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Realizing finiteGroups

743
Them G finiteg

F g sit G s Mod If
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i Ci oIki I a a littlemore complicated

i Io Ci Ilc O all pairsof lifts unlinkedat IH
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PartstIII for example
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metricson S
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orbifold Univ Cover
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Bf Teich T2 T.frpadztattius
prop topology on

marked
parallelograms m
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Lengthfunctions

For a curve isotopyclass in 5

da Teich S IR

X Lx a lengthof
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geodesic

in X metric
no suchmap for NLCS
et S curves in531isotopy lengthsof
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actually 6g 5curves
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thealgebraictopology Have

DF IT Sg PSLzlR Teich Sg DF MilSg PSLzlR
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IT Csg PSLzIR conjugation

Like torus case
cov space actions Teich T2 DF 22,150M 74going
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Itf DF MilSg PSLzlR
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ChapterM Teich geom no metric onTeich S

Basic question X Y tTeichls Take supof dilatation over X

f 2
Take inf over f Takelog

Teichmullerthm existence uniqueness
what is the best map of infimal f
Idea Measure distortion b Is b

Dj
dilatation

b if

cat art Highergenus a



Complex structures Example of Riemannsurface

A complex structure on 5 17
consists of d

g
d
5 At

n n a

atlasof charts to PTH

with holomorphic transition q charts middle identitymap
maps 6 edgecharts id on halfdiddiameter

Riemann surface S with translation onother

halfdisk
complex structure 2 good cornercharts translati

1 bad corner chart
apply2 3 t translation



xstr trs X s so

hyp stirs on S complex stirs on 5

isometries of 1142 are holomorphic Mobiustr

t Cartan Hadamard i only simply conn complete
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uniformization thin only simply conn Rien
Surf's

are 1112 G E



Linear maps of
1122 via analysis

1 EE CholETE it 10,1 1122
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U.VE E open Dfp i s btid
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eccentricity of Dfp S1 Kf spurKHA
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Quasi conformal maps Fast X Y Riemsurfs

F is g c if Kfc x The setofgcmaps X Y

Holomorphic 1 gC
forms a group

Note gc makes sense
If Kfogs Kfkg

for Riem surfaces
Kf Kf g

since transitions maps
are holomorphic
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that are smooth outside
a finiteset



Teichmiller's extremal problem Earlier Grotz.ch did this for
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inf Kh hn f hop

1
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Teichmuller existence uniqueness
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diech X Y sflogKh



Measured Foliations Special case do singularities
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locally
or µ 3ngs Pf assuming foliation is orientable

Prod Euler Poincare formula
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XIs Ell Ki Assume no singularities
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Chap11 Teich geom

Teichthms Given XYETeichS

F unique map h X Y
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O 0
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X Y Riemsurf's flxtiy RK x t FK y
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Ks l f'tThe rectanglecase

of TUT
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1
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Ka 1 hor ans J
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If Kflxieydil.atCx.y1jfCx.yjjacob.off cx.y
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Lemmy gye y
LAH tM 3114
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Fubini 5 84,4dA fµlfldxdf

Iq ftp.L 2L f Axl DA
de L hor are length2Lthru P So 1 11 1DA K FL AreaX
Also lgy hwan 2KL V L
Lemmaslgy ftp.D 32KoLmemM PFof TUT RepeatGriotechargument



M

Proof of TET rs Y cTeich S

Fetch Teich map h X Y

example Ff
QD X vector space

Finn 6g 6 Riemannpay
Define 11911 1 191 area

QD X
Ygg cent dt

line in Teichls
QD X open unit ball

K ITI B QD X Teich S

I 11911 TET A surjective



Prof A continuous Brouwer'sInv ofDomain
hard part Anyproper ing contin map

Prog A proper R Rn

Also I inj by Tut
is a homeo

dim QD 6g 6

Continuity uses Beltrami differentials

PDEs
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MIS hurlcomplex by pulling back metrics

alg conformal In termsof markings
structuresons n
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Lemnna X tTeichS H L

Then c exec SL L x

thmffricke ModSg TeichSes Inpartie Ns X closed discrete in IR
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MLS
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BirmanSeries

Mirzakhani
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X Xz hyp surfaces cover of Xi
y X Xz quasi conf homeo
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For all c a unique Std annulus

k lx.klslxdeccpsklx.cc
curves getstretched by at most K

1 mi Griitzch

If fi f e IsomtHT q lifts to cf A Az
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CSX Cece sXz Grotzon Tf'sMz 5km1

lemma
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X c B arbitrary Wolpert If ki SKL
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l is continuous
Torus case evident frompicture



B ers constant Given X find largest radiusdiskD
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F L Lcs s t from DX
V X e ICI F ane in X D is a hyperbolic

disk radius r

of length 3 Lo

F L LIS sit V X AreaD s 2T coshCri I
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If Mls metrizable enough choose lifts to Teichls where
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Chap B Nielsen Thurston 7 transv meas fol's FuFs
Classification X l sit stretch

Them.thurston Every ft Mod has G Fu X Fu
factor

a representative g s t 4 Is s Fs

periodic qn 1
Moreover is exclusivefrom

reducible GCM M
Some multicurve M

pseudo Anosov



Examples Kil pl
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E 925 0
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decomp
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Indeed purple path has length

claim f't t d X f X

If Must ruleout Minimalityof X f Y
abovepicture

lies on J



Somthingsabou.pt's

f pA with Fu Fs X

h commutes with f

h preserves FuFs

h pA with same h is a powerof
foliations a root of f

gr h periodic
if FuFs

havesymmetries

Centralizer of f is virtually cyclic



 

Ian Runnels Seminar 2 Today constructions
Writing assignmentDec 9

Chadd pATheory
Construction 1 Branched covers

P M N is a branched cover if

pseudo Anosov it is a cover over NIB B small

6 Fu XFu For surfaces B finiteset
G Is I Ts

NTI FeMod s
Example G G Sg 161 a

periodic fq.atIw
reducible

PA
6 742 Is



p 5g X branched Note All resulting stretch factors
cover are quadratic integers

Assume X 242 B

Take 9 T T Anosov

Up to power isotopy

9 fixes B 34 4
Further power q lifts toSg

liftingcriterion

The lift is pA with

Fs tu lifts of foliations

in T
3

4



Construction tt2 Thurston'sconstruction Bf From a b X dualsquarecomple
I 3 2 4

Sasi EE Ii a 111111 1
g TaTb PSL2112 b b b b

f 1 Df Ta acts on End structure

Ta f ai
bn I f

Similar for Tb
With Tb Ign 9 tf gtf hyperbolic eigenvals X X

g f elliptic
f periodic 2 foliations

gff parabolic f reducible Those are stretchfactor foliationsfor f

g f hyperbolic f PA e9Tatts There is a versionwithmulticumesA B

for 3 pA's in Icsg takeabsep Allresultingstretchfactorstotallyreal



Penner's construction

Thin A a am a

B bi bn

fillingmulticurves Ta I Ty Tai
Any

f product of pos powers Penner Do all pA have a powercoming

of Tai negpowers fromthis construction

of Tbi sit each ai bi Shin Strenner No The Galoisconjugates
appears at least once of Pennerstretch factors all on S
is PA



Constructions Homologicalcriterion Bf Suppose f not PA

A c Spy7L char poly is f periodic Hlf has rootof 1
monic palindromic as eigenval

Why roots come in pairs X X
I cydotomicfactorviolates or 2

apower
So do sub IP tx f reducible fixingnonsep as above

Why At JA J AT A f reducible a powerfixesasepame
Thy CassonBleiler M Spallone w Bestrina B

OI
If char polyof 4A satisfies Hlf

symplectically irred Then not0 0 g
not cyclotomic f is I f C there violate

not poly in t
K
K l PA If the I's aret actionon

Hilmiddle

violate 3



I
Construction Kra's construction I Iti
Push Msg Mod son I

µi
Thin Pushly is PA a Te

of filling J homotric

Bf Enoughto show i
SupposePush a Fa

J filling Push f a Then could lift homotopy

does not fix anyone
Pushing Cf Dowdall'sthesis



 

Pseudo Anosovtheory Bf If Fu orientable then Fu MAin w

Parti Stretch factors
is a l form onSg

IH dy
This g 2 FeModSg pA
Xlf is algint of deg56gG G Fu XIU w is an eigenv

If Show Xlf is eigenral
for Hlf

of 7L matrix of sizes 6g 6 If Fu not orientable pass to orient
double cover 5g FuMatrix comes from action on

Hr Sg 7L or subspaceof Piv Pt5g v pointsalong

It 5g 7L 5g brancheddouble 2 fold cover branchedoveroddsing
cover 5ghasboundedgenus lift applyprercase



gen

Q Which alg degrees occur Spectmnof logHf ftMod5 PA
for given5g Thy This is a closed discrete subsetofR

Strenner exactly
Bf Set of alg ints ofdeg IN

2,4 6 6g 6 is discrete

3 5,7 394 or39 3 In particular there is a smallest one

Q What if you fix a subsp Q What is it Onlyknown 9 1,2
Suchas I Sg

xc.IR is
Penny Smallest logXlf inModSg

Fried'sConjecture Fr Yg
a stretch factor all alg
conj's have absval in Yx X

FarbLeiningerM Smallest logXlf
except X Ix Pantai Kenyon in ICS K 1 LanierMAnyproper

normalsubgp



This g anyRiem metric on S

L any closed curve

Ttf X i.e GtfYa X geometry

Them a b any s.cc in S

Linn Via X ie if5cal b nXn topology

word length

Them x c IT S group

ing Vigna X i.e If Call X theory

dynamics

Thing logX top entropy of f



Part II Foliations 1 Choosesmall arc e along new d

Poincare recurrencefor foliations Pushalong foliation

sweepout rectangle
F M meas fol
L a half leaf Can choose E Smallenough

are transverseto F sothis rectangle never hits

in Lt kn Ll a singularity

If WLOG L L shareendpt If L never hits d again

cost
can push forever contraD

T Reallyusingi Cancover5 byfinitely

4 many chartslike



for f pA everyleaf Theunion of these rectangles is
of Fu is dense the wholesurface otherwisethe d

PI T small arc transverse is a reducing curve

to Fu
t

Thin Fu is uniquely ergodicIt11111 i e µ is uniqueup toscale

No closed leaves these
swept out rectangles
eventually returnby
Poine rec



Part III Dynamics Apply powersof 9

Thin 9pA g has s

denseorbit J gets longer

Bf Claim Uto open g int
UCMJ dense
glut denseU dense w
u

AssumeWLOG q fixessing's y
Choose L teaof Now Take Ui countable basisfor S

Js
Let Vi µzgn Ui

satisfiesclaim
Sssing hencedenseVi

Bairecategorythm Avi denseL dense ftp.u
fix inter.TTafnVuiit0

th



every

Thin 9pA periodicptsdense P R g fv NV 10
ContinuaPoincareRecurrence M Finitemeans SP U g g

T i N M mens pros L
Gni J

pushright

A SM pos meas

Then for a e x c A F inc seq ni
1D Brower fixedpf
ie horizleafKapping toitself

s t T EA M
fund thm of ID dynamics

Pf Choose std rectangles
Anymap f Co if IR

J with im f 3 oil

U has a fixed set
Applyto Ln U



 

Chap15 Thurston'sProof setup S dirties in lisotopy

Teich S PIRS
Reference Thurston's Work w

on Surfaces
Fns S R

Fathi Laudenbach PMFCS PIRA

Poe'noru Thin pm.gg
gdimTeichls

1

NIC f cMod S is Teich UPMFls is
a closedball on which

periodic
reducible Mod S acts continuously

pseudo Anosov



Thin PMF S e Sdinteich
1

Torus case pmy.my

Teich S V PMFCS is rat'tpts

TeichT curves
a closedball on which

Mod S acts continuously

If I IC Brouwer f fixes
PMFN

Some X in the ball

isX cTeich S f periodic

X cPMF X has closedleaf reducible puffs

X has no closedleaf
X s I periodic
x I PA


