
Introduction to Homology

for each n = 0
, 1,2 . . . , and topological space ✗ with subspace A

homology associates an abelian group
Hn IX.A)

lit A = 0
,
write Hncx) )

,
for n< 0, take Hnlx ,-11=0

and for each continuous map f : ✗→ Y with ACX,
BCY

,
and f-(A) C B ( denote this f : IX.A) → ( YB) )

,

a homomorphism
1-
*
: Hnl✗A) → Hnl Y, B)

Satisfying :

1) the lot :(✗A)→ IX.A) induces the identity

idea : Hnlx,A) → HulkA)

and Cfog) * = f-* 0g*
21 it fig :(✗,A)→ (Y, B) are homo topic , via a

homotopy sending A to B
,
then f-* =9*

(note : 1)
,
2) ⇒ if ☒

,A) = CY. B), then

Hn CKA) E Hn ( Y, B))

3) it pairs ☒A) it i : A → X, j :X .
a) → CHAI are

inclusions
,
then Fu

,
-1 2n : Hnlx , A) → Hn - , (A)

at
.

HnlA) ¥ Hnlx) Hulk
,
A) % An (A)

is etat



( A -9 B¥ C is exact of

image to = Ker 4)
4) if 2- C E C int Ac A CX , then

the inclusion

mop i :(X
-Z

, A -⇒→ CX
,
A) induces

an isomorphism
1* : Hnl X-Z , A -Z) → Hnlx

,A) Fn

5) if ¢
,A) is the disjoint union of pairs
(Xx , Ax ) , ✗ c- I

, then the inclusions

4
,
:(✗

✗ ,
Aa) → IX.A)

induce an isomorphism
+0,4, )* : ④✗ Hn (X, ,A, ) → Ha CX, A)

6)
Hn (pt ) = { K

n= o

o n I 0

There are many ways
to define homology , but just

knowing I such an Hn satisfying 1)- 6)
you can compute it for all CW

-complexes

and manifolds !

In particular one can show

1) How = ④it where ✗ has h path



components

and Ho IX.pt ) = ④k-iz

Hnlx.pt = An 4) ten > 0

t
called reduced homology and
denoted HT 1×7

2) H , IX ) = abekciization of Tf CX)

3) IX.A) called a good pair if A has

a neighborhood Uni ✗ such that

A is a deformation retraction of U

given such a pair the quotient map

q :X →
✗G-

induces an isomorphism

% : Hn IX. A)→ HIYA
,
%)

511

Hu 14A
,
pt) III. 1×1^-1

given this we can compute

Hhls
" ) = {

Z n -
°
, n

O n IO
, n

to see this notice

Hklso) = { ZOE k=o

O k to



and

HnCD7={ Z 4--0

0

k-ton-lcase-i.no/eS'--D'/soF.
£

now

g 01 h

Hnlso )→HnCD ')→HnCD
'

,
so) -7 Antsy

kez
"

o

'

o

'
"

o

note : exactness says

her ¢=iuig={03
so 4 injective

and
laid _-kerh=HnlDis4

so 4 surjective

i.HN/s')IHhCD:s9=0
how

Hdso)→H , /D
'

)→H,lD!s9→Hd5)→HoCD ')→ Hold:o)

tf tf µ 115 115 11

II. by¥-02T→

☒ if4



as above & is injective and

Hild! 5) I image 4

= her 4

now linage 4= her f- = €

so 4 : 2- ④ Z → Z

is surjective

and hence her 4=-8

2-e.lt
,
(5) I HID!s4=Z

finally Ho (5) EZ since

5
'

is path connected

now inductively assume computation for S
" "

Inez)

consider 45,215) of course 0%15=-5 "

&

HnlDM→ Hn CD? OD
"

) → Hn - , 1215) → Hn
- ,(D

")

if 511 11 by induction il

Hn ( D%☐n) I 0

11

Hals
"

)

as above 4 is an isomorphism



so Hn /54=-2-1

for h -1-0,1 , n

Hn LD
" ) → His 115,217

">→ Hk -1215)→ Hk -11137
'

f f
' by induction , ,

0

so Hh (5) = 0 for h-to.hn

finally
g f lo t

H , 115)→ H
, 115,215)→ HoldDM→ Hold

" /→ Hold?2D
"

)
11 11 11 11

0 2-
since

Z 0

path connected

so im ¢ = her Y= Hold
")

i. to is an isomorphism

now kerf = ring = { 03 so f- injective

i. H
,
CD ? JD

") I iinf = her 4=0

and so Hn (5) I { Z k -- an

0 h-to.tn

for :

2D
"

is not a retract of D
"



Proof :

if r : D. "→ JD
"

is a retraction
,
then

let i : 2D"→ D
"
be the inclusion map

note roi : 215-7215 is the identity map
so Koi )*= id : Hn - is

" - 1) → Hn . ,( S
" - ')

11 5 11 511

r*02* -21 €

is an isomorphism
'

- ' r* : Hm , ( D
"

) → Hm, (5^-1)
"

o

"s

-21

is surjective
this contradiction implies r does
not exist !

☒

⇐ "

If UCIR " and VCIRM are open sets that are

homeomorphic then n=m

Proof : for any ✗c- U we have IR
"

- U - N
"
- {x} - IR

"

so excision says



Hnl IR
"

,
113
"
- { ✗3) I Hk (IR

"

-1113^-4,412^-1×31 -143^-0))

= Halo, U- 1×31

the exact sequence for (IR? ①
"

- {xD gives
&

Hulk
"

) → HIM ? N
"

- { xD → Ha
.
HR
"
- {✗3)→ Ha

.
! IR

")
"

o
"

0

so as above 4 is an isomorphism
the Hnl 40-1×31 = Hn.fi/2

"
- {✗IT = 5

" "

= { Z k -- n
V-✗ E U

O k In

similarly Hh ( V, V - {y } ) = { Zt
him

0 k =\ m

try c- V

it h : U→ V a homeomorphism then

Hnl U
,
U - lx } ) I Hn(V.V- { had}) th

i. n = M THE


