries
does a cubehave

PI Subtlety well
definedness IGI 3.8 24 rotations

But g x h x h g.x x or 6.8 48 sayllmmetmes

tigestabex 9Stabcx for lfstablxl.se
hStabLx7 then Ga sorbcx



Cayleygraphs Fast Pgs is connected Iasundirectedgraph

G S gonset Why Enough to show allvertices

are connected by a path to
e

PGs Given a vertex g
write as

Pos G a product g S Sn Si ES

Eko s Fact Go To.su gpYirtexyratex
as alabeled

ondietitians g h gh
To

g gs This extends to edges
ghs

V geo ashy
9

sf factsT.EE
se s

gh



Exampled Dz Sym 5 sit

as

n
M



r

7L

t.fi
si ii

sea
a an

t
Cycles in TG s

relations





 

ANNOUNCEMENTS FEB 2

Cameras on

HW 2 due Thu 3 30

Groups topics due Feb 5

OH Fri 2 3 appt

Waytooearly course feedback Canvas Quizzes



Cayley graphs Last time GG fo s
C group Gx VTgs VI s
s genset

g h gh
fo s graph

Egp vertex

vertices 6 This role also tells you where

edges 03 0 edges go
g gs hs ghs

f 9

yV ge G h o

gh
preserfifflarrows

se S
Also G synths



Thy The naturalmap 1
Induct on distancefrom e

Io G Sunt Pas we'll show Itg x agree

defined above is an isomorphism on all vertices of distance n

PI Remains to show surjectivity
from e

x Base case
Let IB c Symt Pgs

distance0

Need ICD some ge G
Inductivestep Assume Ilg 2

Which g
Take g e agree on

vertices ofdistance n

t from e Say v has distance.in
Ws far ggot Ilg agree on Them
Js µ gusgw

the vertex e
distance P W or V

m from e or w.IS Nw Kw



From Meier In the example can take

G X top space F unit square

example I 61122

A fifth domsin for

the action is a subset F EX

5 t F closed
Connected

Issue 1 We don't knowwhat

U g F X closedsubsets of a graphare
gtG

and no proper subset
of F Lots of Fundamental domains

satisfies
g i IT D



For us G Of graph Mff Examples

pieds 7450 of.IT
edgesof f If

A fundamental domain for Gop
Ds O 1

is a subgraph TS f St 7L G
Fz

F connected

us a r
gcG

F minimal with respect
to



connected i
Thin Say GOT

connected Examples Dna
7gy g

j99h
F S f subgraph

i

gfg F Tff Hs
eg F fund domain S s t t

Let 5 geo g Fn 5 10 Q Is G acts faithfully

Then 5 generates G and F is a funddomain

is 5 minimal
Thesmaller f is the smaller Sis

Tolson
That'swhy we care about fundamental
domains Examplenext time

gym G kn



connected 9 if
pThin Say GOT

connected
9

VF S f subgraph
v

gfg F Pff
gif g f 9nF

Choose go gnCG
e.g F fund domain s t go e 9ns9
Let S geG i g Fn 90 gi F contains p
Then 5 generates G

gi.fr git f t0 VI
Proof Let ge G

Choose a vertex v in F Now go.fr gift g E S

Find a path p from v to g v g FnGz Ft

P connected Fn gigz.FI Sgi'gzES
gz is a productoftwoeltsofs





 

ANNOUNCEMENTS FEB4

Cameras on

Grade topic due Fri Gradescope
Hw 3 due Feb11 3 30

Abstracts dueFeb 26

Officehours Fri 2 3 Tue It12 appt

Today Generators from groupactions Still

Fundamental domains existence

O



Thin G 05 connected F GF
F S P subgraph V g v

Ug F s f choose go F Gn F
SEG s t Gose greg p s Ogi F

Then in

g ge G g FAF 1 0 gi.fr gin 51 0
Show by induction gi is

a prod
generates G

ol 23 ofeltsof S
example 7L iso

f Fo 5 9 1,0 Assume truefor i WTS for Itt

If Let ge G Pick v vertexof F git F n gi f to
9

Choose a path from V to g v g i git 5nF 0
T connected gi git se S giti 9is



Example 1 Sn G kn ff.fsnssy.mn
F halfedge
from h to n l z 3

S contains Staten Sn l

n i n anyelto.FIz

Can simplify Sn i by induction gemby

n n
adjacent transpositions

Sn gen by adjacent transp



Exampled Stik Fareygraph Note I Ae Sha s t A lo f
l

Aff 4
mustbe

anything

k f need only 1 vertex off
91

Note f j flipsverticaledge
vertices primitive 7L

Vectors

Coins
edges

gg defff stl Alsoneed Stab b
integerbasesfor22



Whatabout stab d Finally Y

c

c is c c

only need f f generates shik

and I I

because first cot is really tf



3 tree
Exampled Stik GFareygraph Id takes f to F

If i fo f takes F to F F

l gT f fixes Flandthefhde

I'd These gems have
ofirideter

191
4,6

What is F

genset



A more far out example u

Take S surface V
w

U
MCG s s Homeo s

homotopy

We find generators using curve graph

vortices simpleclosed curves in S homotopy

edges disjointness





 

ANNOUNCEMENTS FEB 9

Cameras on

Abstract Feb 26 consult w me

HW 3 due Thu 3 30

OH Fri 2 3 appt

Today Fundamental domains

D



1759Fundamental domains a PI First assume G Of has finitelyn too

many orbits ofedgesHave G G f g w

F minimal connected
Coloreach edge accordingto orbit

subgraph of f so Example Ds G 10 gon

g f s f T has 1orbitof edges
72 50 10 gone

Lemmy If GG f connected has 2 orbits ofedges
graph Build F inductivelythen the action has a

fund done F
Choose anyedge Callit F
Find a new coloredge not in f
adjacent to F andadd it to f
This stopsby



S P 4

Needto show E This is a contradiction

Ug F P we should haveadded g e
geG already 0
Suppose not There
is an edge e not 4 We proved F is a union

in Ug f and 71 G of edges from different bits

s go.s.fi
so n

nii i I
Then9 is adjacent So the g F tile f

to F



Aside There is a higherdimensional version

111111

s

a

Fundamental domain



Thy Say G Caf Conn graph Examples
HSG

if Is
If FH g Fg U Ugnfg 745

then Gilt n
wks 7L

gg
n 2

2
o l



Thy Say G Caf Conn graph
v so

A picture
g

g s f fund Domfor G Injectivity Suppose gilt giltfµ C f fund dam for It

If FH s g Fou u gnfg gig eH
I

then Gilt n gig doesnot identify

two pts in interiorof ft
Pf Define in GH gifj gj.fr

G

Gi Fo gilt otherwise gig takes gj's6
Want bijection to gi Fg FlN



Anapplication

SL IL m level m congruence subgpof S Lik

A cSlid A II mod m

In Sla th 23 I 3 f o 7

ti iii
iii

inSLICK in Shik



Chap2 Groups gen by reflections

Coxeter groups
X gar

InfiniteDihedral Gp Sym D

sample elts translate by n FI
reflect in vertex
reflect aboutmiddleof edge

It is gonby reflection about o h

More next time





 

ANNOUNCEMENTS FEB H

Cameras on

Abstracts Feb 26 consultwith me

HW4 due Thu 3 30

Office hours Fri 2 3 Tue 1112 appt

Today Dns
Trianglegps
Coxetergroups



Fromlast time Noah's question

Thin.lfG Of Take GG f F
fund dam F

and g F F indexn HSG FyHSG ga'd
Fund domFy

Now K othergp
and fµ gifu wgn f

G K Ctf index
Hx 1 S GxK bigger

e Ii indeed Intifada

22 1 572 742 index4 Fix



InfiniteDihedral Groups Typical ett of gg

f Iv aba b'a'bab
t

D Sym f reallyithis
Last time gen by

ababebab a

a refl about 0 alternatingword in a b
reflectionsby

b refl about 42 So all elts are IVT
aboutwhat

Presentation translation cab Lab na

bun bay ba b mo
To a b id translationstart

whatelse h n
presentation D Eta.to a b id



AsubgpyofD Bytheway

H La bab subgpgenby H kernel of
bab ai bab inDa

ftp.T Do 742

It is isomorphic to D
count of b'smod 2

t.EE
An explicit H D

a a

Do It 2
bab b



Trianglegroups What are g grog gbg mult choice

Wzzz giggen.by rb nochoice
1

reflections in grg reflection about imageof
i

gbgrundergyi r n

I n

s rb rotationbY2tl

Goals Fund domain
Presentation

Some relations r b'sg id
Crb 3 CrgP bP id



Guess for Fund domain original triangle

To this end taketiling of E by D
color theedges

Critical point this coloring is well
defined

I r l



i



I V l N
We just showed Prof Let T be a triangle

Prof The coloring is well defined of the tesselation

far If gcWas g To To
and To I Tn T

then g s id
is a Segof triangles

So the fund domain is at least St Tintin is an edge

as big as To colored Ci c r gb

To show To is a fund domain

Ned
thefts

acts trans on

Then 4 Cn To T

triangles Equivalently Was To El



Prof Let T be a triangle Pf Induct on n

of the tesselation
h o

and To Ti Tn T Inductive hyp
is a Segof triangles c Cn To Tn I
s t Tintin is an edge

Definet
colored Cie r g b

Then G Cn To T Note T Cnt

Have a i Cn i T Tn
C Cn i Cnt Tn



Coxeter groups all generators have order 2
all other relations

ab id

e g Dn

Were







 

ANNOUNCEMENTS FEB 19

Cameras on

HW 4 due Thu 3 30

Abstracts Feb26 consult with me before Feb 26

Take home midtermMar4
Fri officehours moved requests

Officehours Tue Il 12 appt



SAMPLEHW SOLUTION

21 Let It be thesubsetof Suma so that he It if 7 finite

cc 7L ke7L sit hCn7 htk fornctc A state
a Show that It is a subgroup of Symz problem

white
idmtity We see ee Symz belongs to A

space by taking C 0 K o

scannable
i s Let helt with associated C K Let systemati

U C Ct K K K
headings Then hi C K satisfytherequired



conditions Indeed I C 1 14 s and

n f C
sequence

of implications
n Kfc aligneddetails
hln k n

h n n k n 1k

Composition Let h h cH with associated G K Cz.kz

Let C G K2 UCz K s kitKz
Tangthucture Then h.kz C K satisfy the required

conditions since



IC't Kc ka U Cz IS IG KH t 1cal Ic It Iczko
and nel C

n f Cz and nelCi K2
not Cz and ntks.EC
h haCn h nika n t k t ka s n t k

b Show that It is finitely generated

Let s lo l

t f I O l 2



We will show that s t generate It

Claim i it tis t claim

Pfofagin Editing

Let heH with associated C K

Note t Kh has associated C C K K so

So t Kh can be regarded as an element of

Syme S 54m72



ChapI Groupsacting ontrees Why
Nonbacktracking

31 Free groups Paths in Cayley graph
reduced

Fz x y words in X y

S x u For free groupwaithnforetoosefssein

T Y Cayleygraph
Er S
14 Or relations amonggenerators

i circuits
in Caylen

So frat reg
4vabnttree.LK



The action Fa Ct Ta

n



God Let x lot y Lf False if you replacethe

Then X y generate a subgp of 2 s with 1 s

Shik denoted Lx y Indeed

Them Lx y EE bi ft
1nonempty

In other words everyfreely reduced
Shik

word in Xt y multiplies proof row reduction

to a nontrivial matrix which is not free
because torsion
Exergise Freegroups are

torsionfree



PINGPONGLEMMA

say G G X set

iiiis X
nonempty disjoint

a Xb CXa V k 0

bk XasXb V k 0 Pfbyexample
Then la b E E Q Why is abatia t id

A For any X cXb
abab2a X in Xahence X



Pyo Lenya Kiama jo j74bcyXb LY
say G X'set

X I
a BEG

µ
Xa

ya f c22 41
191

XaXb EX i
i

nonempty disjoint XI Xb f c.TLlqlskBak.XbEXaVktO
cheek If f cXb k 0 then

bk.X.SI bV k 0 ak f cXa
Then Laib E

fyf



Check If f cXb k 0 then But Ip 1 2kg3 12kg1 Ipl
ak f cXa 2114191 let

a f tf f
2114191 191

1144111
191

a

fet2kg



Application Homeo R Invertible horiz Avert

Home.HR f IR IR
line test

f contin with Inverse flip over y x

contin inverse

grouporg fog Goat Fz 5 Homeo IR

Pod If f RTR continuous bij
is f automaticallycontin



Let fay be Xfi 45nbd.FR gun is same

f
shifted rightby42

I f
up by 42

i f ga f x 44142

i
F pig
X X Un z

n 45 ntl's

Us nbdof Kt 2 Xn µ n 45thhttp't



Next time F S Fz and E S F

index 2
index

Fo s Fa

7L 57L
indexn





 

ANNOUNCEMENTS FEB 18

Cameras on

HW 5 due Thu

Abstracts Feb 26 consultwith me ahead of

Midterm Mar 4 timeby meetingKhatlemail

Fri office hour 10 just tomorrow

Office hours Tue 11 12 appt

Today F SFa GET freely G free



Pingpong lemma Bf If g ab a b a freelyreduced
word in a b

GOX set then gelid
a b c G

Xa Xb C X disjoint
X Xa g x X

nonempty
Xb

b Xa C Xb V k 0
gelid

a Xb
C Xa V k 0

Similar if g starts
ends in b

Then Lab E Fz If g startswith a ends
withb

e.g
a3b5 g

Similar ai Ak E Fk conjugate so starts
endswith a

aa3b5a id g id



3.2 Fs s Fr Pf Consider

Fz Cx y l Fz 742
It subset of F consisting g to mod 2 wordlength

of reducedwordsof even or xytjfthaish.de
hs

length

Let a X b Xy c Xy Write all wordsoflength 2

This HQFz of index 2
in x y in termsof abe

His gemby a b c e.g y c b etc

HE 5 of use Eargetthenna t.ITedges



Let a x2 b Xy c Xy then no nearbycancellations

Thy HQFz of index 2 dit Biti
Biti fait's

His genby a bic pi Li
HE 53 In otherwords di Pitt

Pf Let w wi wn freely red don't cancel

word in a b c Want w tid Caseby case check

Set wi tipi dipiE x y3 e.g Wi i wi wit

we'll show tf w has a cancellation
a b

pink fi Pit ditz
e
henq
gl i



3.1 Freegroups and actions Lemmy Any action742 on atreet
on trees is not free

Say G G F graph PI V any vertex

Theaction is free if path in T l V

g v v g id
v a

g e e g id Pathsunique 742 preserves the
path

Y gEG veHM ec.EC

example Fz Gta free
742 fixes the midstofpath

74N n cyclefree
Fixededge or vertex q

Exercise generalize to74in
Dn n cycle notfree for If Ghastorsionfeltoffiniteorder
G O fo s free then any G T not free

f



Pod Is 5474123 G Fareytree
actually ftp.ufixese.the

Free No I has order 2

Also can find a matrix that

i
Fixes an edge it fixes

both vertices

79 Stable C Stabat



Thin If a groupacts freely on From 5 remove duplicates X X

a tree it is free To show groupgemby S ie G

for Subgroups of
freegpsafree is free

hard toprovedirectly
S si Sz

PfI PingPong
dThin GOT tree freely

s

TIFF

Eid
E r theorem S generatesG

X Xz



apply Sz

F szF 6zSiflssz.X





 

ANNOUNCEMENTS FEB 23

µCameras on

HW5 due Thu
Abstracts Fri Feb26 Gradescope Teamsubmissions

Takehomemidterm March4 Today

Office Hours moved to 1 00 Tha
a Pingponglemma

Regular office hours Tue 11 appt
Freeactions on
trees freegroups

Ask forhelp on HW Freeactions on edges
oftrees free

products



PingPongLemma I G means subgpgenbys

Fs freegp on 5

Lemma3.10 Distinctions fromPPL I

Have G X set Xs's not disjoint
SSG replaced with existenceof P
V se sus XssX

pe Xl YX
Onlyneeds.kXtsXsk l
replaced with S Xs CXs

and s.pe Xs Vsc.SUS s si Sz si

s Xtc Xs V t 45 Bf Look where

Meiersays p goes

Then s Efs



3.1 Freegps actions ontrees
X tiles

Thin If a group acts freely on Xs tiles that lie in component
a tree then it is free of TIF containing S F

is
callthe gF's tiles N Lef p FS goG g Fn 5 10
Previous thin S generates G freeness si Ft F V i

in P.PL ITo show S generates a free99 in PPL is bydefn

Pingpong Remains to check



X tiles
tile X for we'll do s Xss Xs

Xs tiles that lie in component Consider theseqofadjacent tiles
of TIF containing S F si F F SF fests

sis sins
resists

Let p F
Si Xs

C Xs
Freeness si 51 5 Vi since T is a tree

in P.PL I
in PPL is bydefn

Remains to check



TrickySpecial case Si Xs CXs Fine if sis FFF

si F F S F fest
ie sisi'd

S Lemma fromlast time
Apply s

F sis sis F
resist 742 does not actfreely

on a tree

Six C Xs any gpwithelt
of order 2sincetisatree sir does not act freely

I
onatree

v Isthispageneeded



for Subgroups of freegps Example 512th m is free rn 3

are free

If f freegp

F.gg sometreekgyumy
9 1,493

Anysubgg inherits a
checkfreeness

freeaction
Apply the theorem

Matrices fixingcentervertex

I t.co
etc



Thin If a groupacts freely on Will show

a tree then it is free i f s F 5,52 F Si i Sk F

pf.lt OHGGT is a non backtracking sequence
of adjacent tilesGGT freely

since Tisatree this implies
f fund dome

5 SEG S 5nF 10 Si Sk Ft F
Check s Sif adjacent and

Takearferdduted word ins not equalto si

Siti.Fws 5k Sits Sit f adjacent to F notequal5
byfreeness

want w id Applys Sito both

Will show wF F so go.nnsboa.FIuYin9f swForadsYneds



PingPonglemmalI Afterclass we decided that
we needto assume 5 has

Lemma3.10 noelts of order 2
Have GOX set Example gB 74205113

SSG gQB p
H to

V sesus XssX X I

pe X VsX V is vacuous here

and s.pe Xs Vsc.S.us
V Pf of Thmis ok because

we

s Xtc Xs V t 45 had a lemmaabout
eltsofader2

Meiersays
Noahsuggested an

Theni S E Fs
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PingPongLemma Afterclass we decided that
we needto assume 5 has

Lemma3.10 no elts of order 2
Have G X set Example gB 74205113

S S G gQB p
H to

V se sus XssX X I

pe X VsX V is vacuous here

and s.pe Xs Vsc.S.us
V Pf of Thm is ok because

we

s Xt E X V tts had a lemmaabout
eltsofader2

Meiersays
Noahsuggested analternatefix
where we remove 1 15 Not

Theni S E Fs sure if thisversionhasanyapplication



31 freegps acting ontrees 11Th f
y i Want no relationsamongS

4Thin If a groupactsfreely on Lef w g si freewYideding
a tree it is free ettofG

P 2 Let GOI tree freely
Want a ft F w id

treenedo True because theword w givesf fund dom
5 g i g Fn f 0

a nonbacktrackingpathof tiles

is a gemset Ls so
from F to W F

call the g F tiles f S F S Sz F Si Sk F

w fThe action preserves Indeed s sit F adj to Si Si F
thetiling freeness 2 Apply s Si to F Sitt F



Examdes f Sudipta
Kolay

I 7L Co

i sent i
ofthese onlyI

3 52272cm Fareytree is Imodm

freelum 3 lo m 3

Onefifties of Fareytree

Ho IG theelts of 5h72 taking
this

vertex to itself II t.CO



3.1 Freeproducts ofgroups zuz.tk Prog A B iswell defined
A B groups 217L 2copies anyword can be

reduced

a word in A DB of7L to auniquefreelyredword

is freely reduced if alternates between just likefor Fn
nontrivial elts of A B Eg

Examples
Hoa blazbzas

A B freely redwords in A HB 7L 7L EE

groupop concat reduce 57 310 1 l

a b braz a bibs are 5 7 3 9 I

ai b saz Xsy x'y
o
y x

bis bibz in B Xsy X 349X



Y
742 742 Do Sometruethingg

alternating words in 1,1 A B S A B
a b

E sa b ta b's id A B A or B

kernel B
742 743 E A B AxB

a b ta B id kernel is freegroup nexttime

eg Da 742
word lengthmod 2

kernel 7L



If GGT denote stabilizer steps Take a freely red word
of v by Gv tree in Gv b Gw

transitively
Them If G T freely on edges w albiazbz Akbk

and funddom F too 1 To show wit id of w Fff
and v w indistinct G orbits

Then G E Gr Gw
Like last time

Bf Stef G is gen by Gv Gw
F a F ab F

S g i g Fn Fto
is a nonbacktracking path

geffen
e.g I.bT.FI Taib

g e eGw
since v w in
distinctorbits

I h



reef
almost Fixes everything

gtransitively
Them If G T freely on edges

and funddomFToo 1 pry so

i
PS Lik 5h74 I

E 742 743
t
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freelyred
3.1 Free products Stepz Anyword w albi

A B ai e Gr bit Gw

Thin G T tree ynon
backtrackingredundant

freely transitive on edges bye gives a path from

2 orbitsof vertices
f

Feo e and w e

fundamentaldomain ge.gg ai e the path is

Then GE Gv Gw e are Abie

Bf Step S gtG g FA5 10 non
back w.es e

GvUGw track
w idgenerates G

Application P Shik 5742 743



3.9 A converse If pterfices coatsof A
Thm_3.28 Say A B is a freeprod white

T vertices
Cosetsof B

Then F bipartite tree and an action inA B
of A B satisfyingthe last theorem

edges omg gedge

If IAI and then TAI 1131 h
mo GA gB

I do HA hB get B
Tze Tf Action left mult

Q Whendo g 8h edgesintersectA ghetorB
T



If Pelifices coatsof A
because can't have gA hB

white If gA hB then h gA B
vertices

Cosetsof B
inA B

but idEB idem'gA

edges E gedge
h 9A A But AIB

o Action is free on edges
of kgA KGB

Two orbits ofverticesHA HB
geA B same as bipartiteness

check things i
Tis bipartite Transitively on edges

A verticeshave
13 vertices



Tis connected A B Examples

To connect id edge e togedge
write g aib

742 742
thepathof edges is t.z o

FTTT.TTe ai e Albie
ab

µ

2 7 EE Gib

i
T is acyclic

as a b

Nonbacktracking paths a G b
b

freely red words 7
Tao Ka



The stabilizerof the La c

vertex A is A Pod Consider Ca bab SE

Prod The stabilizerof
is it free

GA is gag 1
Yes Same as proof at

startof class

gjAggA gA A reduced word

b in a c gives a
a

gj I g
non back path hedges

T
foreach syllable

Kay bab



31 This Makethe tree T forA B
Let A B befinitegroups
then A B is virtuallyfree as above

it has a freesubgpoffiniteindex Check k acts freely

Bf We'll prove more kernel K of Stabilizers of edges inA B

A B Ax B ponpirid
henceK are trivial

is free Kennel has index Stabilizers of vertices inA B

µxBkx are of form gag aeA
which maps to

a id

ax id in AxB
gag1 not ink



g

Hw I A B
742 74 2 Ae

742 743 Taz
off b'tk skernel
I 1

E

Stabilizer of A is A
Now check A n k id

Foreach vertex find stabilizer

byPnd show intersectionwithKis B



Generalizing to A B C
AB

id id

Tac

ftp.corfidfndm.J
431Kb

742 743
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Ballof radiusn Equivalent to WP5 Wordproblem in Tgs Union Equality problem does ITwi'Mofpathsfromid
Given G SIR of length3h sameas Mlw wi id

sus swords in Sus determine which paths in Cayley
graph are loops

T sus G F algorithmto drawballofradius
n in the Cayleygraph

WordProblem Dehn Determine first example G Lab I absbe 57L
if a given we 505 solutionto WP exponent sum

has Mw id Second example G La bl Fz
wesayWP is

solvable if there solutiontoWP freelyred

is an algorithm BSCmmy harder latertodan








 A simple example of a group with unsolvable word problem

Donald J. Collins



How can WP be hard

72 example To have unsolvable WP
must bethat short words

µ

need many relations which

makethe word muchlonger
beforegetting shorter

relations
eusshgiung9

ms

DehnffftionsGiven a word w with Mw id
can makeit monotonically

shorterusingrelations



WordProblemfor1354,2 Bf Lasttime welldef fHat fla2

Bsu 2 a.tl fat sa Suri f ft Kant fan Xt 42k

Let G linear fns g IR IR f an ga Ex
of form gud 2 X t d Inj Say f w id
with a c741123

key exponent sum on T's is 0
Check G is a group

takederivative chainrule
Have f BSC's2 G so if there are t's there are t s

at gtx X
can conjugate so haretaky tt to gCx 2x

Prof F is an isomorphism Replace with a

for f has solvableWP evaluate far Eventually an n so



Example

ta't at a'Eat'at
w w w

at a Uhoh

a4aaat at
This shows

If exp sumontisO
conjbut conj n

then w a

ta't a

alla
15
a



Cayley graph for 1354,2 Poll shortestpathto a

Mini

a a a a
7 7 7

finetyt

tht at

na

id a Twopathoflength11 A
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Normal Forms To tell if two elements are same

G group put them in normal form
compareS gonset This solves word problem

Wehave

IT words in sus G
We can alsothink of a normal

A normal form for G is an
form as a subset of words in sus

M G words in sus if one word in IT4g for each goG

Example 722 6 blab ba
Sit To N id

norma pom ambn mint

Fz normal form freely red words



Normal formsfor 1354,2 Cait Ital's a The ambiguity is that

Weknow HE mightbereduced

BSG 2 gun 2kt 42k mind
i e m even

The fix writeelements
a gex XH of BS 1,2 as

the guy 2x
917 2 t 2mi

2K
We can check

t ka t t guy 2 72 or 947 24
Normal formi

Guess for normal forms

t Kam fk
th

FAILS 2 t kamtitktn.k.mg
tat a

k I met no Ksnm U thin c7L



Normal form for133 orBn poll Which are equiv to
Generators I 2 I 1 2 22

Y 2 I 2 I 222

q
2 I 12 1 22

Multiplication is stacking 21 1 12 I 2

µ X
21 1 1 12 I

NKI I l
T RJ T2T Tz Lf



GarsideNormal Form Running example Tikrit

Ingredient 1
Steph Replaceeach ti with posword

why can wedothis and I I I
133 I i i i i j stiff
r I D TO't

j r q r
Tz tr l j qf s Tz

signedwordlength

Ingredient 2
example 902011 no ring j ar

Xp IX half step
Move all 0 to theleft

µ
twist why can we do this Ti D Tn i

k l I i example no D 0251620201
T RJ ET Tz D



Check We now have D posword is o

Ti I'on.i Steps Find maximal i so our braid is

ly D posword is o

1 µ In our example o

I Tzoirzqr 83 2020 40

How do we know our example is not

Do pos word
In general useIt is

go peg ingredient t



Alternate example notrelated to

How do I know
runningexample

j'T t 8 pcs word

I
signed

word
sighed wordlength

length 2 70

Another example

Howdo I know
j r 4 D pos word

signedwordlength 1 Isthathength only 2suchwords



Steph find all 8 cosword steps 3 4 use

equalling g
Thy If two positive

braids

choose the smallest in are equal theydiffer
lexicographic order by finitelymany

example Lf F T normalform I 2 I 212

only candidates
are no inverses needed

goof
In fancy language

021 Thebraid monoidBnt
embeds into Bn



Provethis theorem positive crossing

N Xfl µ neg crossingKY
in

y21221 12212

12121
I 211
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BurnsideProblem These are not affinitudated why

A group is a torsion group Q Burnside 19027 Is there

if all elementshavefinite a fin gen infinite torsion
order group
Finite groups are all torsion 995 A Golod Shafarevich

600

Easy to make infinite torsion Yes
groups

742 742 we'll show an examplefrom

17L
80 s by Gupta Sidki
using GGT



Starting pt is Important thing

T rooted ternarytree
54mA Sumet xSyme sSymf

root

y z

54mA is self similar

Al Al Al uncountable01 Oz 1011 12 etc

N
Sym T root preserving

symmetries



Two elements ofSum
mods w roti Kothi Tzzotai

T Vn nk kn 1 m nk
root

root 1 1 waterfall

v EH MAN
rook I

µ
means do T at Wd Fana Vy GO

L
e.g To Let Us LT w S SymCT



Let Us 49W s SemCT Need a normal form

Thin U is a fin gen x for U

torsion group Then will do

fin gen

torsion



A normal form for U Use the relationtopush

Lemma 1 Eachelf of U can
r's to the left

be expressed as example

Jk x Xn Awwww
where Xi c w two two ftp.f gw

kind of like Bn normal form I 9 Tf
bad

Bf Need a relation r f foggy j w

p g Wr Wo 2

wr oHwr
2 r Crwr w

X Xz



OProf 1Ul x K is thekernel

We will find K U In terms of normal farm these

and K U
are the Okla Xn with k o

The Prop follows Let H Lw two Two
2

Defining K Lenya K H
have U 743 Pf Step 1 Ask
action on three edges finite step2 HQ U

fromroot Works because check conjugateeachgemforHby
gem forU endup

backinH
war preserves thecyclicorder Step3 UH5743 byLemma1



ep
not

Lemma k U N Prof U is torsion each

Pf K maps to the copy elt hasorder a powerof 3

If Sym T belowvertex 0 Bf Induction on syllable
Want Imageof K contains 6

no
length in normal form

To Wo Tk Xi Xn

Check on generators TK is a syllable Xi is a syllable
w 1 To

our 1 Wo Idfa Given g showg3

Two
2 Jo is a product of 3 commuting

elements of
shorter syllablelength



proof by example all threepieces

g Tw syll length 2 have syllable length
1

no g
two wow

normal formhas k O

off 2W f
T twr w

i r't
lie in 3 diff

factors

symctlxsymctxsyn.LT





 

ANNOUNCEMENTS MAR 23

Cameras on

HW due Thu 3 30

OfficeHours Fri 2 3 appt

makeup 10 11 Wed Today
Progress report Apr 2 1 Page Howson's thin

First draft Apr 9 Regularlanguages

Talk to me about makeup points
Automata



Howson'sTHM To check G Fg
H fg

Thm 7 BZ 19547
Gmt not Fg

If G It fg subgps Claim It is genby E ye
of Fn then Gmt is f g Stepy Ls normal

A Counterexample with Fn
To show gsg c s

replaced by anothergroup g gemfor 5 74 se S

Take Fax7L Fz Lx y 2 42
example ylxttlyt.ly Kx z y z

G Fz first factor step2 Ls EH

Its kerf5 2 z
Step3 Erik Ks 52

all 3gens1 1 Weget Fzx7L subject
to 11 7,4



Fax7L 1 4,47 2 427 Claim GNH is freely genby
G Fz first factor iy

i

H Ker 5 2072 example Xsy
5 3

y y Xall 3gens to 1

Remains Verysimilar to HW problem

GNH not Fg Ker Fz 722

on I ii

exponent sum 0 x yi Xiy j



HannaNeumann Conjecture 1957

rlc Gmt 1 S rk G 1 rk H 1

for G H S Fn

Proved in 2011 by Friedman Mineyer

Our proof of Howson's thm
Uses regular languages automata

Today automaton version of Howson's thm Thu Howson's thin



Languages

5 x Xn alphabet

s words of finitelength in S

Any subset Lss is called a language

Examples

S a Z Ls words inOED

5 9a L an 3h
s a b B h a bick i o j o K o

S gonsetforG h words in 5 that equal id in G



Automata f simplecomputer ThelanguageacceptedbyM is

S alphabet finiteset w tS't i w given by adirectedpath

An automatonM over S in M
vertices a

consists of a directed graph states ExamIesywith decorations L

some subset of vertices called
a
0 TO

start states
some subset Aofverticescalled L ai 31i

accept states
a edges labeled byelts of S

If thegraphis finiteM is a

finite stateautomaton



a D deterministic poll Is there a simplerautomaton for

µ
0
fb samelanguage deterministic

G Da ab
a

b of a C O Da
a b yes

L words with b exguonment even

a b'ab



Deterministic automata What's deterministicabout it

A det aut is a FSA with words paths

exactly one start state w

no two edges leaving same 0 a

vertexhave same label Theword b
wa

no edges with empty label corresponds to more than 1 path
inMeier empty E

It is complete if each vertex
To see if a word is in theaccepted

has departing edges with
language start at the start state
traceout thewordbath seeif landatacceptstateall possible labels
A language is regular ifacceptedby

a Det FSA



Automatonversionof Howson'sThin Lemmal L accepted by aDet FSA
Thm7 Say K L SS are reg i.e L is regular L accepted
languages Then so are by a completedel FSA

silk Pf exercise adddeadendsHailStates
KUL
K n L
KL wkWL i w kek wit L

Lemm 2 L acceptedby a nondet

L't s L U LL u LLL u FSA h acceptedby a DetFSA

reg lang is automaton versionof fg
Inotherwords startingwith a

non det FSA Lemma 2 converts

it to a DetFSA Lemma1 converts

to a completeDet FSA



Lemma2 L acceptedby a nondet Example b

FSA h acceptedby a DetFSA
a

a b

of
Pf Two steps

Get rid of arrows with h a bi i j o

emptylabels New vertices subsetsofoldvertices
Get ridof F a

Get ridof multiple
Newstart vertex setofall oldstartvertices

Start States
NewAccept vertices

allsets containing anaccept

Biagi
start b

a G



Page135



yw is in
vertex restrictionto V
of Tr G S Sym T gives

µ NiceG If you look all g G
Sym 54mA

ow andall gtv

µ get a finite
subsetof SymCT

Those are the finiteStates

IN.lt
4i

i i i nox oio.oi

VW 0100100010000
ga g lvsgilg.cn 924
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Howson's Tin examples

Thin 7.32 1954
h a bi I j o S a b

t

Consider 11 62 b s FaI f G It fg subgps
of E then GriH is fg L reduced words in a b ai b

corresponding to elts of H
Originalproof algebraictopology s a b a i b

Languages

5 x Xn alphabet

s words of finitelength in S

Any subset Lss is called a language



Language
examples Roughly statescorrespondto last letter

h alibi i j o s a b3 used

Consider 11 62 b S Fa j
reduced words ina.b.a ibt ab.f a

corresponding toelts of H
o TOC a b a b O a

Tf BffAutomaton exymples

Ia bb_ b



Deterministic FSA Tidying up a FSA
FSA with last

one start state time
Lemmal L accepted by Det FSA

no edges w emptylabel L acceptedby complete det FSA

s 1 edge with a given
letter startingfromeach Lemmy Lace by non det FSA
vertex

regular languages
L ace by Det FSA

Complete 1 in 3rd bullet In otherwords FSAs detFsbs

compl det FSAs all give same

languages ie regularlang's



Lemmy Lace by non det FSA Let D be FSA with

Lace by Det FSA VerticesVCD P VM 0
Bf Given FSA M want to EdgeI Let Us u VBe V D

make it satisfy the3 bulletPts
y µ

vie NN
without changing theaccepted lanes For each aes f alphabet
we'll justdo 3rd bullet Make an a edge from U to

s 1 edge with a given
bullet

V veVM F a edge

letter startingfromeach fromVito V
vertex Startstate start states inn

states dtsofPHIMDcont accepts



Keypart of defn of D D a

Make an a edge from U to a f ta
S s

b Jb
vii Kevin Isomanedger ii fb

µ 0120

a bib Can cut thechaff



Automatonversionof Howson'sThw Bf Toggleacceptnonaccept

ThmIl Say K LES are Reg
States

languages Then so are example L ai i even

silk on
KUL
kn L SayMkNc FSA forK L
KL WKWL WKEK with
L't LULLULLLU then Mkuhh is a FSA

for Kul Apply the26mm
reg lang is automaton versionof fig kn L 5 14545 v SIL

Apply



Regular rs finitegen Example I1 62 b

Isis isis
o

His imageof reg lang bf a

Lscs i Is 0 00
under it T H O O Tag

at f b thaIdeaof Pfi Generatorsfor H
andquoinsfowgcircuits in M starttoaccept

b

T
finitely many

Circuits b b bae b a b a bai

sinceMi'sfinite b ba2 generate It



Freely reducing a language µ accepts all thewords tf did
Lemm 3 L reg lang over 5 plus their freely reducedVersion

R lang obtained fromL by Let Ks languageofad freely
freely reducing reduced words in 5

Then R is regular K is regular exercise

Pf Say h givenby FSA M R K n LIM

If we see oto
By Thin R regular

add emptyedge

n



Pf of Howson's thm OtherThan LH n Lk regular

H K fingen subgpsof Fn eHsof Hnk

H K are images of reglang's
Thm Hnk fin gen

LH Lk byThin

By Lemma3 we may assume

LH Lk consistof freely red
words which are exactlyelts

of H K need a freegpforthis



Page135
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Lamplightergray OHH Multiplication stackandadd

Infinite street mo Br
Oth T

Br ga t

T M Ba
T

1 7 10.742 as a set

Kix Kek Ie 742 MI MD
A

configurations or

actions



Generators Presentation

L a tla id
t

T Eat.it atkl
ftkatkftiat iA AM

I

Eat

O 1111

T



A faithful representation f g L 6121742Ctt

First a notation for 742
Kp to Y

74ft t 7422014s in t t
Thg g is a faithful rep

E I t t t742ft'tT
pg inji clearf0,1 O l O O O O l O homomi Check relations

Othentry 2

a ji I

K Il other reln

K P Kt 7L Pe742 t t shears commute



Example

na f to
t t t

T
n mo

fto
E TE

T
II

HN ND
x

to
t t t Ift

E tt to Ii
t t



See OHGGT for a discussion of EASY
ID

word length traveling salesman problemish

dead ends a or on o

Togeneralize
Ln lamps have 74N States

Wreath products

1 74227L G H is the lamplightergpwith

map l l like7L in L

lampstates G like742 in L
74277L 2D trav Sal prob HARD



A little more

G1 H ik I like It 5 H G

H x G
1st factor permutes
coords of 2nd

example

742 I 7L Kix Kc7L Ii 7L 742

2 497427

first factor permutes coordsof 2nd



Next Cayley graph for L
Dum n is a graph

Diesel Leader Graphs D L conjectured
An old question is everygraph

quasi isometric to a Cayleygraph
mtn Dum n7 is n

QI to a Cayleyg

A provedby Eskin FisherWhyte

112 QI

o a a a But D4nl DL n n

is the Cayley graph for
Ln lamp gpw n states



DL 2 N
Ti reg binary trees

2 2 n

V l I
w

h
O O

l

2 2

T TI 2

DLR vertices Cvw Vt VCI WENTZ hiv than O

edges iiw when It in T
woot in Tz



Thin D427 Cayleygr for L wrt t at

How to get a Lk El from a vertex of DL 27
Lampstates

K is easier him
on
streets

K

Laomansstratesms

2 2

I I
w

K
O O

l J
L 2

Make uppath from V down pathfromW concat a stringof412



p p
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Thompson's gp f Composition do first thenthesecond

F group of assoc laws Must allow for interpreting a b c
as expressions themselves

gr How to getbetween all
and allow expansions

parenthesizations of an n a la ay

expression

xo alba cable effrBissions ACBC AB c

X i al b od a bad
in a b c

Xz a bladeD aCbfcdle example Eatgb
deD CabkCde

subscript depth



A relation Q Is this really a group
albladed ab cede

Xz f
x

alblicdle Cab
Ladle

So Xoxo XoXz right
left

Moregenerally

Xn Xi Xi Xin is n



F via PL homeos Homes A fn f 6 D CoD

F orientation preserving is ahongo if it iscontin

piecewise linear with contin inverse

homeomorphisms
n

of o I with
1

µ
F g are

bothhomeos

dyadic 1 0

breakpoints

with slopes powersof 2
Orient pres A homeo f oD Co I

is or pres if Flo O

under Fn composition I PiecewiselgerWhat youthink

I z finitelymanyline segments



f via PL homeos Breakpoints

F orientation preserving
so

piecewise linear z

homeomorphisms

of o i with Dyadic mlzkk.mc.TL
dyadic

why is this a group
breakpoints

with slopes powersof 2 thinkabout composition
or pres

under Fn composition homeo V
breakptsdyadic

exercise

slopes powersof 2 chainrule



Examples what is x Xo Whereis
I 1516qIn

i ii is in
Xo X l

z Break pts Breakpts of Xo

U x Breakpts oft
r

112,31 V XI 2,314,783

314,7g 51163



Friatree pairs f reduced treepairs

A tree pair is a pair of

binarytrees with same of leaves
Multiplication

e.g A X As Is Ti

M
I
Wt Is 152,1 if Tz S

S T tf Tutsi add carets

Reduced if no cancelingcarets until they are equal

II As
H

S T

1 reflected



Multiplication

Gattis.tn
silk Ag
A A

Is 152,1 if Tz S X

l f Tat Si add carets
until they are equal

Carets a parentheses
ab c

dividinginternal Asa



nonSome factsabout F A group is amenable if its Cayley

f is gen by Xo X graph admits a Ponzi scheme

Fis finitely pres I 1 everyone passes

F contains F I t 1 to inward
xx neighbor

Majoropen question

Q Is F amenable Yes F is a finpres amen gp
that is not elem amenable

No F is a finpres non amen

gp with no freesubgp





 

ANNOUNCEMENTS APR 6

Cameras on

HW due Thu your choiceof 2

Draft due Fri
OfficeHours moved Wed 2 3 Tue It12 appt

MakeupWork
Today
Quasi isometries



GEOMETRY VS ALGEBRA

Thin G I 3 G has finiteindex subgp
HER

geometry algebra



TwoCayley graphs for 7L

5 91 o o or a o o df 2,57 7

S 2,33
dl 2,51 3

Hee
Looks like 112

From far away
Will show it is QI tolR



Marissa

J
daYiY iii

X dx Y dy metric spaces dlxmlsdly.in

meaning d x xD is distance

examples graphs aongagte.deaaef 3yz

groups word metric distance in Cayley graph



Isometries

Equivalenceof metric spaces

f X Y is an isometricembedding if it doesn't

change distances
dy fun fun dxlxi.kz

If f is also surjective say
injective

f is an isometry

Examples f
Antisomen tttda aos EEII



11
Examples f 1

Antisomen tt d
aoseiHEII

inclusion
or any non ing

22 1122

Is this an isom emb

in
identity 7L 7L where first 2 has 13 metric

n n second 7L has 2,33metric
Not an isom emb



Bi Lipschitz equivalence

f X Y is a bi Lipschitz embedding if I k 1st

dxcxnxdsdylflxn.fm s K dxlx.nu

K indep of Xuxa

If f also surj then F is bi Lig equiv

Thin G group equiv rel
S S two finite gensets Example

id Gds Gdi 7L std 4122 std

is a bi Lig eg K V2 biHmb



Thin G group

5 S two finite gemsets
vertex setof Cayleygraph

id Gds G d If you includethe
edges

is a bi Lip eg
lose bi tip equiv

Pf idea what is K

K max ds l id s se s

U dsCid s se s

Use triangle inequality



Quasi isometries emb

f X Y is a g i pif F K 71,070 sit

fedexXz C S dlfcxl.flxzdskdlxi.kz tC

If JD o sit eachsetof Y is within D of FH
then f is a quasi isometry

Examples 72 std 4122 std

a K Vz c O D M2

f 1122 std Fk Std k rz D O

x y n Lx Lys c FL



i

fix
5 O K 5
7 X O Cs 7

D I



IIe

t
Is Ta

Yes Ponzi scheme

QI's are violent but still
have thm G E K then G has G





 

ANNOUNCEMENTS APR 8

Cameras on

HW due Thu I forgot again

First draft due Fri share onTeams Reviews

OfficeHours Tue 11 appt more soon

Makeup points today
Milnor SchwarzLemma

G Z G isvirtually 2



Quasi isometries

X dx N dy metric spaces

f X Y is a quasi isom if

Ykdxlx.in C s dy tha Axa S kdxlx.int C

and there is a D so all pts of Y are

within distance D of f X

F ignite f with ditoam.si



MILNOR SCHWARZ LEMMA Graphversion

FundLemma of GGT G Gf is properlydiscontinuous

Thin G G f graph if tf KSP finite subgraph

finite funddom goG g kn K 0 a

911ft
m for 91g finite p.fandfinite fdNeeded forThm because

Action is prop disc might G Of trivially
Then G is fin gen F finitegp f F

Example
G II f with K

So All finitegps are C
QI to trivialgp



MILNOR SCHWARZ LEMMA Examples 76
FundLemma of GGT SLID Farey tree

deg2
Thin G G f graph Prop disc a vertex of P

finite funddam is a basis for 71
or finite

Action is prop disc g
K

means

Then G is fin gen
G II f g took a basis in K to another

basis in K
S Lik E Tz E Taff Fz Fk k 2



Applications We say two groups differ
H SG finite index by finitegps if can get from

HOP Cayleygraphfor G one to other by taking

with finite fund dom finite index subgps
prop disc bleGacts ed quotients by finite groups

it G
N I G N finite

GOP Cayleygraph for GIN
with

Ifiniteyfubyd.d
G S G S

is finiteGINEI G



Gromov'sProgram Examples

Which f in gen gps are Trivialgp
quasi isometric 7L we'll prove n 1

We saw G H differby finite case soon

groups GEE It Braidgrips

We say G is quasi isometrically
Mappingclassgroups

rigid if G H G If
Free groups

differby
finitegps



Idea of Milnor Schwarz Getthefinitegenset asusual

choose vertex r S g g BnB40
R o so Bpm containsfunddong B Finiteby propdisc

B what are KGDg V

s.is mii usoiifq.g.qb defnof R

g B in p
q.mn tegdiiregiti.mn

Igil x gin
closeto V violatePD



Them G fingers gp A pictureG 7L faring

THE.G HER e

Bf Let F G 7 G
id

slflxi flyllskdlx.intdcxid C If
o D p

n faO
Whoo f id O 7L ink

change Cif needed FirstGoal 2 fingers not 5

Left boneright



Steed G has order etta Let LDK C lilac

Stef 16ha 1 0
B f C42,423

Forstepl find AEG at G G
set a AEA

If

latex I B l
l

I t.ff.AT
How to find A 42 42 7L





 

ANNOUNCEMENTS APR B
Cameras on

Last HW dueThu

Peer evaluations due Fri
Presentations nextweek 20
Final draft due Apr 27 3 30

Makeup problems Today

Clos
G 7L G E7L

Ends of groups
Freudenthal HopfThin



Thin G fin gen gp
JG k id L

Then G has finiteindex
subgp It 57L O 7L

Bf Let F G 7L gi Step G has a order at a

4kdlx.yl cslfcxi fcnlskdcx.int C Steph La has finiteindex
in G

Also D

WLOG fLidl O

O



I WLOG GIB has only unbound
pieces if not addany bound

iaid
u g neLiz O 42 7L

Step G has a order elt a

Sufficesto find A SG a c G
Want this pic

a A FA Gingpong

Let L Ktc e edge in G or At A
contacted

feelhaslength SL also separatefromeachother

Note In d
Man

YidofB



SIG
i

ii.i it.sin.h n
eii.e

eachother
3 Bf The above noteLiz O 42 7L

Let L Ktc e edge in G Clain2 GIB has 52 piece
feelhaslength SL Bf Otherwisefind

arbitrarilyfar
B f 42,42 ptof 6 mapping to same

Vote if g h connected inG can'tlieonoppsidesof B ptof 7L

Let At f 142 a 113
NowHave

A s f l o 427113



t.ci

g

E a'Steph La has finite index in G

b f 9tB Claind dfid an x as n a

7L
Claim2 ID sit Dnbdof La

et g he G s't 9 At g cA
T

in G is G

dfid gt 2diam B Claims IGkask
D

Claims For some a c gt g 9 9 pfofcla.gl By
Steph an

A At F At
y
canweargue

all distinct but 6 locally
finite

Bf Case1 g At CAt
thesecases 7

where we use G fingem

Case2 g A SA
V onthesame Pfofda im2 ClaimI

Case3 Neithertrue Think Dro
diam an a lm nib

fails a flat no



Claim JD sit D nbdof

in G is G
Clain3 I Gkasko

Fofda im2 ClaimI
Let f Cayley graph for G

d1aman w Im NHA Kay has onevertex for
failure flail x all an

If there were sets in G orbit locally finite

far from La then arts for finite diambyClaim2

pts in G word map to soigne May finite
11oooooopt in

7L.gg a aa But verticesof fka
l are the corsets of La

in G



Endsof Groups HflBnH unboundedpieces

of f Ibn
TFreudenthalHosffThn 1191Brill

G fin goings
G has 0 1,2 or many

I f 5

ends
e p him HMBrill

Some defns

if connectedgraph locallyfinite

V basevertex

Bn ball of radius n around V



111113nA unboundedpieces f
e Iof flBn

Isn r ease

ecoshins Bn

f
eatExamples f finite

ecisoiksoqffl.I.edu





 

ANNOUNCEMENTS APR15

Cameras on

Peer evaluations due Fff Sun
Presentations nextweek 20 mins
Final draft due Apr 27 3 30

OfficeHours Fri postponed
Makeup problems today

CIOS
Ends of groups
Freudenthal HopfThin

Summary



Endsof Groups 1111Brill unboundedpieces

of f Ibn
TFreudenthalHosffThn 1191Brill

G fin goings
G has 0 1,2 or many

I f 5

ends
e p him HMBrill

Some defns

if connectedgraph locallyfinite

V basevertex

Bn ball of radius n around V

O



HflBnH unboundedpieces f f
of PlBn elf 2 e

Isn r ease

elastins f
eatExamples f finite

euro f fifteen



ex is well defined
when you take a

unbdd subgraph

Lempa 119113nA is and remove a banded

a non decreasing seq Subgraph Bn ti IB n
of pos integers it becomes 1 unboundedpiece
Pf

n
Evie

c when

for EG is well def

Nextgoal ECM is a QI invariant



Alternatedefn

ee l sup NICK Csi finite

Lenya e f e p

If sup over bigger set

Any such is contained

in a Bn Useargument

fromlast slide

119113413
It full



Ends is a QI invariant want x y connected outside

Bn
Prosit E.efi.f.hn

p
Pf Let's convince ourselves

Thus they are connected bypath

that elf I elk 1
outside Bn

Assume elA
in twounbddSUM f k Assume Bn cuts k

9 in I choosebigµ Pieces

fq
P I

depending on K C f Contradiction



dep g

POI A e Bn tn 3
Q How many ends does Steph

braidgp Bn have If.ec 3n eCPBn

since Bn PBn sn c

B E l ECB O

Bz 57L ECB z Stef PBn 5 Fn xPBn

Bz
Fact If G It infinite

46 111 1
111



I
Freudenthal HopfThm 4 ends etc
G finger

Then e G c 0,112,03
Assume 3 ends

9 TX
ballof far into
rad one unbdd piece
h



Some Ends we know

474 2 e Was l 4
e finitegps 0 Different ends

e 1727 1 n 2 not quasi isometric

e f x k 32
Also sometimes gps with same

e Bn I n 73
ofends are not QI

e shik p
example 7dm I m n

different growthrrnates



propdisc doesn'tloseinfo
Who cares if groups are not QI aboutG

f finite
funddomesdoeslose

infoabov
Milnor Schwarz If G acts geometrically on f p

then G f

If G H ft S
then G It

Infinitely many Bn doesnot act geom on IR ortree

corollaries
547L does not actgear on1122





 

Geometry Topology and GroupTheory

Last time We've learned so much

Certain groups can Icannot act geometrically
on the same graph space

Today There's so much more to learn



Hypwbolic Geometry L

Euclid's Postulates boring
Given a point P not on line L
3 line L throughP notintersectL

Lobachevsky Poincare There is geometry without

Hyperbolic plane



HyperbolicPlane ftp.opendisk
i
c The straight lines are pieces

Defd p of circles lines 1 to

compare pk boundary metric is
L a multipleof one

faffin
reamfaragart belowpiemagnenoiaftns

Defn 2 Metric Euclidean metric
circle

To l r2
t.ro

distanuf T straight lines
compare

Taste
ddisk Bsa 2 as above



O

all triangles skinny

sina.enfg.an.us

ameaesphenalgeomety

I interiorangles

it



1

Which groups act on
1112

For
2 have reflection groups e.g Was

and 7h2

allofthesecoming from tilings

Let's look for filings of 1H



Looking for tiles in 1142
small n gens interror

havenearly
angles 0

o
fr

NT Fregular right angled pentagon

Now tile



Aside Defin 3 of 1H

openunit Isometries are
a

Motivations iii dis

feel c d

d



life

Rightangled

reflection group
Coxeterreflection gps

Xi Xs XD's Xcx
2

XsxPid

Now have many new gps not QI to EuclideangpsW333etc





5 Algebraic thelooparou
Connection toTopology bn nb Topology thesquare

fistherelat
a

t Fiji
d

QI to
2

µ 4 41 adgm Sz Laib c d
ca b aba b cdc d

fundamental of
52Surfaceofgenus 2
QI to 1142



Fittt

AT
E Milner Schwarz

fundgpofSz IH



Hyperbolic Groups in la Gromov

A space is f hyperbolic if for any triangle
the d neighborhoods of two sides together contain

the 3rd side

µ

Fast HE is orhyperbolic F log 2

J hyp is a QI invt fundgpofSz is d hyp



TwoTheoremsof Gromov
g

Thin Mostgroups are hyperbolic

Thin A group is 8 hyp
Geome

its word problem is
solvable

in linear time Gwqth



Whydoes fund gpof 52 have lineartimeSdn to WP

Any closed loop in Cayley

graph must use36 sides

of a single octagon
id

So can replace word oflength

6 with wordof length 2
SHORTENING



Bridgon

Herethere

bedragons


