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Contact structures and Heegaard Floer homology

Let Y be a 3-manifold, and let £ be a contact structure on Y.
@ Y closed ~~ c(§) € I-/IT-'(—Y) [OS05]
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Contact structures and Heegaard Floer homology

Let Y be a 3-manifold, and let £ be a contact structure on Y.
@ Y closed ~~ c(§) € I-/IT-'(—Y) [OS05]
@ JY sutured ~» EH(§) € SFH(—Y) [HKMO9]
o QY parametrized ~ ca(¢) € CFA(=Y)
~ cp(€) € CFD(—Y) [AFH*23]

& overtwisted = invariants vanish
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Bordered Sutured Contact Invariants

Theorem 1 (Min-V.)

Let (Y,T,F) be a bordered sutured manifold and £ a contact
structure on the sutured manifold (Y,T UT,) where T} is an
elementary dividing set for . There exist contact invariants:

ca(€) € BSA(—Y) and cp(€) € BSD(TW' U - Y)

(More generally, bimodule invariants: caa(§) € B/SM(—Y), etc.)
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Properties

o Pairing: [ca(&1) W cp(&2)] = EH(& U &)
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Properties

o Pairing: [ca(&1) W cp(&2)] = EH(& U &)
@ Gluing a contact ¥, x [0, 1] corresponds to m, in BSA

CA(& U ga(p)) - mZ(CA(g)v a(p))

Konstantinos Varvarezos (joint with Hyunki Min) University of California, Los Angeles

On Contact Invariants in Bordered Floer Homology



Properties

o Pairing: [ca(&1) B cp(&2)] = EH(&:1 U &)
@ Gluing a contact ¥, x [0, 1] corresponds to m, in BSA

CA(& U ga(p)) = mZ(CA(g)v a(p))

Konstantinos Varvarezos (joint with Hyunki Min) University of California, Los Angeles

On Contact Invariants in Bordered Floer Homology



Computations

@ ¢4 and cp are derived from EH
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Computations

@ ¢4 and cp are derived from EH

@ For torus boundary, amenable to immersed curve

technique of [HRW24]
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Applications

@ Positive contact surgery formula for knots in L-spaces
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Applications

@ Positive contact surgery formula for knots in L-spaces
surgeries

o Classification of tight contact structures on torus knot
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Applications

@ Positive contact surgery formula for knots in L-spaces
o Classification of tight contact structures on torus knot

surgeries
@ Invariants of Legendrian satellite knots?

University of California, Los Angeles
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Overview

Here L is a closed braid representative of a transverse knot

ﬁg’;l@) (L;G) > yxn(L)
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Overview

1 =yg(l)e G= B0 (1 q) AY(L,6) 2 wrn(L)
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Overview

Zai (L)
H(_:6)
1= yg(L)e G= AW H(1.6) AY'(L:G) 5 (L)
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Overview
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Overview
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Lipshitz-Sarkar Khovanov Spectrum

I§2CA Tesontions Cube Category T Khovanov/Skein Chain Complex
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Lipshitz-Sarkar Khovanov Spectrum

L2C —> Cube Category — > Khovanov/Skein Chain Complex
S4.A resolutions
’ +Morse Flow Category l

Cube Flow Category Khovanov/Skein Flow Category

neet-
embedding (i),
framing (¢)

Ed

n
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Lipshitz-Sarkar Khovanov Spectrum
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Khovanov skein homology
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j j’kmin(j)
X — Xy
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j j’kmin(j)
X — Xy
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Result:

Theorem (with Adithyan Pandikkadan)

For an oriented closed braid diagram By C A there is a map

‘Pj(BL) . %Igh(BL) N e%fsfl.(vfmin(BLﬁj)(BL%
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Result:

Theorem (with Adithyan Pandikkadan)

For an oriented closed braid diagram By C A there is a map
‘Pj(BL) . %Igh(BL) N e%fsfl'(vfmin(BLAj)(BL%
such that the induced map on the reduced cohomology
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Result:

Theorem (with Adithyan Pandikkadan)

For an oriented closed braid diagram By C A there is a map
‘Pj(BL) . %Igh(BL) N e%%/]'(wfmn(BLJ)(BL)’
such that the induced map on the reduced cohomology
Wi (B H (25" (BL);G) — H (2,(BL):G)

is the same map as i* :H;’kj’f’"""(BL’j) (L;G) — H;-(’{I(L; G) for the embedding
LCAXICS?, for G=17 or L.
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Result:

Theorem (with Adithyan Pandikkadan)

For an oriented closed braid diagram By C A there is a map
‘Pj(BL) s (BL) — ejﬁljfjvfmin(BLAj)(B )
- Arp\PL Sk L)s
such that the induced map on the reduced cohomology
Wi (B H (25" (BL);G) — H (2,(BL):G)
is the same map as i* :H;’kj’f’"""(BL’j) (L;G) — H;-(’{I(L; G) for the embedding

LCAXICS?, for G=17 or L.
In particular, when j = sI(L), we get P*'(!) %I‘;ZU‘) (BL) — %Z(L)’fh(&) (BL)=S
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Result:

Theorem (with Adithyan Pandikkadan)
For an oriented closed braid diagram By C A there is a map
‘Pj(BL) . %Igh(BL) N Jozjfsl]'(vfhin(BLAj)(BL)’
such that the induced map on the reduced cohomology
Wi (B H (25" (BL);G) — H (2,(BL):G)

is the same map as i* :H;’kj’f’"""(BL’j) (L;G) — H;-("{l(L; G) for the embedding
LCAXICS?, for G=17 or L.

In particular, when j = sI(L), we get P*'(!) %I‘;ZU‘) (BL) — %Z(L)’fb(&) (BL)=S
such that the induced map W1 (B )* : G = HSI;SI(L)’fb(BL) (L;G) — ng’;l(L) (L;G)
satisfies WU (BL)* (Wi (BL)) = Wkn(BL), for G=17; or 7.
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Transverse invariant
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Associated to a braid diagram K is a map

w(K): 208 (k) - s,

W(K) 2= H(S) — A (233 (K)) = 1 ()

sends a generator of Z to the graded Plamenevskaya invariant [yg;(K)].

Nilangshu Bhattacharyya, Adithyan Pandikkadan (LSL Transverse Invariant in KSH December 7, 2024



Associated to a braid diagram K is a map

w(K): 208 (k) - s,

W(K) 2= H(S) — A (233 (K)) = 1 ()

sends a generator of Z to the graded Plamenevskaya invariant [yg;(K)].
If K’ is another braid diagram representing the same transverse link type then
there is a commutative diagram
W(K
250 (k) 25 s
®| ~ l

250 (g 20,

(Here, @ is the homotopy equivalence induced by a sequence of transverse Markov
moves connecting K and K’, and the map S — S is a self-homotopy equivalence of
the sphere spectrum.)
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Liouville Sectors: definition and examples

Definition (Ganatra-Pardon-Shende)

Let X be a Liouville manifold with boundaries, we say X is a Liouville

sector iff there exists a function / : X — R such that it satisfies the
following conditions:

@ | is linear at infinity, meaning Z/ = | outside a compact set, where Z
denotes the Liouville vector field.

@ dl|char.fol. > 0, where the characteristic foliation C of 0X is oriented
so that w(N, C) > 0 for any inward pointing vector N.
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Liouville Sectors: definition and examples

Definition (Ganatra-Pardon-Shende)

Let X be a Liouville manifold with boundaries, we say X is a Liouville

sector iff there exists a function / : X — R such that it satisfies the
following conditions:

@ | is linear at infinity, meaning Z/ = | outside a compact set, where Z
denotes the Liouville vector field.

@ dl|char.fol. > 0, where the characteristic foliation C of 0X is oriented
so that w(N, C) > 0 for any inward pointing vector N.

Example

o Any T*Q for any compact manifold-with-boundary Q.

@ A punctured bordered Riemann surface S is a Liouville sector if and

only if every component of 9S is homeomorphic to R (i.e., none is
homeomorphic to S1).
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Main Theorem

Definition (Quadratic Stein structure)

Let & be a Riemann surface and ¢ a proper plurisubharmonic function on
Y (i.e., p(z) = o0 as z — 400, and ddp > 0).

Let {s;}ie; denote the set of saddles of ¢, and let AV/(;) denote the
tubular neighborhood of the stable manifold ~; of the saddle s;.

We say (X, ¢) is a Riemann surface with a quadratic Stein structure if
©|Ar(y) is quadratic.
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Main Theorem

Definition (Quadratic Stein structure)

Let & be a Riemann surface and ¢ a proper plurisubharmonic function on
Y (i.e., p(z) = o0 as z — 400, and ddp > 0).

Let {s;}ie; denote the set of saddles of ¢, and let AV/(;) denote the
tubular neighborhood of the stable manifold ~; of the saddle s;.

We say (X, ¢) is a Riemann surface with a quadratic Stein structure if
©|Ar(y) is quadratic.

Proposition

For any topological surface ¥ with disjoint proper embedded arcs ~y;i € I,
we can build a quadratic Stein structure with one saddle s; along each ~;
and one minimum mj on each component of X \ |Ji € I;.
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Main Theorem

Theorem (D.,in progress)

In this setting, the quadratic Stein structure determines a sectorial
decomposition for Sym?(X) = Un. . Umim,, where Upm, m, (with i < k)
i>Mj

are Liouville sectors with corners, and Hs, m, are smooth hypersurfaces
separating these sectors.
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Main Theorem

Theorem (D.,in progress)

In this setting, the quadratic Stein structure determines a sectorial
decomposition for Sym?(X) = Un. . Umim,, where Upm, m, (with i < k)
i>Mj
are Liouville sectors with corners, and Hs, m, are smooth hypersurfaces

separating these sectors.

Corollary

For a 2-dimensional Liouville sector X, Sym?(X) is deformation equivalent
to a Liouville sector, which have corners if X has more than one
component.

This follows from the fact that every Weinstein sector of complex
dimension 1 is deformationally equivalent to an open subset of a Stein
Riemann surface.
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Application to Homological Mirror Symmetry
For ¥ := P! — 4points, Sym?(X) is a two-dimensional pair of pants.

W(U- + Un, - Uy )

ek

W(P — (3pts)) D?Coh({zy = 0} x C) W(Sym?(%))
P - -

l& = lCo rollary

DbCoh({zy = 0}) WU_ ) \\}DbCoh({zyz =0})

\ le /

DbCoh(th(zho)
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Application to Homological Mirror Symmetry
For ¥ := P! — 4points, Sym?(X) is a two-dimensional pair of pants.

W(U- + Un, - Uy )

ek

W(P — (3pts)) D”\'Coh({zy =0} xC) W(Sym?(X))
lg a e = N JVCorollary
DCoh({zy = 0})‘ WU_ ) bbCOh({zyz =0})

DbCOh(C%e(z)=0)
@ The top square is commutative as a push-out diagram by
Ganatra-Pardon-Shende.

@ All the vertical arrows are isomorphisms except the last one by
Homological Mirror Symmetry.

@ The square on the side is commutative by Gammage-Shende.

@ We can get the Mirror Symmetry of
Sym?(X) and {xyz = 0} as a corollary of the main theorem.
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Application to Homological Mirror Symmetry
Y = P! — 4points

W(U- + Un,_ Ut 4)
W(P — (3pts)) DCoh({zy = 0} x C)
lat Y -
DbCoh({zy = 0})

T

W(Sym?*(%))

lCorollary

-+
DtCoh({zyz = 0})
DbCoh(th(z):O)

Xinle (Clair) Dai (Harvard)

Sectorial Decompositions
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Application to Homological Mirror Symmetry

Y = P! — 4points

WU- 4+ Un,_ Uy +)

/ IE \

W(P — (3pts)) DPCoh({zy = 0} x C) W(Sym?(Z))
le = - 7 T sl J’(Zomllary
- -3
DCoh({zy = 0}) WwU_,-) D*Coh({zyz = 0})

\ lg /

DbCOh(Cgle(z)=0)

Remark

The HMS of Sym?(X) and {xyz = 0} was proved by Lekili-Polishchuk.
However, the sectorial decomposition we get for Sym?(X) matches a
geometric decomposition of its mirror, providing a geometric interpretation
of the HMS.
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Xinle (Clair) Dai (Harvard)

Thank you!

Sectorial Decompositions
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A Slice-Bennequin Inequality for RP® s-invariant

lvan So

Michigan State University




Slice-Bennequin Inequality and Friends

Rudolph: For a transverse knot in (S3, &q),

|sl(K) < 2ga(K) — 1]
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Slice-Bennequin Inequality and Friends

Rudolph: For a transverse knot in (S3, &q),

|sl(K) < 2ga(K) — 1]

@ Plamenevskaya (2004): In (S3,&qq), sl(K) < 27(K) — 1.
@ Plamenevskaya (2006), Shumakovitch (2007): In (S3,&44), s/(K) < s(K) — 1.
@ Hedden (2008): V oriented (M, §) with co.s,(§) # 0, s/(K) < 27¢(K) — 1.

@ And many more...
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sgps by Manolescu-Wiillis

Links in RPP? can be presented as tangles over RP?, e.g.

Ivan So (Michigan State University)
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@ Asaeda-Przytycki-Sikora (2004): 3 Khovanov homology Khyps from RP? diagrams.
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sgps by Manolescu-Wiillis

Links in RPP? can be presented as tangles over RP?, e.g.

iR

@ Asaeda-Przytycki-Sikora (2004): 3 Khovanov homology Khyps from RP? diagrams.

® Manolescu-Willis (2023): 3 Khl,s s.t. rk Khfps(L) = 214
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sgps by Manolescu-Wiillis

Links in RPP? can be presented as tangles over RP?, e.g.

iR

@ Asaeda-Przytycki-Sikora (2004): 3 Khovanov homology Khyps from RP? diagrams.

® Manolescu-Willis (2023): 3 Khl,s s.t. rk Khfps(L) = 214

= Max and min filtration levels of a knot K C RP? defines spps(K).
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Inequality for RP?

Suppose K C RPP® is a transverse knot in (RP3, &q) with [K] = 0, then
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Proof idea: Imitate that of Shumakovitch
@ spp3(K) — 1> w(K) — r(K), r(K) = #{Seifert circles}.
o RP? diagram — Kirby diagram.
@ Durst-Kegel's (2016): computation of s/gps.
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Inequality for RP?

Suppose K C RPP® is a transverse knot in (RP3, &q) with [K] = 0, then

Proof idea: Imitate that of Shumakovitch
@ spp3(K) — 1> w(K) — r(K), r(K) = #{Seifert circles}.
o RP? diagram — Kirby diagram.
@ Durst-Kegel's (2016): computation of s/gps.

@ Combine the computations.
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Some Corollaries

Corollary 1 (Milnor conjecture for transverse fibered knot)

Let K be a null-homologous, fibered transverse knot in (RP3, £5y), min. genus X with
0Y = K. If &4 is supported by (K, X), then

gp1s2(K) = g3(K) = ggps;(K)-

Ivan So (Michigan State University) Bennequin Inequality for s, 3



Some Corollaries

Corollary 2 (Symplectic surface detection)

Suppose K C RP? is a transverse, fibered, [K] = 0 that support (RP3, £4q) and X’ € DTS? a
smoothly embedded surface with X' = K but sgps(K) — 1 # —x(X’), then X’ is not
symplectic.

Ivan So (Michigan State University) Bennequin Inequality for s, 3



Some Corollaries

Corollary 3? (Combinatorial proof of Lisca-Mati¢ inequality)

Let ¥ < DTS2 be a smoothly embedded oriented surface transversal to RP? = §(DTS?) with
null-homologous Legendrian boundary K = 9%  RP3. Then,

|rot(K, Z)| 4+ th(K, ¥) < spps(K) — 1 < 2g(X) — 1.

Ivan So (Michigan State University) Bennequin Inequality for s, 3
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An Excision Theorem in Heegaard Floer Theory

Neda Bagherifard
University of Oregon

December 7, 2024
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Heegaard Floer Homology

Let Y be a closed oriented 3-manifold.
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Heegaard Floer Homology

Let Y be a closed oriented 3-manifold.

o Let A be the Universal Novikov ring and [w] € H*(Y;R).

o A,: use w to equip A with an F[H!(Y)]-module structure
where F = 7Z/2.

Neda Bagherifard An Excision Theorem in Heegaard Floer Theory



Heegaard Floer Homology

Let Y be a closed oriented 3-manifold.

o Let A be the Universal Novikov ring and [w] € H*(Y;R).

o A,: use w to equip A with an F[H!(Y)]-module structure
where F = 7Z/2.

o Y = HET(Y:AL).
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Heegaard Floer Homology

Let Y be a closed oriented 3-manifold.

o Let A be the Universal Novikov ring and [w] € H*(Y;R).

o A,: use w to equip A with an F[H!(Y)]-module structure
where F = 7Z/2.

o Y = HEH(Y:A).
e HFT(Y;A,) is a A[U]-module.
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Excision Formula in Heegaard Floer Theory

Theorem (B.)

Let Y2 be obtained from Y7 by excision along ¥; U X5, where
g(X;) = 1. For a generic choice of [w;] € H*(Y;;R), we have

HE(Y1; Auy) = HET(Ya; Aosy)

Neda Bagherifard An Excision Theorem in Heegaard Floer Theory



Applications

2n — 1-crossings

Neda Bagherifard An Excision Theorem in Heegaard Floer Theory



Applications

2n — 1-crossings

Proposition (B.)
HE (Yo Ag) 2 Al
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Applications

C\;

2n — 1-crossings

e

Proposition (B.)
HE (Yo Ag) 2 Al

Corollary (B.)

If |n] # |m|, Y, is not related to Y, by excision along a genus one
surface.
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Applications

n-full twists —n-full twists

/\\/ MU

0

N

Corollary (B.)
HE*(Y;A,) =A™,
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Applications

2

\— -
n + 1-full twists —n- fu“ twst}
. 0

Corollary (B.)
0 — AP+ — HF*(Y;A,) = A[UTY] = 0.
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