Math 4318 - Spring 2011
Homework 4

Work all these problems and talk to me if you have any questions on them, but carefully write
up and turn in only problems 2, 4, 6, 11, 12, 13, 1/, 15. Due: In class on March 10

2. Let T
() = ———
Jal@) 1+ na?
be a sequence of functions. Show that {f,} converge uniformly to some function f and
that

f'(x) = lim f) ()

for all x # 0, but that the equality is not true for x = 0.

Solution: Let f(z) = 0. We claim that f, — f uniformly. To see this assume any
€ > 0 is given. Notice that

£(2) = fula)] = \1 S <l <
if |z| <e. If |z| > € notice that
x x 1 1
— = = < —
|f(@) = fal@)] ‘1+nx2 - }xzn} n|x| ~ ne

We know that 1/(ne) — 0 as n — oo. Thus there is some N such that n > N implies
that 1/(ne) < e. Thus we see that if n > N we have

[f(z) = falz)] < e

for all x € R. That is f,, — f uniformly.

Notice that
1 (2) (1 + naz?) — 22°n 1 — na?
x) = = :
" (1 + nx?)? (1 + nx?)?
For x # 0 we see the numerator is quadratic in n and the denominator is quartic in n,
thus f/(x) — 0 as n — oo. Since f’(z) = 0 we see that

F'(x) = lim_f(x)

if x # 0. If 2 = 0 notice that f/(z) = 1. So f/,(0) — 1 as n — oo which is not f’(0) = 0.
4. Let f € C°([0,1]). Show that if

/1x"f(x)dx:0
0

for all non-negative integers n then f(z) = 0.

Hint: Think about the Weierstrass theorem and try to show that fol fA(z)dz = 0.
Solution: By the Weierstrass theorem there is a sequence of polynomials p,, such that
pn, — f uniformly on [0, 1]. Since f is continuous on a compact set it is bounded and
since the p, converge uniformly to f we know the p, are uniformly bounded as well.



Thus the sequence fp, converges uniformly to f2 on [0,1] and from a theorem from
class we know

/f d:z:—hm f() n(2) de.

But notice that for any polynomial p(x) = ag + ayz + ... + a,2" we have

/ @) () e = Z / P f () d =

Thus folf(x)pn(:c) dr = 0 for all n and we see that fol f2(z)dz = 0. Since f? is
continuous and non-negative we know from an earlier homework that f?(z) = 0 for all
xz € [0,1]. Thus f(z) =0 for all z € [0, 1].

. Given two functions f, g € R([a,b]) define the L?*-inner product to be

(r.9) = [ F@)gte) ds

Why is this not an inner product on R([a,b])? Show that this does give an inner
product on the set of continuous functions C°([a,d]). (Notice that this also gives a

norm on C°([a, b)) by [|f]l2 = v/{f, f)-)
Solution: Consider the function f : [a,b] — R that is zero for all x except f(a) = 1.

This function is integrable (since it is continuous almost everywhere and bounded) and
it is not the zero function but

(f, ) =0.

Thus the L-inner product is not an inner product on R([a, b]).
Notice that for any f,g,h € R([a,b]) (in particular functions in C°([a, b])) we have

)= [ @arae= [ o@is@ar=fo.1)
and
(f,g+h) = /f x)+h(x dx—/ f(z dm—i—/ f(x)h(x)de = (f,g)+{f, h).

If ¢ € R then

(f,cq) = / ef (x)g(a) dx = / f(@)g(z) dz = e{f. g).

/f2 Ydx >0

since f2(z) > 0 for all z. Lastly if f € C°([a,b]) and

0= (f,f) = / (@) de

then f?(x) = 0 for all x € [a, b] by a previous homework problem (since f? is continuous).
Thus f(z) =0 for all z € [0, 1], that is f is the zero function and we have verified that
the L? inner product is indeed an inner product on C°([a, b]).

In addition we have
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11.

12.

If || -]|o and || - ||p are equivalent norms on V' then a sequence {v,} is Cauchy in the
norm || - ||, if and only if it is Cauchy in the norm | - ||,. (Together with the previous
problem we see that (V|| - ||o) is a Banach space if and only if (C, || - ||;) is a Banach
space when the norms are equivalent.)
Solution: By the definition of equivalence we have positive constants C' and C” such
that

Cllvlla < ol < V]l

Let {v,} be a Cauchy sequence in V' with the norm || - ||. Then given any e > 0 there
is an N such that for all m,n > N we have

v — vmlle < €/C".

Thus we see that
an - UM|b < C/HUH - UmHa < CI(E/C/) =

that is {v, } is Cauchy in the norm || - ||,.
Similarly if we are given a sequence {v,} that is Cauchy with the norm || - ||,. Then
given any € > 0 there is an N such that for all m,n > N we have

v — U ||y < €C.

Thus we see that

(EC) =€,

1
an - Um‘a S Ean Ume <

C
that is {v, } is Cauchy in the norm || - ||,.

Let || - [|oo be the sup-norm on C*([a, b]). Is (C*([a,d]), ]| - |l«) a Banach space? In class
we saw that (C'([a,d]), || - ||c1) is a Banach space (recall ||f|lcr = || flloe + || f/]lsc). Are
the norms || - ||oo and || - |1 equivalent on C*([a, b])?

Solution: Let f, : [-1,1] — R be the function given by f,(z) = y/2? + 1/n. These
functions are all contlnuously differentiable so {f,} is a sequence in C'([—1,1]). Tt is
clear that this sequence converges point-wise to f(x) = |z|. We claim the convergence
is also uniform. Indeed given ¢ > 0 there is some N such that 1/v/N < e. Then for
n > N we see that

() — f( Va2 +1/n— |z < /a2 +1/N — ||

\/|x\2 el + 5 Il = \/(m bo) e

= |zl + —=

\/N —lz| = —=<e
(Here we used that f,(x) > f(x) for all z and the fact that the square root function is
increasing (which is hopefully obvious)).

Since f, — f uniformly we see that {f,} converges to f in the norm || - ||o. Thus {f,}
is Cauchy in the norm || - ||«. But since f & C*([—1,1]) we see that a Cauchy sequence
in C'([—1,1]) in the sup norm does not necessarily converge to a function in C*([—1, 1).
Thus (C'([~1,1),] - |leo) is not a Banach space.

The norms || - ||« and || - ||c: cannot be equivalent by the previous two exercises.



13.

14.

15.

Consider R([a, b]) with the sup norm || - ||, and C°([a, b]) with the sup norm. Define a
function
I R((a,b]) — C*([a,b)

by I(f f f(s)ds. Show that [ is a uniformly continuous function (that is given
any € > O there is a 5 > ( such that for all ||f — gl|c < § we have |[I(f) — 1(g)|loo < €).
Solution: Given € > 0let § =¢€/(2(b—a)). Then if ||f — g|lec < 0 we see that

/ () — g(s)] ds

/|f \ds</a§dx:6(b—a):e/2.

[L(f)(x) = 1(g)(x)] = s)ds| <

Thus
I(f) = 1(g)llc = sup [I(f)(z)—I(g)(z)| <€/2 <e.

z€la,b]
With the notation from the last problem assume that {f,} is a bonded sequence in
R([a,b]) with the sup norm. Show that {I(f,)} has a convergent subsequence (that is
converges uniformly to some function f on [a, b]).
Solution: Since the sequence {f,} is bounded we know there is some M such that
|fn(@)] < [[falleo < M for all M. That is the sequence is uniformly bounded. Notice

that
/:fn(s)ds g/am|fn(s)\ds§/adesg/abde:M(b—a).

That is, the sequence of continuous function {/(f,,)} is uniformly bounded by M (b—a).
We claim that the sequence is also equicontinuous. Indeed for any € > 0 we notice that
if § = ¢/M then when |z —y| < 0 we have

(@) — (@) = | [ F(s)ds - / " t(s)ds| =
< /ylf(s)\ds < Mz —y < Mo=-c.

Thus we see that {I(f,)} is a sequence of continuous functions on [a, b] that are uni-
formly bounded and equicontinuous. So the Arzela—Ascoli theorem says there is a
subsequence that converges uniformly to some function f.

Let {f,} be a sequence of functions in C''([a,b]) that are bounded in the norm || - [|c:.
Show that there is a subsequence that converges to a function f in the || - ||oo norm.
Solution: Since {f,} is bounded in the || - [[cx norm we know that there is some M
such that

I(fa) (@) =

[ fulloo + 1 filloe = [[fuller < M.
Thus for all z we have

That is, we know the sequence is uniformly bounded.
In addition we know that for all z we have

1@ < N fllee < fallor < M.
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Thus by the mean value theorem we know that for any x,y we have some ¢ between x
and y so that

(@) = faw)l = 1 O]z — y| < Mz —y|
Hence if € > 0 then we can take § = ¢/M and notice that if |z — y| < & we have

| fu(@) = faly)| < M|z —y| < M =e.

That is we have shown that { f,} is equicontinuous. Since it is also a uniformly bounded
sequence of continuous funciotns on a compact interval the Arzela—Ascoli theorem says
there is a subsequence that converges uniformly to some function f. Of course this is
the same as converging in the || - ||oo norm.



