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Theorem (Fox-Milnor ‘66)

The set of knots K C S% with the operation connected sum forms a
monoid, this monoid modulo concordance forms the knot concordance
group C .

C has the following properties:
o [Fox-Milnor ‘66] C is abelian,
e [Fox-Milnor ‘66] C has elements of finite order (namely, order 2),
e [J. Levine ‘69] C surjects onto A = Z™ & Z3° & Z3°.
» A is known as the algebraic concordance group.
e [Casson-Gordon ‘75] The kernel of this map is nontrivial.
e [Jiang ‘81] The kernel of this map contains a Z subgroup.
e [Livingston-Naik ‘99] Many of the preimages of order 4 elements
A are infinite order in C.
e [Cochran-Orr-Teichner ‘03] There is a geometric filtration of C
whose successive quotients are non-trivial.
e [Harvey '08] The successive quotients of the COT filtration have
infinite rank.
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Two n-component string links o7 and o9 are concordant if there is a
smooth embedding H : | |,,(I x I) — B3 x I which is transverse to the
boundary such that

H|(j1x{0}) =01

H|1xq1}) =02

H|( jarxr) =jo X idy with jo : |_|8[ — 52

Theorem (Habegger-Lin ‘98)

An n-component string link o C D? x I is concordant to the trivial
string link if and only if its closure & C S is strongly concordant to the
n-component unlink (i.e. is strongly slice).
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Definition (Le Dimet ‘88)

__ (n-component string links . .
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e C(i) = C(j) fori < j.

e [Le Dimet ‘88] The pure braid group P(n) < C(n).
e [Le Dimet ‘88, De Campos ‘95 for n = 2] C(n) is non-abelian;

e [Cochran-Orr-Teichner ‘03] There is a geometric filtration F,, of
C(n) whose successive quotients are non-trivial.

e [Harvey ‘08] The abelianization of successive quotients of F,,) has
infinite rank.

e [Cha ‘08] There are infinitely many order 2 elements in F(m) that
are not in F,, ;).

The pure braid group P(n) is not a normal subgroup of C(n) for n > 2.
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Recall

If L is an n-component link with L; the 0-framed longitude of the it
component,
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L) = Ik(Li, L;) z; € Hy(S* \ v(L))
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where z; generate Hy (S \ v(L)).
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Theorem (Casson '75) |
If Ly and Lo are concordant links in S® with groups

G =m(S*\v(L1),x) and H = 71(S3 \ v(Ls), x), then G/Gy and H/H,
are isomorphic for all q.

Corollary (Casson ‘75)

If L1 and Ly are concordant links in S whose 0-framed longitudes are
Yls -y Yn aNA 21, ..., 2, then y; € Gy if and only if z; € Hy.

Rough definition (Milnor ‘54)

The Milnor invariants of an n-component link L C S3 with link group

G are a set of integer-valued link (and string link) concordance

invariants
ap(l) € Z

with I = (iy...ix) and i; € {1,...,n}. They detect how deep the ii"
longitude of L is in G.
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Unfortunate Fact

7, (I) are generally defined only up to the ged of a subset of 7z (1) of
lower order.

Fortunate Fact

If we are computing Milnor’s invariants for string links instead of links,
they are well defined without quotienting by anything! (see Levine,
Habegger-Lin)
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[Casson ‘75| iy, (I) are link concordance invariants.

[Turaev ‘79, Porter ‘80] fiy, () can be computed by evaluating
Massey products on 9(S3 \ v(L)).

[Cochran ‘90] The first non-vanishing 7i; (1) can be computed
using iterated intersections of surfaces.
[Conant-Schneiderman-Teichner ‘15] The first non-vanishing i (1)
can be computed using intersection trees of twisted Whitney
towers.

[Gorsky-Liu-Moore ‘20] For 2-component links with linking
number 0, can compute iy, (1122) from link Floer homology.
[Gorsky-Lidman-Liu-Moore ‘20] For 3-component links, can
compute fi7(123) from link Floer homology.
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