D. Connectedness

Q fvpo/oy(baf space X (s a'fisconnecfcd i;c' there exl.?fs a/é)'oirzfl
non-empty, opon sets Vand V 12 X svch that X = U0V

it no svch sefs <°//<;'f; thea X s tomnected

/Emma [0 :
Q ‘fvpofeyféofe space X s connected
&

the O”L/ sefs X that are both
closed ond open are X and &

Frost: () let U be on open and closed set 10 X
set V= X-U
note: V s also open andd closeol
F U aet X or 2, then V and U are non-empty
so X ¢ disconnected, so we most have U= X or &
©) eszanﬁa//y the Same g

The (-
|ﬁ 15 conmected

s is proven s analyszl', 50 We s/«c,‘o the p/&o?c i class, bat
I welwle o here ¥ you wart a remwders how the poes.

Froof: 5(///053 R=AVB with A and B open, olc'gj'o}nf', and non-Cmply
can assome 4 a €A and beB ,itu a<b
let $=§{x €A st x<bf — R
note: 1) S+ suce ac€S R
2) S & bounded above by b

0 3 a kast opper bound < for S




4eﬂ=AUB so €A or £ €[
F 4eA, they Jevo st B (2 A simce A open

let o=l bll ) .

and § = mm fz/z,o{/z} B

note 4t b€ by ce) CAgs 4§ 6S X alug
A4+§< b

L ALmostbe i B
5o €20 st B(a)<ch
by the detinition of [v.b. d a Seoveu ce fstf m S
sych ther S,—4L

50 b /a/fe z s, égz[") 5.ce) B

bat 5,64 5o AN (4-% g+c) ¥
ths contradictzs AnlB =&
so 4 & A or _@ &5
i such A and B dont exist and R is rommected

Th®i2:
a svbeet—of R & convected

_ <
s an nterval or &

(e. (a.6), [ab), (6], [a,b] | (o),
('w'b), (":9‘), (-2 l’], [a, 0'), @/)

P/om[: (%‘_" ) sLame a&ﬁumen-f- as p/‘oof o7L 72-'1//
(=) F A non-empty and uot an irtcvnl, thea I 2beA
andd ce R-A suvch that a<c<b

now [C“N,C) /)A] and [(€82)nA] Aiscomect Aﬁ

fXaVMZ/e: [o,1T and (0,1) are nof lqorueomo.f,yhic
note: The seems obyiouos but not easy to prove
without conne ctedness ./



to prove i uofe that ﬁ/%g a€lon), (on-f} i
not connected
i Lei] and (0,1) were howmeomorphic then [e.]
would have th property too
inleed £ Filo,]—= (o) wee a homeomorphicu
then for any a 6[01] we kiow that
(0, 1)- )] (s dizommected
15 easy b sce
71:}[0.!3'1"
(s a /lomeaWpL»t}M , so [oi]-fa) 15 discommerted
but wnote Jo]-fo}= (0.1 5 comnected

[ ()= fa}) = (o= [}

mﬁ /3
The Mmje of a comnected set vades a
LovTtiAuous map s conmected

B’oo'F= let X be tonnecred and f‘X"’ 7/ Contrrunoues
set 2= F(X) c¢ ¥ (with the subspace fo,oo/cyy)
Clawm: Z (s commected
oF not j non -€maty, Open, dé}/ozr}z" sels Vad V 0 Z
such thar Z2=UcvVy
we noted earlier that +: X 22 & ontfiiuous
50 X=F@)=F"(VuoV)= F (L)oo £ (V)
and £710), f7'(v) are opesr and non-ewmpty
moreover £7Y0)af (W)= £ vav)=f ()&
so X not connecred & F

a space X ts called ,ﬂaﬂf comected f forevery par of ﬂof;tb'
/),76)(, Yaere (s a2 lonfriuous map
Y:lab]— X



svch that Y(a)=p, Ylb)=%

Thel¢:
X path connectd 2 X wpaected

P/‘oo‘lci
we show that not connected = not= path conne cted

F X not conmected, then 1 ﬂoﬂ'&u/éf, dt'f/'oinf, open sefs

Vad V s X= U0V
let FEU an A 76 V

¥ there were a /odfh )’-‘[ﬂ.é]-)x ﬁ’bm/o-ﬁ:;.
ten ¥ O) and X)) would Aiscommect a6l ¥ Tu= 12

50 X s vot pm% conmected Vo4

Wamele : ) . Bn
) B" e R" (and R") is commected
siice (F s paféz covnec ted
Ma/eeo[ Pz?éﬁj thea
Y(t):= (f"f')Ff f’f- (s alaa{% P ?‘o;.

2) R"-50} is commerted f nz2 /7_
sice 1 s pdflt connected /
fo e ffu}, rake ey P 7 eR ~1fo) <
l:{' /me Z W‘l f,f- Aoes nof p(oeSVl{f Vo/k

contawm the origu , then
(€ =(l—f)/ fo
L./o//'l}

F £ contaws the o/(;m;l 0, taeq 2
piek €20 st O & B3

take any 2 € AB,()-L




le x (€)= C”i‘)p-r tZ
Y, (0):(1-t)ettp

then W) = Y, (2¢) t€lo, %]
Vlze-))  ¢ef%, 1]

(s o path ,07‘07,

M Thes fﬁow Hhat R ' (s uor homeomorpha'& fo R" hr nt ]

[since for any xéﬂ', R fx] a/,,w,mede/)
is R=R’.. 7 no but haddes (mipht 4o later)

) S e R s conmected for 422

by T2 1% since y:(ﬂ{tﬁ})-——? s”

x
X 2 Ay

IS tonfrauous

E Compactness

a collection fUJ‘{éJ— of sbsets of X is called a cover oF X
o X= U &
a '{Dpc/?}c?,aj space X i called tompact if every coves of X
by opea et has a hinrte sobover
e F }’Vd;.zeo’ a aver of X with each G opea, facu
dJcT a funte sobset- of J svch ttat

{WSr is a cover of X
/emma [5:

| A olo;é’/ sdés&-f‘m[ Q wwa&f {,,aace z:f com/oacf




[roof: et € be a closer swhset of a ompact- set- X
et {4} be an open cover of C [y, open (1 c)
9 1 sets G oponin X s ()= G aC
let- U= X-C
[ 30[9) is an open dorer of X
0346, .23V that also corer X

note f,.,4,) cvers C g7

/emMa (b
| a tompact sobset of @ Hausdortf space is closed

P/‘QO’F’ /8\4 X éﬁ a HdﬂSa/o/'# saace a/w/ CC-X o Compacf' §Ué<)/d£e

We show X-C is open , and hence C 15 closed, by
5“0!4/”‘7, for each xeX-C, 3 open sef” U soch that

x € CX-C then (as before) X-C:= ({(C‘/,c s opea
XeA~
o Wis end, ler x € X-C

Vyel, siice X is Hausdortt: 3 ddijoint open sets Y, and U,
st x éljy and y € VY

(/

\

Y

Clearly f\/yfyéc is an open cover of C

50 1 Yiyes¥n  5F }/V”,...,Vy,,} s a toper of C S

let Uy= Uy n..al, C

this 1s an open set and Uxﬂf\/y,"---”Vy,,)=@
LU= 2 x6 Uy eXC g

/€mma (7:
| the contirous z'mzye ot a (/ompaa‘ S/ace 05 tompa ct

Pf;np'- /ez” 7£X"7(I/ be Continuous and X compd(,f



let {¢) be an epen cover of +K)

o §FUY)] an open cover of X

+ q a fode sbeover Pl £7(4,)
so fl4,., 4 3 is a cover of FIX) g

Th=f
let 7(‘)(_’7 be a tontlous é/'_)ecﬁbn the = s :Vl?ég

i X 5 compact and ¥is Hausolortf | helered with qeotant
spaces /

)

then ¥ s a hameomof/alukm

P/Lm[-' we need to see f 'iY—=X (s contyiuous
1. by 7h%7, V closed sets C 16 X we need to see
G)'(c) = Fle) & closed i ¥

baut C closed i X = C s com/ac'(’ b]/ lemma (5

=2 fl) i compat éy lemma 17
=2 Fo) (s closed é/u lemma /ég

The/9:
‘ [o,tT s tompact

Hus s proven is analysts, so we sRip the p/&of i class, bat
I welwle + bere ¥ you wart a remwdes how the Fo€s.

Froot:  let 5(4} be an open Cover of [e]

let C=fxelo] st Fox1is contavied in @ poride subiollectzon
of {41]

aea//y oel
We show C S open ond closed 10 (o]
~ soce C i commected lemma (0 2 C=To] and

we ase /0'76 ./



(oggmi_ ﬁc x el then /et‘ ({/‘)__,’ (4” be sefs Colxe/(37 fo,?l’J
j) st. X¢é %
s0 (X-§ x+§) C_C’/

C closed: F x 15 a lianc ¥ ot of <,
ttea let (U .be sel” (,om-azmry x.
s0 4 (a.é) s o€ (@) Y
smee X a lumit potnt oFC, we kaow [ (a,9) -}'X})A C+o
let ye [(ad-})aC | so Iy, x] [or fxyl) ¢

owyéC ’9:7{1/ }fl‘ [o,y] ¢ Gu. U%.

By Ve, tovess [ond 50 xé( aﬂp(Cdasea/g

txesuse: The ,o/odu&’ﬁ of 2 &owy)cch' pqces (5 éamFacz‘
_/'_/_I':l_f-’ Yhis (s had. Start éy lﬁ*ﬁfpret’mf mmpa&fnegs

In ferms of basic open sefs
Th =20 (Hedwe- Bore/)"

a subset of R" s compa ct
@
(v U (JoS(o( and bounded

Froot: (&) i+ ¢ Cﬂﬂ (s closed anol bounded
then bounded = 3 R st Cc[-R RJn

but FRR] & homeomorphic. to o] (Whats fﬂae homeo,?)
50 ZR K] (s Com/oaa{' and thvs so 1n [R RJ by CVXZ/'C(;&

ww C closed v a wwyacf et = C wm/m(,f (/emma Ii)
(=) C a compact set- i R" = ( closed by lemma (§ [sice R’

: o
C is bounded becavse f not-, fhe e &5 Hausdorff éy 7 %)
would be a sequence Z{P,J mh £ ot lpal >n Vn



Glea/[y no Sc/éféf/ence_ 07[ {ﬂl} tan tonvesge
s contradiits the ﬁ/éxw}y resvlf p

Th42l
1 X is a 1% ountable space, then
X wmlmaf' = evey Sequeate (u X hag Be/— ca//ea/

@ conyergent” 5#&5!7:/&«:2 sef”e”ﬁé /}«

Co
/‘F X a mebtri jﬁQ(é, “hen E "”ﬂﬂci‘

this prot- s guite ivolved, we only prove @) for metri $0/(€5
1t Vs e é//woy lewma that we will need later

lemma 22 (Le besgve uvmbe, /emma)’

et (Xd) be a Sefuenﬁé /9 Comprct mem%\ called
If C s an open cover of X then 4550 (‘eéeffae

such that o every set S<X with olam (s)es| e .
Ja et VeC such tat Scl
here diam(s)=svpfolxy) | xye53

M‘ jiven X.A) a metriz space ondd C an open Coves of X
We diow that oF no svch 520 extst, thea X v uot ﬁiuenfiz/}/ Pt
¥ no such & exists thea W n2o let €, be a sef with
D) diam Ca <F  and
2) Gy not ir any open set m C
take a ,ool;at‘ X,eC for cach
Claim: § %4l has no lonse Geat S'Vé{e7ue¢tc&

t see s, Svppose {x.d is a ton vesrgent subsequence
and Ky =%

note xel for some UeC

50 J ¢r0 svch that PB.x)cU



and 3 L0 $vch fhat
c/[x,,t,—x) <£/L,C2nﬂ(
;11; < &, Vel

so 411 < B'/"‘["qf) c Bgfx) </ &

f X,,} has no com/c’//aen(— 5ué<e?uemf

Proof of 74%21(&):

Llawn: X s sefmm‘?;f/éf tompa ct; thea Vevo, X con be
Coyered by finitely many £- ball;
P o not, let xeX be any Pocnt
B,tx) ooes not cover X

let- %, € X= B, x) , .
giren X, .., %n svch that B.(x), ..., B(X) doesat toves

take %,,, € X- [Bf(x,)U—--UB&(x,,))
note: d (x, x)2¢ Yo%)
fx,,} can Lla«re ao Coml&f/oem"‘ S‘Uéf&7u€ﬂc& (Slhce a// éa/[; O‘F
radius e can have af- most one ’X,-)
S X is nof 567:/341‘1&/{,/ bompact- 5_{?_/
now ket € be an ofen Lover of X
by lemma 22, 3 a /,eéesjue number §>0 for C

7[;510/ a cover o'F X 5}/ -/;m'ff’ly many balls of /‘a/ziy 8/3
Eac[/l ball  has o/w.zm = 53-& <S

so eacl ball i some U i C

Choose one such Uy hor cach ball
this is a haite stheoer of € o



F. Quotient Spaces

duotient spaws awe a great Lay to bu bt mteresting and
Com///&aﬁo'/ spaces, and construct mags betwean thew.

let X be a 'l'o/a/o/or'cd srace,
Y a set and _
f:X=F a suetue function

The collection

7F={UCY/ £ (V) open an}’

(s Cal/éo/ the ?(/of)éﬂf 'fopo/olyly o Z

exeruse: Show Z; s a 76/0[7}, on
Th4 23
let X and U be fo/aﬁyzc’af/ spaces,and
et
a Sorjectn€ map

Then the qvafcn'z‘ fb,ﬂo/oyy 77; on U
ayr\ees w:ﬂt e ju'rfn fopa/%, O }/

e 2
@0198:/1 i ¥ /)if f‘/U) ope (e X;

a 5d/je(ﬁ1)~e way fix—7 Saﬁf?ﬁ/l:ﬂ/ ® ¢s calel o quofteat rmap

ho/e-ﬁ///y ¥ (s cleor a 7:/07‘79'4:‘ wap s tonhvous.
Proot: (=) Voperm ¥ & (/67_f & 71V open »n X

50 @ free
&) Vel S £7V) open in X © U gpen in ¥ &



levmo 2 ¢
let £:X=7 be a contrimous sy jection

I f is a closed Moy or an cpes map,%en
f s a qothent map.

Leff 7L .é‘em/o 51059//0/‘?‘4 meaas %a'f 749/ dn/ c/o;fv//@f?ea/
set A m X, FI4) o closed/opes 11 ¥
Froof: Asgpme ¥ is am open map
/-f v Ofen ) ‘ﬁ then “ U) opCu tn X s/nc.e X s lountecreous.
H UV any set 0 ¥ and £70) openr 1 K, then

FF D=0 15 open o I since Fis an gpen wap

50 £7'(0) apen jn X & U opar wr I
s £ 05 a g vo het map
SIMiIa/ a/yumem“ —for 1[ a Clogs’a/map (@re/aje) &

Qcaméler
let X =Co,1] ,
V= S's unF circle w RS s the 5(/&5@266 f%/caoy

FiXoY: ¢t > (cos 2Tt $1h 2T ¢)

F is tombiavous (we kwow cos, st are continuous from calealys
now done by discussion of contiruous

maps 1o products)
+ s 0/6’0/17 su jechoe
Claw: f is @ quohent wmap
fo see this we shon + is o C[oseopmy
acte: X is compact (T6* [9)
Y is Hauscortt (s14e ¥ ts a metre yace, /)

A closed v X = A compact ( lewrma 15)



> F) compact (by buma 17)
= Fh) closed (by lemma 16) =

htwrtion: g wven £iX—=7 ity ¥ ha(/u:t/a the quohent topo logy
we thok of ¥ as tonstucted “from X by lé/enhfyl/l‘j poléf;
— >
1 e ()
O aud L

this s clear » this F//am/é but quotient wmaps moke
‘fﬂ;f 4 70/0[,( <

Th225%:
Given a quofient wmop F: XY and anothe soale z

Then 9: 72 s contiruous

&
90}: X— € (s tonhiuous

More lntuition: I F X227 & a 7(/017'947‘ map | then
§ﬁm/y/o'y Lontinuous ﬁmcﬁoﬂ; ony

(s epuivalent fo

Sﬂxa/ylr;y Con oS functions ou X
that are constaut- on the ,me.tiwcye

of poirts 1 [
M’ Continuous ﬁmcﬁénx on 5' we USe s
are the same as contnuoas functioas all tte tiwe [

on [‘7'(:( that wiap 0 ad 1 to same /oim"./
note: ZO:’] s oa “Slm'lolo?/‘ : space b ont 5L

S0 ywhéuz‘ mays allow vs o stidy contivous Tunctows
o §' by /oo/uhj at sl 7401“4'#5 on a ‘BIM/P/" yace

,?‘am[ (=) wm/osﬁ"/ah o'f Mtpuous ﬁn&‘hbn; 15 conruous



&) F VU is ofen v 2, then (7°1c>4/0)=1c"/7"/0)) is open w1 X
by detwnction of The qvofreut 1"0,00/oyy ) 9 W) opgt m Y
S0 9 5 Lontiiueou s &

We nows make precise the idea of “jofw'nj spaces 7‘7@7‘43/ From
Srw'n,c/e pleces !
et X be a {v/o/cyz'ca/ space
a dewm,po; tron D of X (s a collecton of d{}/élh/’ subsets of X
whoe wion (s X
let p: X =D wt=> 52t 16 D wourtauiing x
this is deadly a sucjstive map

4o we gue D the quotient fopokgy 7
(2¢ QcD i open & (6/-35 s open m X)

D with thy fo/o/oz/ is called a aézomlooglﬁbﬂ space, or
quotient goace | of X

you Shou/d 7"4/&/( o-F by as X where all me sets SeED hare
been w//a/;zz/ fo po/nﬂf

WHMQ/Q=
/C‘f X'= [0, 'J

D= { 1) Ixecon] o f fou3)

each point on e wtevor of Lo s mits oum et v D
the on/y St in D with more thon ope potrH‘ s folf

590 D (s [oi] with 01 [Heutrhed to a Siﬂj/e- /90{;414
et p:lel= D be the quopént map

not 5«//,0/1'51[/!/1/ D (s Lzoweomo//hz/; S
oot [a,/j——lc——a s! Fre) = ( tos ufl‘, Swi 2T t)
Pi ',""7 o/ea/ly 3f:p->5s'
JD’/ f B, TL225 f Lonhii ok §



also c/ea/[/ fa bi)écﬁbn
now 72— G LIOWGOMO/'/O[H-!M é' The /¥

(sie S' Haudhorff and D &
tompact smce (t s the

conhmnuous trﬁafa of £o.1] )
50 we have /E_y_orow_cl_s{ seeu s’ '§ Ji,(;f o] witt

O and 1 “glued fopette "
yewem!«%o?j thes we bave
Th=26
let fiX—= 2 be a confumous surjection
et L= fac"/a)méf-f
gue D the gootrest- topology
The map £ viduces a contiruous bjjection g: D=2
Moreovers, g S a homeomof/él_'{w

4
f 1s a guoheat map

Froof: Cleafév T moeces a é/jecﬁi»f 7=D-9 ra
(hrony xe p'(5), set 73)'—' %))
let p:X—>D be the guotient map from aboye
by Th®25 ¢ is comtiious sice gop=+ s
&) g @ Aomeamar/ﬁéi_sm we kuow/
U open un 2 & §7(0) opan w1 D
& —f-'{u)=f"’[7"[u)) open 1 X

&) a‘ssc/m;}\; £ /s a f(/oﬁem‘ map we see

dcd open 14 D & ,0"/-3) open w X
but p(2)=£7(5(3)
50 & open D & j@—) open i &



eramples:

() X = [O, l] x[ol l]
D= il | ocxycifof §uy, o] | 0eyerf
Vi {0,600 | ocx <3 v {0, tno), ()}

- @,

oaerce D X 5(¥§I _
Q’Aomeomor/o&(&

3) ket X= D% §ooneR™ i xey?st] = fre) eR® : r2if
= § f{an): Kera v f {osp Kert=i) ]
~— N

.-—\
./

P/ogfz Aefine F: X St (ro) 2 (515 T tos®, 51 Tr s1i Q- Los )
con check f (s a contuoy s closeod ;u/jécﬁbn

2) X =

s



S0 ’F s a c[voﬁérzf me O and £ induces D
5/";1(‘/0/51 check Sn 15 ‘DM witt)y D" co/[a/p{ef( o /00/;12‘j

#) X= S = §(e, . 2)e ™ 2 ezl w12l 213
we say Z,u/ € 52“( are e7u¢2/a/enf' if EAéSI svch that AE=W
(1. (A%, ., 72) = (s, .., %))
le¢ D= § equivaleace classes of posts in s¥'§
de note this éy Su/:f and que (f fhe guotient fqoo/of}/
anothe, way to think of 5 znZ'

let CP" = § complex luies i €™ 3

note: €ach complex |
Jme wit€rsects l /9/'/ \\
SU{'( . > \
S

{
"1 aan 5 J 2q+(
s
owercise: Show there (s

a one-fo-one (Corres orw/eﬂce.
2ntl
between 5% 5! and cf”

[(,/e can vse s o pat a "('b/O/(z?/ ou Cf”)

we ca/( cf ! C,om,/)/&x 'ﬂ/?%}écft‘ve g,oac@

Aa/‘ol exe((se: dff), 5 Aomeama/ﬁlul to Sz

Hat: consider ma $Ph, g
(2.2) (2283, [¢,~12)")

. N A
h is called the M'm’g hese $Fc xR
and s a Famous *Fibration



5) givea spaces V' and 2,
a svbspae A of ¥, and
o tontiuous map £:A2
consider the ﬁ//ow}aj aéwm/oélﬁbﬂ of Tvé:

the VIOH—‘I‘Y'I'V(;Z{ e/emem% O’F' D are
{ §a,F@) | a€Af

we say that D is the space obtamed b/
Vq/w'vy Y 10 2 alon/qA (Wa f)

denote it by T4Z, or better ¥ U &
6.3- a) Y—'-' [O, l] As {0,{} f(o):(o,o) -P(l)-'- (10)

2:R* v
)
Yot /F jﬁz
L) Y=2=D*
A= S’: bowalafy DL

fF:A2: A%
@2\ Ly (0
z 17/

Onercse: Y U,‘, ¢ homeomor,ohzb to 52
&) Y=D%=unit diskin R*= £*

A =boumda/7/ of D¥= g3

2= 5°

hard exercise: YUJ: 2 hOmeomorf/u& o cf*




