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OVERVIEW

•

open book foliation
"

=

"

open book n surface

t
oriented singular foliation

Question : Which oriented singular foliations are open book

foliations ?

!
THAT'S

lNTERESTINPLAN :

• Barman
→ braid foliations

→ open book foliations

→ algorithm



BRAID FOLIATIONS Bewnequiu / Binman - Menas co
,
Lafountain

IR
"

w/ cylindrical coordinates ( z , r , ER ✗ Ryo ✗ 5%
""

° """" " """

☐ they intersect in the z-axis

I[
→

HE { a- t}

!
LATER THIS

2 - axis W1LLBECALLF
•µµnµ⑨µf_ THE BINDING



BRAID FOLIATIONS Bewnequiu / Binman - Menas co
,
Lafountain
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w/ cylindrical coordinates ( z , r , ER ✗ Ryo ✗ 5%
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° He := { v - t} half planes

° they intersect in the z-axis

• take a surface 8GBP

- AND THESE
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HE { v - t}

z - axis
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BRAID FOLIATIONS Bewnequiu / Binman - Menas co
,
Lafountain

R
"

w/ cylindrical coordinates ( z , r , ER×Rzo×sY~

Hit
° He := { v - t} half planes

☐ they intersect in the z-axis

• take a surface EG IR
"

& lose at its intersection w/ Ht ""

1-1511-1
HE { v=t}

z - axis
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BRAID FOLIATIONS Bewnequiu / Binman - Menas co
,
Lafountain
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"

w/ cylindrical coordinates ( z , r , ER×Rzo×sY~

Hit
° He := { v - t} half planes

☐ they intersect in the z-axis
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- • & lose at its intersection w/ Ht
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sima singular foliation one
.

HE { v - t}
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BRAID FOLIATIONS Bewnequiu / Binman - dlenasco
,
Lafountain

IR
"

w/ cylindrical coordinates ( z , r , ER×Rzo×sY~

Hit
° He := { v - t} half planes

☐ they intersect in the z-axis

• take a surface EG IR
"

- • & lose at its intersection w/ Ht

µ
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gimasingueaf.eiation.no :*.
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•
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BRAID FOLIATIONS Bewnequiu / Binman - dlenasco
,
Lafountain

IR
"

w/ cylindrical coordinates ( z , r , ER ✗ Ryo ✗ 5%
""

"|
° """" " "" ""

☐ they intersect in the z-axis

• take a surface EGR
"

& lose at its intersection w/ Ht

gives a singular foliation on £ : Fbnaid

singularities :
• ⑤€¥¥

.

nods saddle center
HE { v - t}

2- axis 'AHERE !
- ÷.DE#o@tff----



BRAID FOLIATION - SINGULARITIES & ORIENTATION

we can orient the leaves :

µH:¥F¥¥÷
centers⇒ two 'M" " "°"

☐¥I¥IF¥¥¥F¥¥¥" "
source #¥ sink #¥ "
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BRAID FOLIATION - SINGULARITIES & ORIENTATION

there is also two types of saddles

- M

but we cannot distinguish them just from the foliation

2¥:(



BRAID FOLIATION - GETTING RID OF CIRCLES

if we have circles in Fbnaia =

EI



BRAID FOLIATION - GETTING RID OF CIRCLES

if we have circles in Fbnaia =

push it through the z-axis

HE



BRAID FOLIATION - GETTING RID OF CIRCLES

if we have circles in Fbnaia =

⇒ the circle breasts into pieces

"" " ""• " ÷.



BRAID FOLIATION - GETTING RID OF CIRCLES

!
if we have circles in Fbnaia = •µµqqpµA"G°NF

push it through the z-axis

F- & no more nearby circles are

¥¥ ÷:
""

| created :

& it fills an interval - wonths of circles

⇒ can remove all circles by finitely many finger - moves



WHAT BRAID FOLIATIONS ARE USED FOR ?

• Bennegain 1980 : ④3,3 - ar (dz - ydx) ) is tight
• Binman - Menaces 1990s : - Markov Theorem w/o stabilisation

- construction of transversely honsimple Enots

O o o

• Dynieov - Pnoisolov 2018 :

computing Legendrian grid number

• Lafountain - Menasco
, Dynieov-P~asol.su 2013 generalised Gomes

conjecture

"••MORE "
- ±HB☒¥¥⇐
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OPEN BOOK ☐ F- COMPOSITIONS - EXAMPLES

(21/22) 2-2

] h - id

⇐ ¥ §
" ""

÷÷?÷
.

2) 53 C- IT
←

gh=Dz
e- 7¥,④ Dehn twist

along -8

3) * → 42£
Kazi /

( annulus ,☐jY



OPEN BOOK ☐ F- COMPOSITIONS - PROPERTIES

•

any 3-manifold admits an open book

& open boots describing the same 3- manifold are related by stabilisation

3- manifolds ←

°P" b°°& decomposition/ stabilisation

•

open tools actually describe contact 3-manifolds

& open boots describing the same contact 3- manifold are related by

positive stabilisation Positive !

÷:

contact 3- manifolds ⇐ open boot decomposition/ positive
stabilisation



OPEN BOOK FOLIATIONS

• take a surface EGM
'

& "* at its """" ""°" " / St



OPEN BOOK FOLIATIONS
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OPEN BOOK FOLIATIONS

• take a surface EGM
'

& lose at its intersection w/ St

gives a singular foliation on g. : f..

singularities :
• EI ⑧

•µJpfgÑµµÉaw. nods saddle center

& just as before one can get rid of circle leaves & thus centers



WHAT OPEN BOOK FOLIATIONS ARE USED FOR 2
.

• Paulsen : Martov theorem for braids in general open boots

• Yto - Thawamaro : - better understanding of open boots of ouertuisted

contact structures

- computing self - linking number

⑨ @ a

• Licata - V : defined a nicely gluable version of open boots for

3-manifolds w/ bday

• Alishahi - toldvari - Hendrie - Petrova - V : define gluable contact

invariant in bordered

Floor homology
!SOLE-isool-f-l.ly/uy-i understand open book foliations •p⑧Gqµµ_



OPEN BOOK FOLIATION - PROPERTIES

no circles ⇒ no centers •

5-0 : after removing all circles we get

→ oriented singular foliation Fob

on £ with singularities that

are either nodes or saddles

:*:> :*: ¥÷I¥

}

z - axis
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OPEN BOOK FOLIATION - PROPERTIES

no circles ⇒ no centers .

So : after removing all circles we get

→⇒• sina.ea.a.at#.--..

on £ with singularities that

are either nodes or saddles

:*:> :*:

→ the leaves are indexed by a circle

µ
(coming from the Su )

}

z - axis
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OPEN BOOK FOLIATION - PROPERTIES

no circles ⇒ no centers .

4 • 3 • •@ 4

5-0 : after removing all circles we get

→ oriented singular foliation Fob
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OPEN BOOK FOLIATION - PROPERTIES
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OPEN BOOK FOLIATION - PROPERTIES
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OPEN BOOK FOLIATION - PROPERTIES
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OPEN BOOK FOLIATION - PROPERTIES

no circles ⇒ no centers .

So : after removing all circles we get

→ oriented singular foliation Fiona;D • • roo

on £ with singularities that

are either nodes or saddles .

:*:> :*:

→ the leaves are indexed by a circle

(coming from the Su )
3
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OPEN BOOK FOLIATION - PROPERTIES

no circles ⇒ no centers .

So : after removing all circles we get

→ oriented singular foliation Fiona;D

on £ with singularities that

.

are either nodes or saddles

:*:> :*: ¥÷I¥
¥
i

→ the leaves are indexed by a circle

#

ARE BACK(coming from the %) & i÷¥ao☒¥⇐
z - axis



RECOGNISING OPEN BOOK FOLIATIONS #
*:*.ae . sina.w.at""

with singularities that are

either nodes or saddles

Question : Ys Fan open boot foliation ?

Necessary : leaves are indexed by the circle ,
so that near each

node the indices go around Once i

¥0: :*." "
from the other side }

z - axis



RECOGNISING OPEN BOOK FOLIATIONS ①#
Question : Ys Fan open boot foliation ? D ÷¥¥¥÷÷÷÷¥¥
(seemingly)

Simpler Question Can the leaves be indexed by the circle
,
so that

near each node the indices go around once i

¥0. i¥:L
u
J



RECOGNISING OPEN BOOK FOLIATIONS ①#
Question : Ys Fan open boot foliation ? D ¥¥¥÷÷¥^

Construction ( Licata - V1

(seemingly) v

Simpler Question Can the leaves be indexed by the circle
,
so that

near each node the indices go around once i

:*.
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RECOGNISING OPEN BOOK FOLIATIONS

so this must • " "" "" """""

i
=

%

,

7

indeed :

F

→ 52<>53

SECRETLY WE SHOULD !÷÷"""":¥ia#¥i⇐THE TYPE OF THE

!BUTNOWITiSNOTRTLTVAN-f-l-HMWMM.AMSO LET'S IGNORE IT



RECOGNISING OPEN BOOK FOLIATIONS

±

☒

" * ⇒ " " """""

.*÷.☒**÷

indeed :

F

→ 524 53

SECRETLY WE SHOULD !
THE TYPE OF THE

!BUTNOWi-JNOTRTLTVAN-f-lg.pl#G@⑨µµ
SO LET'S IGNORE IT



RECOGNISING OPEN BOOK FOLIATIONS

±
-

± .

"" "" """""

*:*.***.

indeed :

F

"+
→ seas

.

ALSO KEEP TRACK OF

THE TYPE OF THE

! BUT NOW IT'S NOT RELEVANT

•⑧GµµµµS°hET's1GN0REi



RECOGNISING OPEN BOOK FOLIATIONS

^

±

± E T

.*÷÷
"" "

!¥÷÷÷?*⇒.**⇐indeed :

/ F

É
"

•

i

±
.

"-
→ " s

.

ALSO KEEP TRACK OF HIM

THE TYPE OF THE

! BUTN0W1T'SN0TRTLrvAt
•⑧Gµµµµ

SO LET'S IGNORE IT



RECOGNISING OPEN BOOK FOLIATIONS

±

⑥±E %
,

E T

"" "" " """""

*±a***←

indeed :

/ wit F

¥0☐
^

SECRETLY WE SHOULD

"-
→ " s

.

THE TYPE OF THE

! BUTN0W1T'SN0TRTLrvAt
•⑧Gµµµµ

SO LET'S IGNORE IT



RECOGNISING OPEN BOOK FOLIATIONS - COMPLEXITY

☐ it is enough to find a cyclic order of the saddles
.

( the order can then be extended to all the leaves )

• each node gives a partial cyclic order of the saddles

& extending partial cyclic orders to a (total ) cyclic order

is NP - complete in general ( Galil - Megdido 1977)

☐ the problem can be rephrased to finding maximal acyclic subgraph

of an oriented graph 0 associated to F
! soTsTBE HARD

& these are NP-complete in general ( Karp 1972) •ARKHAM
• the problem can be rephrased to finding the minimal

genus surface D can be embedded into

& these are NP-complete in general (Thomason 1988 )



RECOGNISING OPEN BOOK FOLIATIONS - ALGORITHM

-1hm (kiss - V ) : There is a polynomial algorithm that recognises

whether a given oriented singular foliation F

is an open book foliation .

f- there is a
"

good
"

cyclic order for the saddles )

Moreover if there is such a cyclic order , then it

can be found in polynomial time .

Rine : usually there is more than one cyclic order ,
& the algorithm

only finds one of them
.

BUT MAYBE NOT IN÷÷÷÷÷:¥¥¥¥⇐



RECOGNISING OPEN BOOK FOLIATIONS - IDEA

Bypass - move :

→
. .

*÷¥¥¥ ¥:#

e-
- :÷÷→ Fr

•www.go.m:÷"*AS FOR CHARACTERISTIC

Lemma 1 Unless Fe on For has circle leaves we have

F is an OBF ←→ For is an OBF ⇐ Fe is an DBF



RECOGNISING OPEN BOOK FOLIATIONS - IDEA

Lemma 1 Unless Fe on For has circle leaves we have

F is an OBF ←→ For is an OBF ⇐ Fe is an DBF

Lemma 2 : By a finite sequence of bypass moves we can turn any

foliation into one where 7 node
•

w/ a leaf to EVERY

•
<
< To > >

•saddle :

A ^ ^ ( and the edges are identified
L

in pairs )

CAN DESCRIBE

& here it's easy to tell if its an OBF :] ¥%t=÷¥q☒µj⇐THE GLUING



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

#
We need a cyclic order that extends :

• F

, G
-

f
'

B



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

#
We need a cyclic order that extends :

F

, G
-

F

- ,E

i. ¥i÷¥⇒¥÷ 5
'

B c
' '

☐



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

F

/ G
-

F

- ✓
E

F
✓ G

D-

:#

" """ " "÷."

if
5

'

B c
' '

☐
A
'

11-1
1A ,

c

A- / B

'

c
'
G

H / \
, B

'
E
/

1€ /
☐

,
F

' E

H
'

"
"

c
/

'

A

H
'

LET'S RUN THE! cnnsout-INDD.NET#-A&GTMTF--
¥-Éqo@f¥Hamate



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

¥¥÷¥¥÷÷¥÷⇒¥÷
9 nodes

,
9 saddles



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

÷¥¥÷÷¥⇒¥÷
9 nodes) , 9 saddles

connected to 7 saddles
,
let's increase !



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

÷:¥¥÷÷¥÷⇒¥÷→ : ¥÷÷¥÷⇒¥÷
9 nodes) , 9 saddles

connected to 7 saddles
,
let's increase !



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

→
•

→
• •

I

¥¥÷¥÷÷¥÷⇒¥÷÷¥¥ ¥÷÷¥÷⇒¥÷÷¥¥ ¥÷÷¥÷⇒¥÷
9 nodef , 9 saddles

connected to 7 saddles
,
let's increase !



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

•

¥:÷¥⇒¥÷
9 nodes

,
9 saddles

.

⇒ only 1 possible

cyclic order



"""" " " °

??
°"" "" " " °" " " """

• -

÷
-

÷:
.!¥€÷÷¥¥¥÷÷::¥:#¥i÷÷¥⇒¥÷÷! ¥¥¥i÷÷÷÷¥¥¥÷¥¥÷÷÷¥¥÷÷÷÷÷¥¥¥¥⇒÷*¥÷÷÷¥¥¥.*9 nodes

,
9 saddles

. •

⇒ only 1 possible

cyclic order :

node is %i☒
doesn't go around once

!
5-0 I was NOT an open bool foliation !

•⑧fqq⑥pµ-100B€



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

'

÷¥⇒.•
,

•

6 nodes
,
6 saddles



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

•
'

¥¥•
,

•

•

6 nodes ] 6 saddles
connected to 5 saddles



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

• • • •
>

• •

• %¥:-. ¥.÷÷÷i⇒¥¥:•
r

6 nodes ] 6 saddles
connected to 5 saddles



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

•

•
^

y n
^

> • • 3
n

^ I •

& it is
'

good
"¥

"

¥÷÷÷⇒¥:
""" "

•
,

• •

•

6 nodes
,
6 saddles



RECOGNISING OPEN BOOK FOLIATIONS - EXAMPLE

•

•
^

y n
^ Q • • 3

n
^ I •

& it is
'

good
"÷¥;÷¥¥¥÷¥¥¥÷÷÷÷⇒¥:

""" "

•
r

•

6 nodes
,
6 saddles

-
getting back the

"

good
" order

Rmk : the change in the cyclic order does not have to be

• local "
,
it can change even believe saddles that do

not move .



OPEN QUESTIONS

• Can one recognise braid foliations
?

( done for : E - S
"

on
T
'

)

• Can one recognise open BOOE foliations coming from embeddings

into a fixed open book ?

• Can one enumerate all possible embeddings giving the same

open bool foliation ?

( for braid foliations , once
the order of saddles is fixed )

there is a unique embedding (Binman - Finkelstein 1998)



THANKS FOR →Harman ::÷¥¥¥¥¥

YOUR ATTENTION !

QUESTIONS ?


