
Algebraictopology

I. Introduction

A what is Algebraic Topology

Very generally topology is the study of spaces on which you
can discuss

1) continuity of functions and

2) Convergence of sequences

we give general definitions later in the course but two main

objects of study in topology are mauss and

CW-wmplexesthe.seshow up all overmath and science as configuration spaces,
models of the universe

,
solution spaces to equations, . . .

we focus on manifolds for now (requires less background)

a ttmanifold (or manifoldofdcniensonk) M is a subset of IR
"

such that for each point pen there is

1) an open set U in IR
"

containing p
2) an open set V in 112k

,

and

3) a continuous function f : V→ U such that

a) f is injective
b) mi f -- M n u

c) HI
, in ft

'

: M n U→ V is continuous



(if f is differentiable and rank (Df
x ) - k , HxEV then M is a smooth

manifold )

#
"

we call f a coordinate or localparamecerization

Intuitively M is
"

locally Euclidean
"

,
that is if your

" lived
"

in M

then you would probably think you were in Nh
( if you were really small compared toM or had really bad eye sight
e.g. surface of Earth not 472)

eram.ME#i=ux.yiHeN ' : """""
canedsurtees,

is a 2 -manifold

(2 -manifolds are also surface of the Earth !
Ifyou lived here youlocalparameterization are of the might think you were

form in IR ?

Cx,y) tr Ix, y, EXIT)

for (X
,y) E { x'tyl E 1} E 1/7

'

(need 5 more such charts,

2) Ski { (Xo, . . . . xn ) c-Nhl : ⇐
①

×, = 1}
what are they ?)

is a h - manifold.

3) Torus : image of the map

f-Cx, y) = ((3 t Osx) cosy, 13T Gsx) sin
'

y, Sia
-

x)

is a surface

is: ::#e
z-axis



←
fixedpoint

note: T2 is a configuration space ④

consider the
"

double pendulum
" %§
¥

M is called a k-mani.to/dwithboundary if we have f. V.V as

above except V is an open set in IR}o= {Cx. . . . . xn) : xhzo }

to

examples:

1) Dk = Hx
. . . . . , xn) EIR

"
: Xie

.. . this ' }

1¥k - disk

2) annulus

A = fix, y) EIR
'
: IE X 't y

' '
-

2 }

#④3) Mobius band '
xX

Ini age of fix,y) = (Zt xcosy, Zy,
X sis y )

T ¥ if cylindrical coordinates
for 4. y) E L- ' ' D ×R

\ µ

?

Two manifolds M andN are called homeomorphic if there is a
continuous bijection f :M-7N such that f

- '
:N→m is also

continuous



if two manifolds are homeomorphic then we think of them as

being the same .

-

example
-

:

5 c IR
'
the unit sphere and

S! = { (x, y, z) E IR
'
: x 'ty

'
+ Z
'
= r
' } r > o

are homeomorphic ( what is the map ?)

from the topological point of view they are the same
(of course

"

geometrically
"

they are different, e.g. area)

An embedding of one manifold into another is a continuous

injective function f :M→N that is a homeomorphism onto

its linage .

examples : s
'

i'= unit circle in R'

inclusion i :S
'
→ IR

'

is an embedding
2) f

,
: s

'

→ 1123 : o t loose, sin 0, o) Ig!It,
an embedding of s

'

into IR
'

knot

is called a knot

think of it as a piece of string with ends glued together
73) fz : S '→ 1123 :

Qt(cos 30-(3+6520)
,
s in 3043t cos 20)

,
S in 20) ⑦

it



Mainproblems: (same as in other areas of math )

1) list or show how to build all manifolds

2) find ways to distinguish manifolds } classify
3) study maps between manifolds

usually restrict to special maps
examples : . homeomorphisms and

• embeddings
(again we want to connect them

and

distinguish them)- different

4) study
"structures

"

on manifolds
d course

I e. R::: sing:c::%÷÷÷mH
There are many surprising relations between all these problems
eixample:

1) use embeddings of curves in surfaces

to understand homeomorphisms of surfaces and to

distinguish and build surfaces

2) embeddings of s
'
in S3 (or 1193) can be used to

construct 3 and 4-manifolds



the study of such embeddings is called knot theory
and is very interesting on its own

e.g. are

② and ④ the
"

same

" ?

what about ② and ④ ?

We will study these problems using algebraic techniques
i.e

. Algebraic topology ( in a very general sense )

The idea is to build a function

to:* go.ua,⇒ lighting's:3: Isaias
e-S. {all manifolds} or

Z or

set ofgroups or

all embeddings set of vector spaces or{ s' -31133 ) or - - -

set of polynomials or . .
.

being a function , it two manifolds)embeddings . . . are sent to

to different algebraic things then they are different !
we call such a function an algebraicinvariaut
It would be even better if the invariant

"reflected
"

properties
of the topological objects

some examples we will study

topological → {groups}{
spaces

} fundamental
group

X 1- x. Ix)



we will see : D very good invariant of surfaces and knots
2) studying homeomorphisms of surfaces is
essentially the same as studying isomorphisms
of the fundamentalgroup
(there are some partialgeneralizations
of this to higher dimensions)

3) can use topology to learn things about

groups ! (this is called
"

geometric group
theory ' ')

The main parts of this course will be

I. Intro
.
to general topology
including the classification of surfaces
using

"

surgery theory
"

I
.

Brief intro
. to groups and group presentations

II. Fundamentalgroup
and homotopy theory

I
. Covering spaces

but before we really get started, let's see specific

example to illustrate the above themes

we will do this through knot theory, much of the
first part of this is very

"

simple
"

and could be

told to highschool students
,

but later we will see

deep connections to algebraic topology !



B
.
Knot Theory

Recall a knot is the linage of an embedding
f- : s

'

↳ 1123

(for now f a smooth embedding )

so K= tin Ct) a knot

we say
2 knots Ko andK, are isotopic if there is a smooth map

H : S
'

x lo, if→ 1123

such that
1) im ( H Is ,

× , i ,
) = Ki 2=0. I

2) HI
g.× ,+j

s
'
→ IR

'
is an embedding htt ECoi]

the idea is that you can smoothly deform Ko into K
,

he
. if Ko is made out of string , you can move it

around to get k, )
when we say 2 knots are

"

the same
"

we mean they are isotopic

knots are frequently studied via their diagrams
let p : IR

'
→ IR

'

: (x, y, H
t (x. y) be projection

given a knot K one can show it can be iso toped
(by a very small amount) such that

1) PIK is an immersion ( that is derivative non zero)

so you can't see
b-
hers→ (

=

a ply has no n- tuple points for NZ 3

doesn't see * or # . .
.

2) at each doup le point the two arcs of k

intersect transversely→ (tangent vectors of arcs
a double point span IR

'

)



don't see ¥=

Ito prove this need
"

get transversality
"
or PL - topology, beyond

this course
,
but hopefully believable)

a diagram D CK ) of K is

1) pCK) C IR
'

and

2) at each double point table which strand goes
over the other one

he
.
which has the greater 2-

- coordinate )

Z

examples .

④ k DCk)
•

1) y
y

X x

2)

⑤
← trefoil

exercise. Show a knot diagram D determines a unique
knot in R

'

upto isotopy
we have an amazing theorem

Reideineis ter 's Tha :

let Ko and K
,
be knots with diagrams Do and D,

Then Ko is isotopic to K, ⇐ Do is related to D,

by a sequence of

o) deformations where crossings don't change

" i ←
"Te::::Tae
diagram looking like
one side you can

replace it with the
other)



⇒ '

"I'
'

←
'

(and reflections of these about coordinate
planes)

note that⇐ ) should be clear

⇐ I takes some work

(to prove need
"

parametric je 't transversalily
"

example :

or PL- topology)

⑧, and are isotopic

to see tis note

.¥E¥¥e.

goingsthis !
and

)

jest push arcs around
not changing crossings

A link is just a disjoint union of knots



C
. Knotcoloruig
So how can you

tell it two knots are different?

here is a very simple way
we say a knot diagram D is Stolorable if you can color
the strands of D with 3 colors so that

⑨ at each crossing either all 3 colors
are used or only 1 is used

⑤ at least 2 colors are used

exampled
;

nihyono!3- colorable

T the trefoil T is⇒

⑥ z - colorable

exercise : ⑧,F show the
"

figure 8
"

knot F
is not 3- colorable

⇐

it:÷÷÷÷÷÷÷÷÷÷÷÷÷÷::
Remain so from above we see the trefoil T is

different from the unknot U and figure 8, F

Prot:
wejust need to check 3 - colorability is unchanged

under theidemeisler moves



I)
- ⇒I-

so②true and⑤true for
one must only be one⇐ true for the other
Color one color here

It either
✓

~

← ¥,
so ⑥ true and ⑤ true

for one ⇐ true for other
one color one color

or U
← ¥
-

more than more than

one color one color

I) lots of cases
here is one

←

exercise : check all other cases #

more generally we say a diagram Iand knot) is p - labelable
for p a prime, if we can

label
the stands with

numbers 0,1, . . .

, p
- I so that

x

⑨ at each crossing, the overcrossing /zlabel is the modp average
of

the labels of the undercrossings

⑤ at least 2labelsare used
2x=ytZ modp

exercise : Prove the analog of That for p - labeling



examples:
i ) a 3- coloring is a 3 - labeling

let red- O blue = 1 green = 2

x:
" 40+1 mod 3 Z 240 mod3 ZOE 7+2 mod3

2)
'

⑥§°
is a 5- labeling of F
so F is not isotopic to U

later in the course we will see how coloring /labeling is

related to really cool topology !
( dihedral representations of the fundamental

group of the knot complement)


