I Mamh@/a/ﬁ
A. Defin ttions and furst Wahf,o/£5

a fvpofyrbaf spae M s called an n-mandold F & is
') Haaja/or#
2 229 (oyutable
3) each powmt- ,ﬂéM has an open

net'jblao/&ooo/ v howreamor/[ub to
on opea set V v R"

Remo/‘éS’ W
1) 1t can (76 SAown hat any /I—marz/'vuo/ Can ée eméea/a/ea/ n /K

for some M (Some /eqo/e wclde tais 10 the debnition

oF manibld, in whih case 1) and 2) can be omitted Swice
they are am‘omaﬁ'a)

2) n-maniblds are metric spaces
3) the wea |5 than on A-manitld i "/o(a/// Euclideg,
(conditions 1) and 2) are just to avoid /Jafﬁoéfr'm/
Lramples)
4) 2-monifolds are also colled surfaces

5) the home:omo//éfsm ¢:U—V Hom 3) s called
a coosAvate chat

exXa m@éj :

_ 3, -
) S5 fne) e ey 221 s o sptace

carlier we discussed coordinate

charts of the form (x,y)F (%, SToxoy2)
here we (71':»6 a o/:#e/emf- WQCA



//s(ololl) yllleld (0.6) 19 'Xy—//ane

le ¢ f[a 7 liie ﬂr/aoyé (a,60) ond NV=(00,)

50 J?a'é) (s porameterited é/
(2,6, 0)

s(a,b,0) +(-5)(0.0,0)

1

(sa,sb, 1-5)

1
‘Qa.b)/ls : (qs)zf(bj)z*(lfj)1: /
(Gteb +1)s*-25 =0
2
So 1atrsecthon Aqu; Jeﬂ $=0 o, = —I-;;;_';Z’,_
s0 Aoy as' of a Uruf'(/e_/a(;z(' othe, than 1/

1€ af 2 =26 | 2
© (m; Itatey’) |~ Tease!

s0 sef \/:ﬁ(L and (/= 52-—-{,1/]
then f]%.' V— (/ :@,.4) —> —1-1-_%{_;;7 ('Zq, 26, Qz-ééz-—l)

is a Lonfawous map

to see Ty a Aamwm//hzkm we can constuct T, -/

oxeruse show 7?:,/—{?9)/,2): (7%%_, =)

aT - s Ca //60( ij/Cgfapth p/‘cz)'@c'ﬁ'b/\ ano(

14

Ty o calleA stercographec coordiiates
77

note: tais shows S * s Just R* wth one pont added
(qa{' lhﬁn(f/ ”)
U$i'1j 5=(0.0,-1) you Canjc{’a coordmate
Chart about V




We/‘a'se: 5404/ 5'1 (s an Nn—man ('-Fou é}/ w/d‘t"}nj o&,/n
$€reographic coordinates
7 2P
2) S 's a l-manfold oo R
consider piR—S' Lp

x — (CoseT X, 514 2Tx) WX
yl.ven any '4\’65' there (s a small Q s

nbhd U of x st p”/U):um‘on of
12 feryvals

P restrated o eacly of these vitervals s o Lpameomo/,a/t s
O 5{ ;5 a /'Mam‘v[o/o(
3) T:5'$" /s a svrface
(XOIYO) € 5‘)‘5’
x, has a nbhod Iz(a6) w $'
v, has a nbhd T=lc,d) 15 S
So (7(,,};,) has a né[w/ I homeo o (aub))‘(cld) Cﬁ?_

exercse: Shov that the P/‘oﬂ(uc‘l‘ of an n-manifold and an
m—ma/l/#;/o( (s an (nfM)—manl'7[0/o'
) T* ﬁjain
recall from Section IL.F, T s a quotient space ol

- / 7 w/le/e o,a/)OSzk 51.0/6’
\ // / // ave. leatifred

1

S
ld

c/early any pomnt pe (o)x(0,) has a nbhd homeoruof,ﬂ/tcé
o aa openset i R*

new i P is on an edoe percse: YU/ = open ball

P

N v
L/\‘hal'f ball ( Sim l[d/'(y for otthe 90{7@)




F p s & corner pout
P

50 TZ 5 a surface (Why i5 1t Hausdorft-cnd 2 couw(-ab/e?)
5) In Section L.F we saw

homeo
to

onercise: as m &xam,aé ¢t) check th is a surfece

Sl;mlla/'[/ o = h T

DN )
9 heles L

guchrent of

(s a surface foo
‘ff -jo/l

6) 'T3: s'xs'xs' s a 3'Ma¢|1'7§/ﬂl (éy exercise
above

but also can consider C: cube = Lo1xlod] x[eo,(]

,blerzﬁ‘fy oppos rfe
7 stdes by tranglation

by e ) Goi T
. 2) show n is a 3-manifold
lke T° i Waa'u/)/e %)




7 lens spaces L(pﬁ)
p>9>0 rel prme
let P="suspension of

1)

p-gor
Lip-g)= P/ O
where ~ ylues top to botfom “Lous

a-/;fef‘ a Z_gﬁ twist

exercese: Show these are 3w Folds

) let V, = ydia? stefl inside T,

let f:3,—2, bea homomorphc}m
2:9 Z]
oxercee: M= V Y V, s a g—man/:)élal

[ all ortented, compact S'Mam'ﬁ/a/s are cbtavied
hes way ! )

—

A Sewno/ cou/n‘aéé, HCIUS&/O/{'F space M (5 an n-manifold wifé

boom/arg F each po:h{' ,06/"’ has a :lb)m{ %
homeomor,oh:'c to an cpesa s¢t in ﬂ20=({(v<,,...,7c,,)lx,,20}

XKa

”2‘>0

Koo Rpey



the éouno/a/,y of M s

dM=Epem| p oty has bt homes to nbhd of
(%,,..., %41, ©) n ﬂ;o arw/,o
maps Fo pomt with %,=0 },

the interior of M /s
Mt M= M-M

/m,oa/‘(-an t facts:

. o1 - ;
) no open set- m R s /mmeOmoffhw fo an
open sef wi R™ F m#n

2) no Open nbhod of (x,..%.,0) K;o 5 }Iomeomor//u'c
. "
70 an open set in R

Rema/‘/ljt
1) = :f /M (5 gn n—mamfa// 1t & ot an m—mmzﬁ:/a/

for any nem (F M*2)
2)=> mtM:= {,0 eM| P bhas a nbhd homeo. #o an open
set i R §

Lrescise:
M s an a-manitold with éou/loéf)/,ﬂren

D) IM i an b1)-manitold
2) ntM is an n-maeniold
) d(oMm)= 2, 3 (intM)=2,
't [3/'4): oM, and it (at m) = it M
B. /'maﬂl.ﬁldjz
Th“21:
M s a conmected I-manitold, thea M is éomeonorph « fo

') 5’ ’.7[ M ’-f CO”WQ‘IA an/ Vl‘{hoaf boaﬂa/a/y
2) [od] FM compact and IM* "




3 [o,0) F M s non—wm/aazf ond WMxF  or

Lf) {O,I)E'K l‘F /f/] non- mm/oaéf Vl.‘?éar{' é&aﬂﬁ{d/}’

o we completely undesstand L-manitolds !
the ,ﬂ/‘oo-F is not ha~d ard can be ound 1 many boo/(;/Coa/‘;e;
1”1 7‘0/00/07}/ (we skyp the pfoo')C)
now what are 6)/'41»4&7‘/'/'&; of mmloam‘ /'men/'fo/d;
(that ic what- are homeomorphisms)
two Aameomor//rim;

£ 4 KX
of a topologicol space ace called isotppec F there is a
homeomorphism

F:Xxlo]— Xx[o,(]
Vl’/’h F[)‘:f)=(€(ﬁ, f‘) and Fo= -f; , F:f

/ !

1his uﬁ/)/:?s /3_' ‘X X (sa Aameomo/phim

fo two hamgomof/‘ﬂél}m_{ are 1"507'0/012 F you can cofl'h?uaus/y Aetorm
one wmty the other ﬂt/bcyh Aomaomo/ﬂu}mj

example fa:_S'—-aS’ entihy 1‘;/7 Q
f:5' 5" rototon by T

let Ft=/'ofaﬁénby TE Q —577 @tw

50 Fulxx)= (Fed, ¢) 15 om

sotyy From £ o 4, ’C\‘ @W

"N ony homeomorphffm Fifo,]—= 043 /s sofopec 1o
Wi fou) —fo] i x—>x or
rifol] =[o1]: x+— 1-x
2) any AOmé’omo/‘,p/u}m F:S'— 5" 5 /}0@16- fo
id: 5= 8§ xy) > (%, y)
r:5-=5s' “(xy) 2 (x,-y)

/E’Iuma 2




so we wm/é{eé/ unde stand hameomoqoh/snxls of compact-
I~ manifolds ypto I-Sofvﬂ/

an om‘erlfaﬁon o a /’Mﬂnh&é/ 5 a c[wr'(c o'[ 0’17€Lﬁ0ﬂ

OO =

note: lomma 2 says Aamegmo,"ph('jm ¢ of [0.7] or 5 ore isofopic
/-f'i[ féey ot preserve o/ yeyerse orientations
Sketch of Froof:
let f:[e1] = [o.] be an orientation preserving homeomorplism
noté: f@=0, £)=1

set F(R0=(1-€)f6 «tx
chech g gives an isofopy
for f:8'> 5" orienta foon pr’e5€/t/t;4/
vse rotefion of $' +o (sofope £ vt £(C1,9)= (1,0)

reca ([ we have a 7(/07’7?42‘ oo & (o] = s
from ths we get F:fod] = fo,0] an oréntation f/esen/a'y howrep.

[o,l]-—j:'?[«?n]
3 A o

e __;F__, ¢!
50 we have an (sofopy /:’: (o] =2 Lou] From F to id
le ¢ €=7.°/'; : o] = S

Ff: 55 5’
quoteat space theory says Fu (s tontinuous and o s
clearly a bijection

F{, 5 a homt?amo/‘/a}ukm sihce §'is compact ond trasdorFf
(THEIL. 17)



exe (e theik aboat the orientation /ew?/;l;'y case gz

C. 2-wanitolds

Can think of on oreatatzon on a domam w R* as a (consisteat)
choice of orentation on a small closed urve at each porrt

1 age. of §'
Q GQ note: thc lridacgg
G?QOO (9@ o g o1 oreafaticn oy
o % o e the bouanddary
&,
clochwise cownter clochese

a surfece (s ocrteated guen ary coordiate charts | &: %"’%{M

Svch that Z = .((;* W there s a choice of arentations ou the

Vy svch that wheneve, Yny *8 we have

S

‘&//g\_/ —7;7\!'—'
]

the map ‘P;"t{‘ 45'(%4%)-9 4’;‘(‘4”%) seuds the o 1ntation

o1\, o the one on \‘/4 (note ﬂlog senils closed

curves o closad caurves)

F cannot- be orgnted * lJ ca//ea‘ vton-or:én{aéé

Wo;«eQﬁi
1) the annulus A= S'x lo,l] can be orwrted

ef now amf cao/a/m'atcc c4a/+5

\WU"’V 7['5//4 we vseq

orteat V




2) the Msbius band M = 7772}

0(0,4"[' 0.7"36!
ﬂZ/CCS-é: l) ﬁﬂy 2 OAQ/I‘S on M S0 {'44(’ Mé’/e U’ Ho L‘/Q,?/
to Safl.§1§' the ortentation condtion choye

(2e /c}aorous(y stow M & not- onentalie)

2) Sltou/ a éun[tc&-& (s not oviténta é/e
)

I+ wni‘a(;ts o Msbus band
Gien tuvo surfaces Z:, and Z,
let D; be a cisk n Z;
(::f Z; s orieated 7:?/6 Di orentation MM From Z"
otherwise Choose an arbitrary oriéntation on D)
le t Z"O-'-’ L; —(ut D,')
let £:2D, — 90, be an orentation reversily hmea;«or/h}m
N 1
2 29I,
the comected som of I, and Z, is
ZH#T, T’ Y Y.

T

e &
z .’ ZHZ,
(=> =

Cencise: if Z. and Z, oce oriented Hen so is TH#Z,



7523
| (

€ connectd sum of wo commected surtaces is well-defued

fo see this we need o see that the Lonshruction (s 1ndependent- of
1) dishs § and D, vsed, and
3) homeom or/o/l im F

for these e have

levama ¥
/3(’ D and D' be o Adisks n b ((1‘ L oriented then, orieat D anAd D'

with the onénf’afz'on)

Then Yoere is a Aomeamoqaﬁism
b: (-t D) — (T-11¢ D)

thet preserves e oreuntabion of the éaundary

/Qr_vzma 5 e~
let M and N be two manihlds with boanda// and Very tiportant
£, 7[: s M DN / (
emma |

o homeomorphums.
F 1‘:, G [sofo/mZ o 1, , thean M%DA/,":'M‘:&”

Rewark: lemma <t s similor 7o Exercse 7 on Momework 3
50 shald be believable
7ch the sahe of time we SAIP e PIbO‘F

Prook of T4 = 3:
Jet D, D' eZ, and D, D cZ, be dighs

ond €190, —90D, , £ dD'— 9D, je origntation /eerfﬂ:y homeo.s

Prom lemme ¢ we gof /zmea«a//&amf
¢: (T:atD)— (Z,—mtD')

and



Vi (Ze-weR)—> (T, -t D))

et F= “of'o p: 20, 2D, note: £ 13 aa oreatation revessing
N N .
2z’ 2z? 4 omeomar;cltum

so F and ¥ ae (sotopii by lemma 2
thus f,ou.f Z_’: z Z.—,a Ur Z: by lemora 5
but

0 Db
“4 fﬂc g

& iduces a /wmeomo/,dé('fm
o o oo oo
Z, UFZ,_ — 2:: U.,c’Zz.
on the quotient space (check vhi!) o

fo prove lemma 5 we need

le mma b

If M s a wanibld with é’uﬂalary,"mé’ﬂ these. s an

embe”u“”f ¢: (["‘co] x DM) —» M

soch that ¢ (fejxam)=om

for a surtae

5)
[—l,o]xSl
this s called a collar neighborhood of bovadary




for syrtaces g (s witnohiel % oveons

“Ml/'f /e:owa s éasy fo //Due 051:;17 rd/éaj 79&;44 7‘/&614{47‘6 m{é
tourses, ut we will ot prove o here
P/DO?C o7L /eMMa 5

we need to baild a /mmeomorphism

,’o{”’l'lﬂ¢
e LT )
[-1.0]x o/ /‘ﬂ

W e— [-1,0] <N
‘;o[ )_['

—_
/é/M

we want fo exfend ovesr wmlp) fo gef a llomeo;uo///larm o
the 7(/o'l1éﬂ7‘ space
b tis et F: ([0,1] xdM) = (Eo, (]K)A/)
(tr) P (¢, E®)

be the l.'!OﬁD” font 4, % 4

note: (G (fouJxd0) =3 (Lo]x24)
¢p) > (t, 4" (p)
15 an isotosy from £ 'of (;/a/'/

et 6 ([-oxom) =2 ([-40] xon)
(t.) —— (¢, G (p)
Hen we can extfend the mag aboye éf
b — wid
pH—$s6-0"(p) _
you can eas//y check i 7u}es a /Lomeomofptl Lo
Muf// fo MUy A/

&



let’s build some surtaces
E M ic the Mibius band and D* is a dik, then M= ' and =5

s0 choose a hameomor/oédm ¢: M — D*
Jost like in earker enamples

P: M v, D
/s a svrtae (without éoando//)

it 1s calleod tthe projectwe plane

note: P s nof oreatable

CxErCIse: 1) qwen $? the vt S/he/e, i ”23
letr: $2— s (x,y &) (-x,-y -2)
say pi,po €S we eqvialent o ripd:=p. (= r(p)=p)

Show: S/ P
2) @ D* vt dishk in //22
let 7:3D" -2 ID%: (xy) —(-%-y)
detvie ~ on D' as above
Show DZ = P

3 P = @ '0734(7"[}/ eo(ye; so arsrows match

nov defne: I, =$°
-7 (D
= T#T?

~—

© n holes

and M:f @
n,=Ff 4P <EY

Mo M 4P



now gwea N and m let D .. D, be w dijoint disks wr T, o 1,

thea set "o
Zn,m = v'—'zL:)t int D‘ @ Z-,z
M,M:A/’; - OD{ /7 M‘L

e 7
H Z is any compact,; connected surtace (possibly with bovndory)

then there. is Some n atd m such that T i homeomor thc 114
T F Z s oreatable, or
WMy 1 Z (s nof-orientable
Moceover; Zpppm ard Zopt ot (aad A, and Ao,.) are
hlmeoﬂa/plub E =u' and m=m’

Great theorem | @ Complete classitization of surtaces |

but we would like to do better swice pht- now (+ s not clea-
what surface on the lot i

T # /lé,m, ? or

Lo #Z,,,. 7 or

- [777,7
K ///// !
Remafﬁs.-

1) You can pocd o “staadacd "pr‘omﬁ of this 1) most fnpo/%/ books /courses
s0 we oo na{-ytie tat preof hee but discuss a pon-stavdard

S
)

“ijoery ! p/wf
2) Classtd ation of nan—mm/oac/' suctoces s a/So émoun, bu # vey
éom/o/:ia ted and we will not- need (€

To 14 prove (sndprove) Th= 7 we neeo the Culer chamctesiste




guen k+l pots, v, .o, 1 M Y (some losze ) 7ene/u/ position (that ¢

no 3 ponts lie on a /1;46, no ¢ on a p/a,qel...)
then 4 k-.u@ ,glﬂz’ (s the set
Ak = {‘),Dv'o-f...-r 7\,!‘0"‘, 'A’ 20 and Qof__,+)k=1}

deg/€$= v, v, Yo
\ v ”'@ ”s ’
v, 4

Qa 7Ca_Cé o‘F a S/Mp@f 15 a Subﬂvﬁpéx formed Ly a(lkcara(:;nj Somé€ W‘/?éié’.(

<ra M,g/@ U: "

. . ; . ) v
a 51@9/:21&/ wwgp/e« (s @ hote (ollecton of 5/.45,042 es 1 some R such that

) it a Swlo/%’ (s 17 the tollection then so are all
of & faces

Wt two sm‘.)l/:&té; mtersect thew they Ho ¢p 1n one
common tuce (and it subtaces)




a frmnqa/af'zon ot a fppo/quZa/ cpaLe X s a 51Mp/z2ca/
wmp/eyx 1% together with a hom&amorlohum h:K—= X

-Wamgle:

T* T
:l \L/

Hard Theosem (Rads 1925):
| any surface has a ﬁ”{éﬂja(a ‘fion

let K be a sw,a/za(a'v/ am,o/az’ (weth no n- 5,@/,4‘[@' for nzk)
tne Euler charactestic of K cell= swiplex
X(K)= #[o cells)- (1-celly) + # (2-cells) + ..+ 1) 4 (k-cells)
ZC!) #(1 cells)

150
i X i a '{vpo/ojdw[ space /wmcomorphlz f» K then the Euler
chavoctercshe of X 6

A(X)= X(K)

’X/Sz): l(—é'f"(':z

s‘g

A(s)=5-T+6=2

.0 mg/e



O« A

Xls)=3-3=0
"f) °l’]
[ I X(fou]) = 2-1 =1
exercise: a 15 G szmplzua/ cop’oh%' with onlf O and (- 9/mp/12185
j/‘afh tree «— vo /oo,d; 15 y,,,,/,g

— . (@ud
) Show of T s a tree ,thea x(T):=1 ) ca«mecﬂ-a/)

Hint: Wduct on the avmber of O- JIMplcélér

2) f G is @ conmected 9m,0/!, then show
X(6) £1
with eng/nzy & G is atree

Remark: It s not clesr the Eule chamcterishe is well-defired
for a fqoo/jz&a/ space, but o s /

We will not prove s ée/e but i ¢ Eesy one you
defiie homo/o/oy

Ty,h9 vp loose endhs:

R@a«’/ we Skl,bﬂ-é4 pam‘ 07L r”ée p/po-F o-F /emwm I7 abou t

al{emafmj Iiks. We can now comple e thc vSirig the Euler
charncteristic. More yecrﬁw/g,, that X[S*)=2

We need tvo shypw

[54[+185) =ur2 if D alternatug

(see Sectronl.€ ‘Fafnofafac;nD



/F D s a/-{e/mt‘w'z/ /4:4// we bhave the céecée/
boad Calo/lrtj oFf Rtcst

//
/224,

i
/}//'1/111////

s b/l?a/ls 52 o @ buch c>7£ 6/(_;%&_5.
the hnof dm‘f/am 5 4 g,;_avzé
while the disks 11 the chedke

boaro are vot 2- S/w-yﬂ lcees

we can stll compute N (5)= ¥ vertries—if lpes +34 faces
vecall from Secton I € exercisé: Prove tas |

541 = 3o of colored repins) Huit ; nj(/i:l'/e:ha“
ISBI: E[Of&e/ 0‘43) je

So #bues - %] +15]
let «= nombe, of cross /4:}45 / 7<. Ve/ﬁél":f)
note there are n edges [L/Ay 7)

so 2= //)/[5'&) = p-2n+ /51/’*/53/ =?/§4/+/%/= a-rnﬁ

an embea(olzh/a C: M=V of a oo ct mans Folds ‘s Oroper F

e (M) cINV oo
e (lt;l‘M) Clatl

Example: not pr e,
i\ ‘



yt'vcn a proper eryw/o/ea/ /- Ma.m")gld Cin a 5ur-[nce 2 we can
&{’ r a/ony C

12. (otsider T —C then
put back fwo copes
of

ﬂ/&/lofe thes éy
=V/1 . 43 Y\ C
)///5 7\
lewma 3:
If Cis a Pfofe/[/ euée/o’ea/ /’Mam‘)coltj w the Sl/r'face z ,

then

X(Z\e)=x()+%cC)

Froot: note the vertzzs anmdl e/;es m C are counfed once
(.rl Z cMa/ tiee l;l Z\C ﬁ

/e'l‘lf compufﬁ 7([221,,.,) for m2 |

note: (M-1) ents G,.., ¢ To

cut aund ycf' 2:,1, ’X(a/c) =1
A

s MZpn)= X(Z,,) - (m-1)



now

‘ A cuf'owa
z. )
o
ot -

n

so N(Ta )= A2, )-2
= rX(Zo,l)'&"'

ad Z,, = @ x A X(Z,.)=3-3¢/=1

so MZpp)=-mtl-zntl = 2-20-11  for 2|

— =)D,

X(E)= Xz -0
X(T, )+ X(07) - X(c)
l-2n + 1| -0
Z2-n

n

1

H]

so we have

’X[Z'mm)z 2-2n-m for all nm
N (W)= 2-1-m A

Rema/k: Casy way (2] mm/m‘ﬁ 7{
@ |

I- #arts o wt Z toa dik iF 4
2-$arcs fo wt T-DY) 1o @ disk  F 23T=¢f




exercise: X (Z#E')= X(D)+Y(Z')-2

for a ‘poo/Of('ca/ gace X, let IXl denste the mmber of
covneted com/onem‘:f

ThH .
tvo cowacf, connected su/-)[aces Z and T, are Lromeomoflyézc'
P

N()=A(z), NZI=1%) and Z, and T, ace both orientalble

or éoflt are Nnoum —oném‘aé/e

Mo/poue/; ar\f oom/gacﬁ connec:feo/ 50{‘141(42 t3 AOMC&MW/ALO‘
to Zd,m or: A/n,m

exomple: Wha swrtuce & 2
f Y2
/////////// /

note: cuf on L arcs ‘fbje:f a disk

wr, QUPD

50 ’,{’(Z): [-2:= -1
2%]=1

the 50/76(6 (5 orr'eﬂ‘l‘ué/e SMc€ as you go a/duua/ a«)/
[00’0 on L you Olont bave aa odd nombes of half wists

(Slahi/a//y, you could nofe that the su/face has “fwo siobs
that (5 you could make 1+ out dfpo/e/MG/ color he
sides weth two co 10/5)

"



so LeZ,, for some
~1= YL, )= 2-w-1=1-2a = n=1

so T=7,, 1t s Just empeled
» R® Wanje/y .I

Sketch of proof of [h™ 1 (anof hence Tt -7):
weé first reduce to the closeol case with
Lx@/cise fot T and T' be surtaces with RTI=13T

let 5 ot T' be T and T ' with deshs 7£ued 10 each éounofa/y tomponent
~ (eg. = Z Uy (D,v..uDyy)

s T ¢
— 9 WAUG ¢!: )D'—?(_. 5 a home.a
) and 9I=(v..vC,, )

Then show T howeo o Z ' &2 % homteo fo 2,

Hiatt () vses lepumas 2 and S
C(‘) 1-5 a iene/‘q{z?:aﬁon 010 lemma

thes From exercise we see Th29 s trve iF # & trve for
wngﬁcf, connected 5u/7[me5 without— boundar v
note all the T, and 1, are ddferent (adie the, have oleffereqt
Eale, chaacteristrcs or one s orientable and otte ‘40“')

50 all we have 0 do (s show a tompact, Lonnected srfae T wttout
boundary is homeomorphi to T, or ¥, for tome u

D) ¢2 and A(T)=2 & T = 5*

fyc z é’g 53' thea these (s an 8mé€0fl;1/0 P S‘-—a 2.
such thot T\ §(3") is conmecteod
moreovel;, a) L orientable 2 #35) hes a nc:j‘;bk/lwd’ homeo to [-1,]]xS'
with ol $'= 9(5')
L) T non- ortentoble = we may assome (s') hos a nbhol
homeo to a Mebius band ond T-¢(s') s
eifhe~ D* or is non-or Entaple



we see the +h2 14/41/5 £row these claing
"Iﬂo’ud’ “ on AZ)
note Clewn 1 says th= tree for NT)=2
we Mdua‘w'f@ assome W br all surfaces wath YT 2 ke
and ten p/mre b X(T)=k

(kwot of o “revesse videctzon" could be normal imduction”
éy ma&uﬁnj on 2 ﬂ’[f))

Assume 2 non -or(entable .
thea by Clask 2,9 a Msbius bonol M in T (M is ubld of #(s')

let T'= T-m Uy U° where £:30 =(T-M) 15 a homes
note: AN s w-C-” 0(6‘6;18&( éy lewmas 2 ard 5

1.6 rémoye )
e Z—‘ z y ‘ sounethug (M
Wi 5“)’ '15 o btamed ‘ﬁfaM Z by Sd/;qe/y o 45/5) o luofloack
pote: 1) T |5 non-orcentoble or s* 5ome,+&:my (o)

by Clawi 26)
pm projechve plane
o T=Z'#p P
3) X(T-M)= N(T-M)+ ’X[M) 0
= X(Z\ M) = 'xn:) ’,\’/5) = X(ZT)
A(z') = YLT\3D°) - x6509°°
= Y(Z-MA)+ XD = A(Z) +1
) by widuction on 7(, f,z} A for Some ¢
C L2 TP 4P =My

Assome I orentable
50 Ly Claw 2, 3 a anm//us A c7 [A- s o Vlblw(o‘F ¢(S'))
lef’ Z (Z’A )U (D UD) u[,e/e ,F ['bD U)D)_a?LZ-_A)

l.‘ a homeo

2) recall

T'is sadl to be obtauted trom T by surgery on $(5)
note: ) T' s orienfoble (erercise)

. T
) L=Z'#T7" (exeruse — Co, ; )

3) NT')= Y(T)+1 (exercese)




]
50 as above Z = Z;' 79/ Some n
- Z’.—_—: Z“#T2= Znt—l E

let 7 be a fY‘(énju/ah'on of Z

choose o Ma/x{n;wc/ tree T wm I-skeleton
(1e. contams oll Ve/ﬁ&a.:s ano( F you add anctthe
ealye then uo /Onfe/‘ a tee)

€.q.
! T

let D be the Jua{?@pé,%a'ﬁ (s, D has

Na vertex for 1 the (eate  of each 2-—51»'1/0[%’

) fwo verfices are comuecfed éy o 6/72 & the
Z—sm'aly/t.'c(.e: 5[10/‘6 an % not n T

e.j, I\
N

NN
| AN

NN
A\

exerccse: D s covmected
let Ve, f be the nembe, of vertrues, edges and faces of T
and V2, ey, Yy, €y Same forr T and D
nete: v = v, by construction
e=€r*tEp w ”
f = vy “ 1"




50 Y[Z.)L' 'U'f&'f'-,c.-:f(/‘T-eT_eDfU.D
= X +X(D)
'From Col/‘/l.ef WG/'C(:fe %[&omnecfep(fmﬂb) < |
with equalily & graph a tree
AL 1+ YD) 22
with = D a tree

tuerccse: F D is a tree then shov I is obtamed éy 7/0134]
2 disks a/ouj ther éocma(a/y @/a homeo.

le Txs"
hnt: nez‘y%o/hooals of trees are dishs

tis proves Clawn L

f D is unot a tree thex there is a logp 1 D.

Thvs an 3m5€/¢(1;t/ of SlesD cT

let C be thes leop

Note: C N (- swiplen) = {:f;e/w:/ T

so C has a ne(]l!éo/hoaal i each 2‘—51”'7/%’ it Wit of the
form I x -

50 @ netjlnbo/laooa/ of C /s /@
obtamed lay j/wh] mony
Lopies of Tx[-t1) O/wy N part of C
CAI)X["Q ’J

exercise: This i homeamorphé, 4o [a,6] x[-(] wetty
{q}x['(,(] j/uéo( to f6f (-] by a homeo

-1
5
Q
$0 nC(f‘féb/ﬁm/ N s an annalus or Msbus band

it 2 orientable st be an annulus. so done with Claw 2@)



now rf 2 /5 non-cJ//ehf'ab/e, ¢hen b/ p(eﬁh[h'an Hhere (s
an embeded Mobeus bonod

50 we con take N to be this Mébius band
then F Z-N 15 non-orentable we are done

F T-N és ortentable, then we kuow T' (= suyery on core of N)

/5 Z:, for some n (12 oo C[assl'?[‘léaha.n of orweatable
Sortmces hrst )

so T=2,#F
it n=0, #hen T-W =D 50 doe

if n>0, ¢hen note

/' - :
N = M6 hs band

Z,-D

check a negltéo‘f‘lﬂooa/ of @ and b are Msbius bands
and so we can Use one of these fo pruve Clac 2(4)

Remarks:
n Use undefsfana/thj of homess 555! # baild su-faces

( conmect+ Sums, Surgery, .- 2)

2) US‘.Z €Mb60{0/”?75 O'F 5'<'-—) 5”/7&(6_5 fo c{agj["fy 5l/(7cac£5' I



