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A What g Algebrac 7;!00/097

Ver/ jenem//(/ fago/gg{ 15 the 57’%0//4/ of soaces on whizh you
can discuss

1) Lontimuly of functions and
2) Con Ve.7€n(e 07[ 56’706’4695

(WA jl(;e yenefa/ 0/97[1:31[-(7'0/15 /m‘f,’r % the course but o man
oj'ea‘s of 57%10// 1 fapo/aj}/ ore man/ﬁ//é andl
(/- complores

these show o ol over motly and science as con74}a/oz‘zbn spaces,
models of the universe, solution spaces to eqvations, ...

We focus on manf?%/olj o oW

a k—mam‘fo/a( [ or mom'ﬁ/a/ of dwmrenscon RY M 5 « subset of ﬁ 7
such that +or eacl powit- peM there (s
) an open set U i R ton favung p
2) an open set V i RS andl
3) a contrivous function £:V—=U svch that
a) f is Il/'y—e,c'ﬁl.le
b) imf = MaV
VG| .Y MaU->V s comtinous
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we call £ o coorddviate cho t or local 'pa/‘amez‘c‘:‘/laaf'l('yn

Inﬁat‘v’ll}’ely M (s “[oca//y Eucliclean I; that is MC,Z_QE_ “lwed “in M
then you would pmbaél)f th ik you were m R*

2

S

Wam',o/ebi ‘
) ST flxye) e’ Keyreeiaif

s a Z-Man('fb/al v

(Z—Mam'-)[b/als ase also called Surﬁtceg)
local parameterizations are of the

form
&) — [X)}; m)

for (*.y) € gxzf-yz.‘:lj cR*
2) 5": {(x,, s %) ep ! éo 7‘; =1f
5 a k- mam.’é/d-

3) Torvs : thaye. of the map
'IQ(X(Y) = [[3'f' CO.{X) @fy/ (3¢ 505795/.1‘),, 5/@'?6')

is a svrfoce :
/‘%{ C(?C/e m Xz —p/ﬂﬂe
\/‘y rotate about

g-axy




note: Tz}s. a Con‘tgafc/a{zon ?oqce ‘, /)
consider the Aouble Peno[u/am /{t

M s called a k-manifold with boundary # we bave £,U,V as

above except Vis an open set i lﬂgo = [(x,,...x,g): x, 204

/Rk 7£ y n
= S 2o
M
Cxamples:
) DX ffc, ., %) € RR - x4 a2/
k- dAisk
2) annulus
Az ftuy) €RY 1¢ xe222] A7
) Me biis band iV
misge of  Ftyl= (2excosy, 2y, w3 y)

Cy lindriéal coprctviates

r- = z

for (sy)e [-11] xR

Two manifolds M ond NV are called AOmeomf' ohc f there s a
contwuous bheckon FM-3N such tat £ W-sm is abo
Lonfineowus




IiL %) mmhé//; are- Wmocﬂ/)tz then we ‘I’GM'A o;[ tHenr as
be ,,},/ He same.

%amg/e:
Szcﬂes the vl S/Zte/e and

S = foya)€ R': x*yptegt=r®] r>0
are homuw//ohcé
7l;’om the Wo[?fzc'a/ /on'ﬂ‘ o view '/¢I€7 ae the Same
(of covrse “yeome:{ﬂéa/ér Vﬂfef wedf#e/emj €9, a/ea>

An embed w'i/o of one mam'ﬂ%/a/ wite another 15 a cowtinuou 5
u/'r)echu'c foncton 7["/4 SN that 15 a &omeoma/'phl}m onfo

Its 1M aje.

%’aw;,o(es :

5'
D $'= vadt crcle wi R* “'é
wiclusion 1:5'— R "

s an embedd /;r/a
2 f:5—> R3: 0 — (o505 5m®,0) e "‘Zf"‘“‘
an &Vléedﬂ,l;ﬂf of S it R’ /,M-,c, :Z;Véé/
is called a kuot
think of F as a pree of ) with ends glved tosethes

£ 5N
94-’9[605 30( 3+ cos 29)} s 3003+ &057—9), Sin Za) (/9

«— tefol /
‘o



Main Froblems:
D) list or show how to build all wanifolds
2) fiad ways fo olfjﬁn'yuuh mani folds
3) S‘Iudy maps between manitolds

Vﬁm//Y restrict to %Clb/ma,oj
&mwz//es: . homeomor,ahism s and

fclasfnfx

. 8Mb@6/0/17:17;
[anuh we want 1o construct thewr and
o(ls'fmzuuh %g,,,,) A
%) 57‘14/(;/ “ciructures” on mani folds { Course
&9 Rtémann;czw fom&ff}/, com//% ;eome{/y,>

Con'('dd/fymla/&hé yéomeﬁf); e

There are many 5:///0//5/;4 19 re ltions betuesn all these pfaélem
examples:

) vse embedings of curves v surfaces

ty vnderstand Aomeomaffh;fmj of surtrces and o

dl'sﬁnju(sA anﬁl éu//al fa/ﬁzcej

z) embedd//i/s of S 15 S¥(or R can be vsed o
construct 3 and ¢ manitolds



the study of svch ewéea/p{ty; 15 calld knot theory

avd 15 very Mf&tejﬁ'}a on (s owu

@ v (g) toe "same” €
what about @ and (j) 7

We will 5ﬁw§« these f/oé/e_mj Us I;/Ij a /fe bracc fecbnz7ues

€9. are

te. Alebra mpo/c?ﬁ/ (11 o very ]e/zem/ sense )

The ea s 1o build a Function
_ somethig alppbracc taat
{gomemwy e j ’9 f l'joélo/«?/éfj/é/éﬂéf 70 .5‘/”4’ j

wont fo 57‘11/)/
. # o~
&9 {all manibolds] or
set 07Lj/bup5 o
éa” em!oeaé/uyf st of vector spaces o~
sle > HB 07 . set of ﬂo()/yzomm'/s o ...

!Jé!hj a ﬁtﬂdﬁéﬂ, l}r' Two Manl'ﬁ//S/emé&é/v‘p’--- are seart
to Aditfesent a/febrazé things then 'Z‘/tey are. dFerenr |
we call svch o fanctzon anm a!yeb/azé wivariant

It would be eren better F the wivarcmt “reflected ",7/0/9/7‘2;35
of e Wo/?fica/ oéjec{'s
some  eramples we will 57‘W/;/
gﬁ’/’O/‘ff’éq’/}) —> {(7/01,(/)’;
spa s frndanen !
y/‘aa,o
X — — (X




we u/i// se€: ) ver 4 joo&/ (ivos cant a‘lc S'U/‘ﬁlcz?j and éﬂm‘—)f

2) ;fudy/}/w homc%mo.?ﬂ}l L(m s 57C furﬁzeS ’s
es;em‘?a'//y the same as 57?«/;//;1/ (S Ontor PhG 1S
oF the fumdameatn! groey

3) Caa vse 7‘0/0/@7 © lean f’équf about
y/bu/% /

The mai ports of tho wurse will be
T. litro. 1o seneal topolegy
Imc[udhﬁ e céz55/'ﬁéqﬁé>n oF sur 7@(5;

(/511:'7 “507?// Theovy “
T Bref mbpo. grouss and group presen o loons
I Fondamental jv/ou/ avd horme 7‘0/?/ ﬁeafy
. Cover u:ﬂj ,yacej

bot belore we really et~ started, Jets see 5/e6174é
oxample o llustrate the above themes
we will do thes %/0(74 Aot 1%30//, mocl of the

7975% /94/7‘ oF s (5 _VZt/Y_“S /wi'p/eu aud  colA e
told o /ly/rsc/mo/ 57‘51558017‘5/ but leter we will see
/eap connections 1o d/fé bracc fo/oo/o/o /4 _/



6, Kﬂof meo/u/
Recall 4 M s the miuye of an emééo/all»fl]
1c L g 'C—?ﬂg
(749/ now 7[ a smooth ex«éc//rhy)
so K= () a huot

we SGL/ 2 AKD?‘.S /(o au//‘/, are /507‘0@6 I7t ﬁe/'f K a5MoOféf Maﬂ
H:S'lod— R’

such that
1) 1w (H/Slx({f) = kz 1= 61
2) H/j,xm-'s’-—-aﬁ’ is an embedidiig V¢ €[ox]

the Wlea is that you can fmam‘/l/y o(evé/‘m K, 1nto K
(7e. /1[ K, 15 made out of ;Afwy,you Cann o€ (1
around 1o jef /el)
when we say 2 knots are e soeme" ve mean the y are zfsoﬁ;/lé
kuots are #efuenz‘/y studied wa thewr ofz&zzrams
et p: B> =R (xy0) =2 (sy) se projection

91(}6:/\ a kouot K one can show ¥ can be /307‘0/301
(bya very small amo&mf) soclh Hat

I) P//( 1'5 an (KmE Slpe ( that (s Aoy u}aﬁ:/—e “nou 26/0)
50 you c_g_/p_ff'_ see <
2) ,0//( has no n—m,o/e ,ﬁow'zé’ for Nz 3
doat see K or X
2) af cach a(ou/o/e point the fuo arcs of K

1 fer sect #dwsve/fe/g — ( fanjenf vectors of arzcs
a double powt y02r R°)



a a((ag/awr DK of K 1s
1) P(K) Cﬁz and

2) at eacl. afoub/e ,ao/in" /aé/e o/bl'&[n 57‘>"ana/ go&s

oven the other one
(1e. whech has e greater 2— coordmate)

Qxzrp fes: K OO dek)
y

~

2) e t‘YE)%I/

&D

exescse: 5/10u a /Xwof oﬁcyram D dete rmwies 4 wxl71f&
k not 1 ﬂ3 olafo f;ohvloy

we. have an amaz g Hheorew

Redameisters Th™:

let K, and K . be knots with o/zay/am.s D, and D,
Then K, s isofppec to K, € D, is releted + D,
by a sequeace of

0) deformations where crossiags dont chauge

- -
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1 ! é/"a ! Q_,'

\
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D —> \f/

N ! — / [

(an/ re;pC/ec‘l‘Lans of {’ttesc—: about coodiiate
P{amf’;)

)

note that () should be clear
) tahes sgme work

exawpf le:

@ and @ are ijo]‘qotﬁ
v S6C s note
'Fmo( *he C)
Redemecter

moves .
om] fﬁlg !

@/ G-@

Jusf‘ fusla arcs around
not c(aal/\fl;lj cross I’iﬁﬁ

A M 13 Ju}fa a(('g/'oi/)f vncon of Aot



C. Knoft w/o/u/ij;
So bhow Can you e / [ ('7Z' vo Auofs are 0//‘)9@‘@/11‘7
here « a ey _c/},y/e, way
W say a Root- ﬂ{(dj/am D S'Co/omé/e f you Ca color
the strandds of D with 3 tolors so that

@ at eacl c/DSS/I;y eitter all 3 colors
are vsed or only & & vsedd

® ot kast- 2 colors are vsed

X aw;p/ es:

) v w1 Anof U/
D s not 3-tolorable
z) T he 1")’87%(/ T /'J'
@) Z—Co/oraéfe
. F of
gAGTEE: @ 5&0{«/ e ”ﬁaafe ¥ hunot £
\) «« not “3-ctolorable

Th=1:

1+ one o/(ajfavm for a hnot 1 3- tolorable
then all a{m?rams are

(s0 ée:;n/o 3-tolorable 5 @ ,9/0/917& of the
Rnot, not ,ust the a((a/a/am)

/?Qma//z= 50 ﬁfom abovre we see the 7‘>’€7§1‘/ T/S
olrﬁ[t’/e,/;f from The wbivot- U/ and ﬁ]tm? 5 F

Proof
- we_ )&51‘ need to check 3-ca[of'aéi/n'y /5 wrchaznjec/

wder Reideneict, moyes



I — e 2 0 @ pve and ® tue for

one most- oﬂ/y be =
one & tve tor the oftre,
50/0/‘ oue- 60[0/ ﬁe/e °

lL) 6(%9/‘ . ("‘9 b/\ S'C)@m ama/@ﬁ’t/f
/

N o, one & Cue for ather
one color one color
or ,
— =
mor € than mMeore hau
one co(o/ oné co/of
) lots of cags

here (s one //Y/\ 4__.9 _\/Xé

exesc e chech all othe, cases Y 4

more 7@/1@0//)/ we€ sa/ a o/tc‘ij/‘am [ana/ kum") L5 'p-/aée /aé/e
-ﬁyrp a/o/‘mi\e/ f‘F we. Can /a.éel the stands u/r?’/\
numbers ol .., p-t s0 fhat

@ ot each crossing, the overcrossiig < /Z
label s the Mod,o average of /
the label; o the undescrossigs Yy
= Z2 M05/
® ot least 2 labels are vsed PREYTE P

exercise:  Frove the ama@; of Th21 b p-/aée/(\ﬂo



ammp/es :

1) a 3’50/0//}7 5 a 3'/066//«4}
let red=0 blue=1 green=2

l/t\/o (\/|° o'/\/a

21=4 212 0=
=0+l mod 3 = 240 mod 3 22-—_—_,‘?,,2_”40,13

K 3@" s a f"/aéello;)j of F
\) so F is not /}ofoplé to U
¢

later 17 the course we will see how CO/o.my //aée/uy 4
related o rea//y cool fopo/o/o)z/



