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Chern-Hamilton Question

Suppose M is a closed oriented 3-manifold.
Let α be a positive contact form on M and Xα the associated Reeb vector field.
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Chern-Hamilton Question

Suppose M is a closed oriented 3-manifold.
Let α be a positive contact form on M and Xα the associated Reeb vector field.
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Definition
If J is an almost complex structure defined on ξ := kerα, we define its Dirichlet energy as

E(J) :=
∫

M
||LXα J ||2 α ∧ dα.

i.e.
E : J (α) = {space of almost complex structures on ξ =: kerα} → R

is an energy functional.
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Chern-Hamilton Question

Chern-Hamilton Question 1984
For which contact manifolds (M, α) does the Dirichlet energy functional

E : J (α)→ R

attains its minimum?

Theorem (H. 23)
It rarely does! We can classify all such (M, α) s.
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Tanno’s Variational Formula

Using variational techniques,

Theorem (Tanno 1989)
An almost complex structure J is critical for

E : J (α)→ R,

if and only if,
∇Xα (LXα J) = 2(LXα J)J .

Theorem (Deng 1991)
Any critical J is in fact the minimizer of E : J (α)→ R.
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Consequences of Tanno’s Formula

If J is a critical almost complex structure,
the scalar torsion ||LXα J || is constant along the Reeb flow Xα, i.e.

Xα · ||LXα J || = 0.

Wherever ||LXα J || 6= 0, the Reeb flow Xα has hyperbolic behavior.
 

i
Xa

3 Kera

=⇒ The pre-image of a regular value of the scalar torsion Σλ = ||LXα J ||−1(λ) is an
invariant closed surface.
(NOT possible in hyperbolic dynamics)

Corollary
For critical J, we have ||LXα J || ≡ C ≥ 0 for some constant C.
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Case 1: ||LXαJ || ≡ 0

That is when Xα is a Killing vector field.

Virtually, Xα traces a S1-fibration over a surface (called Boothby-Wang fibrations).

 

2

i
X2 X2
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Case 2: ||LXαJ || ≡ C > 0

We have hyperbolic behavior everywhere. Such Reeb flows are called Anosov.

||LXα J || being constant corresponds to entropy rigidity.
(Foulon 01) ⇒ Virtually, Xα is the geodesic flow of a hyperbolic surface Σ on UT Σ.

1

1Image source: https://thatsmaths.com/2013/10/11/poincares-half-plane-model/
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Classification

Theorem (H. 23)
The Dirichlet energy functional E : J (α)→ R admits a minimizer, if and only if,

(1) (M, α) is virtually equivalent to a Boothb-Wang fibration.

or

(2) Xα is virtually equivalent to the geodesic flow of a hyperbolic surface Σ on UT Σ.
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Infimum Dirichlet energy

What about the infimum of the Dirichlet energy for a general (M, α)?

Theorem (H. 23)
If (M, α) is an Anosov contact manifold. Then,

inf
J∈J (α)

E(J) = h2
α∧dα(Xα)

Vol(α ∧ dα) ,

where h2
α∧dα(Xα) is the measure entropy.

Conjecture
For an arbitrary contact manifold (M, α), we have

inf
J∈J (α)

E(J) = h2
α∧dα(Xα)

Vol(α ∧ dα) .
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Thank you!

:)
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Cork Twists

Corks

A (loose) cork (W , f ) is a contractible compact smooth 4-manifold
W together with a boundary automorphism f such that f does not
extend to a self-diffeomorphism of W .

Cork Twisting Theorem ([4], [8], [1])

Every pair of exotic simply-connected smooth 4-manifolds are
related by a cork twist.

Examples

E (1) and E (1)2,3 are related by the positron cork [3].

E (2)#CP2 and 3CP2#20CP2 are related by the Mazur
cork [2].
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Infinite order corks

Theorem 1 ([6], [5])

There exists a cork X together with a boundary automorphism ϕ
on ∂X such that the iterated automorphism ϕk does not extend to
a self-diffeomorphism on X for any k > 0.

∀n,X ↪→ E (n)

Twisting via ϕk changes E (n) to the smooth manifold
obtained by doing Fintushel-Stern knot surgery using the
k-twist knots.

We can upgrade X to a family of infinite order corks by
repeatedly blowing up E (n) combined with orientation
changes.
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Realising the cork (r , s > 0 > m)
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Twisting knot traces

Knot traces

A knot n-trace Xn(K ) is the smooth 4-manifold with a single
2-handle glued to a 0-handle along the knot K , with framing
coefficient n. Its boundary turns out to be the n-surgery of the
3-sphere along the knot K , S3

n (K ).

Applications combining with trace embedding lemma

Knot traces can be used as plugs to generate exotic R4’s.

With a little modifications, knot traces can possibly generate
exotic S4’s or #nCP2’s [7] [9].
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Knot trace as infinite order plugs

Theorem 3

For any integer n with |n| ≥ 2, there exists a knot trace Xn(Kn)
together with a boundary automorphism ϕn on S3

n (Kn) such that
the iterated automorphism ϕk

n does not extend to a trace
self-diffeomorphism for any k > 0.

Base case: X−2(K−2) ↪→ E (n)

Twisting via ϕk
−2 changes E (n) to the smooth manifold

obtained by doing Fintushel-Stern knot surgery using the
k-twist knots.

We can obtain infinite order knot traces of other framings by
repeatedly blowing up E (n) combined with orientation
changes.
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Realising the knot trace (a, b < 0)
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Definition

A 5 dimensional Heegaard diagram is a

triple 2 α β such that

I is a closed orientable smooth 4 manifold

α αiU UαnCƩ is a 2 link with d 5 13

β βiU Upm Ʃ is a 2 link with d 5 13
m



Example
Ʃ α β 5 5 ptx β

IN β 3 and α β 1
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Theorem

Every 5 manifold admits a 5 dimensional Heegaard

diagram

theorem

Two 5 dimensional Heegaard diagrams represent

diffeomorphi 5 manifolds if and only if

they are related by isotopies handle
slides

stabilizations and diffeomorphisms



Theorem Let 5 be the Gluck twist

of 54along a 2 knot K in 54

Let Ʃ α β 555 F K F be a

Heegaard diagram where F is a fiber of 5 5

Then Mα UM is a cobordism

from I a 54 to Ʃ B SI
Furthermore the following are equivalent



SE Eee

Mx UeMe feature
punctured SIS

5xs̅ F K F and 5xs̅ F F are related

by isotopies handleslides stabilizations and diffeomorphisms

5xs̅ K F 555 F
diffeo



Thank you
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Symplectic cohomology

Let (M
2n,�) be a Liouville domain with � a primitive of a symplectic form ! = d�

and Z be an outward-pointing Liouville vector field. Let

M̂ = M [@M [0;+1)⇥ @M

be its completion,

Symplectic cohomology SH⇤(M) of M is an invariant of M (up to a contact type

symplectomorphism), introduced by Viterbo, is a powerful and well-studied invariant

in symplectic topology.

Cochains are generated by closed orbits of a Hamiltonian motion of a particle in the

completion M̂.

The di↵erential dSH counts (with signs) pseudoholomorphic cylinders

u : R⇥ S
1
! M̂ connecting such orbits.

Theorem (Viterbo, ’99; Abbondandolo-Schwarz ’06, Abouzaid ’10)

For an oriented, closed smooth manifold Q there is an isomorphism

SH
⇤
b (T

⇤
Q) ⇠= Hn�⇤(⇤Q).

Roman Krutowski (UCLA) Heegaard Floer symplectic homology

Tech Topology conference 8-10 December, 2023
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Multiple particles

Let us instead consider a Hamiltonian motion of  > 1 identical particles in M̂. Is

there a Floer-theoretic invariant of M associated with closed orbits of such motion?

Alternatively, is there a reasonable notion of symplectic cohomology of the -th
symmetric product Sym


(M̂) (which is not even a smooth manifold, in general)?

Adapting the approach of Colin-Honda-Tian, based on Lipshitz’s cylindrical

reformulation, we introduced such an invariant. We call it Heegaard Floer

symplectic cohomology (HFSH).

The cochains correspond to tuples of closed Hamiltonian orbits of cumulative time .
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Heegaard Floer symplectic cohomology

Theorem (K.-Yuan)

The Heegaard Floer symplectic cohomology groups SH
⇤
(M) are well defined and are

invariants of the Liouville domain M, independent of all intrinsic choices of the Floer

data required for its setup.

The di↵erential dSH is given by counting curves u = (⇡, v) : S ! R⇥ S
1
⇥ M̂

connecting two orbit tuples x and x 0
with (S ,⇡) 2 H

�,�0
,� , where � and �0

are

permutations in S associated with x and x 0
.

Key features:

using di↵erent Hamiltonians for

di↵erent ends to achieve somewhere

injectivity;

Floer data on branched manifolds

associated with Hurwitz spaces.
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.

Key features:

using di↵erent Hamiltonians for

di↵erent ends to achieve somewhere

injectivity;

Floer data on branched manifolds

associated with Hurwitz spaces.
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Morse multiloop complex

To compute SH
⇤
(T

⇤
Q) we provide a Morse-theoretic model, the so-called free

multiloop complex.

We denote via ⇤
1

(Q) the space of free -multiloops of class W
1,2

.

The chain complex CM⇤(⇤
1

(Q)) has generators associated with geodesic

-multiloops.
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Morse multiloop complex

Di↵erential @M counts piecewise (pseudo)-gradient trajectories connecting two

geodesic multiloops �,�0
2 ⇤

1

(Q).

1
2 3

3
1

2

s

s = si

Q×Rs

Q

Theorem (K.-Yuan)

(CM⇤(⇤
1

(Q)), @M) is a chain complex and its homology groups HM⇤(⇤
1

(Q)) are

independent of all auxiliary choices.
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Generalized Viterbo’s isomorphism theorem

Theorem (K.-Yuan)

For Q an orientable manifold with vanishing second Stiefel-Whitney class

w2(TQ) 2 H
2
(T

⇤
Q;Z/2) there is a chain map

F : SC
⇤
,unsym(T

⇤
Q) ! CMn�⇤(⇤

1

(Q)),

and it induces an isomorphism on the homology

SH
⇤
,unsym(T

⇤
Q) ⇠= HMn�⇤(⇤

1

(Q)).
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Generalized Viterbo’s isomorphism

The chain map F is given by counting elements of mixed moduli spaces as in the

figure and it coincides with Abouzaid’s map for  = 1.
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Thank you for your attention!
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