T Introduction o 7;/0/?/0/

Elre/)ro/;e should be Lomilor with contamuous functions and

Lonvergence 11 mele spaces (From Analysis T). We digcuss the most
fene/n[ covntext (Awheh one can  congder these (deas

A. 7(‘?/0/7(&0/ gaacej

let X be any se€

a tollection of whsett 7 ofF X & 4 fvéo/ogg fo~ X i

& emply set
) ﬁamo’cheM7

2) Aand B i 77 = (AaB) i 7]
P F ;Aofjdeg— is a collectron of sety 1w =/
A = -~
thean qLé/J 8 1m 77
here J 5 an wider set

€g. f:fllzil then {A'(;,{é‘f means ZA,,A,;
J=& then {A“}a{éJ’ means 2( A—z:A-qu)--'j

note: propesty 2) = aay hirke wfersection of ets w 7 i 1 7
eg. ANBAC =(AnB)nC
\/:’\-/
a '/vgq/o;r&oz space v @ pac; (X,T7) where X s a sef aud
s a {VFO/7/ on X
elemets of 7 are called ogen sets

exawples: X = fa, b cf

T {X @, fa) §b), fa.c}f
is not-a topolagy on X




T:§{X @ ta], {4 fa.6] fac] (o]
L5 not- @ 1‘0/0/?;/ on X
%={X 2 fa) {L] fa, b))
(5 G 'Fo'poézfly on X

to describe (v fe/esﬁiy fa/o/cyzér we neel a ne deq

a tollectron B of subsets of X is called o basis fo- a '/o/o/a/?/

on K of D X s a vaon of sets m B

2) F U,Vé@ and /éU/lV,
then JWeB st pel/<UnV

W

f = @

/Qmwta 1:
jfu{ﬂ G éas;s (ﬁ for a fo/ao[o/y on X
let 7@ = {60//601‘7071 of-all vnious of sets inBf

Then Ty 5 a tapology oa X

@E neeA +o see Zﬂ Sa ﬁ'ﬁqe; l)'3) ) def’“' o'tﬁ 'fv/o/Oj7
N X is w 76 b)/ condition |) of—def™ o«f O
2 s i T sme the v of no sets i Bz & (by conveation)
?—)17{'/4040(501/‘@?“& 7&8 then

= (/ u an =U Vv
A«eJ“ BpeJ@

7§/' (4‘ V; € B
no w oF pE€ ANB +hea the, e s some o(béJ, {5° el
st. pé€ ({c and PéV° ze ]06 (.4 /l\/o

s Ly tond ttion 2) o B 3 b{,é [$) such that
peWw, ¢ nV, €A



so AnB= U w 2 is obwious
pPEANB P € 15 clear with a

moments Wouylt-(- .!

3) + ;A"‘}o/ef s a (,o//ecﬁo-ri 1 745,%254
Ao(: v U; 74/ U;é(B

o€
%

Ua-U U i
0 ed A vel € g 76
gy
7@ 5 a fo/aofﬁy on X P
&Xamﬁe5:
) let (X,A) be a metri space
/'eca//, s means X (s q set and
OI:X’X—')K
is 0 function satis byng
Ddlxy) zo Yxy€eX
2) dix,y) =0 S %=y
3) d(?‘:Y)= d{YIX)
P d(x2) £ dly)+olly, 2)

then @Jz { B.0 $- all 7>0 and xeX] is @ basic for a
{Tpo/ofy oA X
here B/(W)= {y eX st a/()gy)<r3

lef"s cheaft ths
n X = (/ B,  so X is a onion of elowents i ﬁd
xeX

2) ng,\ B.(x), B (x.) € ﬁd and a fobnf' P € Bf'[?‘,)/' B,_.’[Xx)

sot &= mun §1i- A, 1y =dl(x. p)f
note 1+ ZE€ Bi (p) thean %
d (% 2) = d(x,p)td(p,2)

< d(x,,f;) +-dx,p) =1



0 2¢ B (x)
Sfiﬂf/a//y z € 3/7 (v) so
peB(pc B (x)nE (x)
thos By s a bescs for a‘ fopology on X
We call the fv,oo/?jy 7 indeced by By the mebri topolog,
on X (wduced by A)

e.j, X=[Rn n N
d[?c,y)=(zl (4 ¥,) ) where x=(x,,..,%,)

-

- . - N
/s the Euclidean metrwc on N

so o y{m /R" a metrw fv/o[a/)/
‘/11;5, of tourse, is the 'fDFOICD]/ sindied i Ca/zu(us/mafggi.s

also consciler n
0‘, ('X.y)‘ 2 l'xf"Y'zl
751

and
0(2 (x,) = Ma-xflx,—y,l, i Ix,,-y,,l}
xescise: 1) these are metriés on R "
2) the wpo/ajté.s 7d= 70,‘ = 70,1 are the Sam&.[
2) bt (X,7) andd (¥,7) be two topologiial spaces
sett B=5UxV:U€T and Vey'y
Claim: B & a base for a quo/?// on Xx¥
ndeed: 1) XsYeB 50 XrTira vatn of elts vi B

2) F ABER then AG Uy €T and Y, T’

sueh that
A:(/Ax\/A GnA B: (/GXVB

if petxiy) € ANB then xelpat, ¢7
e O yé\aﬂ\/ﬁ 57'
X pelliag) <(uap) chak




so B a basis for a ﬁp/ooé]/ on X*U
Me '/Dﬂ:/oy}/ on X"}/ Mplucepl é}/ @ 15 Ca//eo( Me ,Dfo/uc'f' ﬁ’,"’/f,?y

&(6/665.& 5/101./ that e metri fo/aa/ty/ on /R1 (s the same as e
produu‘ ﬁ/b/y/y on xR here R is /Ot'ufn the metre 7@,&9@5/

another way fo get a ﬁ/o/bj/ is as Fllows
kbt (X,7) be o fv/oéji/,a/ space
ACX a svbser
Set 7,4= fANU : U e
exeruie: J, (5 a topology on A

Ty s called the SVbspace l"é;ﬂa/?ﬁ,v on A

exe/cese:
) If (Xd) a mebre space and AcX then A has an viduced metri olA

Show (7 )y ® %)
7

Shspace ool metv el togology on A
of ;4/:315’45( fD/aZ);y ducad L/ afq
on

L) ”2‘ C/Rz cs tae ’?r'dX/:s, theq the 5U45/ace 'tv/o/g}/ o1 K'
Loming From [ wth the wetré tomlogy is tie
metri fb/o/g)z on N ﬂ.{l

EAAMPAES:
N S'= {xy) eR* 7fl*‘}’i-‘-li f\
jef'j a fvpo/:// Prom N* \j

/,
MO/EjQ/le/Zi y y et A ,
5”: {[7‘0,... Xn)élﬂ : 1§° %, :ij

9ets topology fom R



2) # c /R j@f‘S Q 'fDPO/7/ ’ﬁ’o;q ,ﬂ (la//taf' ;g 1t ?_)

) Lo, 11CR gefs a fopo/oj)/ﬁ’bm R

note: open sefz 14 leil] are unions of

[o,b)
(o b)
(a 11
EOI’]

50 open sefs n a 5ubspaoe '/vpo/oyy
neeaf gl__O__}‘ be o/aen " or{’jzwal goece!

Oca<be |

*) Sub?oace h,ao/o_gler 'f'p/b/ucf' fD,VO/Ojref que a fopology

on S'x s

and move ymeml/y 5 x $"

B. Lisit Poim'l's and Sequvences

HA s a sobset of a fopo/ey,aa/ goace (K,7), thes peX s
a it 'polv'n” of A /f for each open set V) Wﬂfmo‘?Mj P

we have

A al(v-3) 2
the closwe of A is the sef- contaviing A and all the linit potits
of A, devote the closure by A

a set C is called closed F i+ comtanrs all its it pownts
/6mMa 2
D A is closed (1e. A=A)

DA (s closed @ X-A s open
3) @ hinde wion of cloged sets is ([osed
4) any nfersection of closed setfs is closed




roof:
2) (=) F A is closed then ary p € XA s uot o L it Vai
of /4, s0 9 some on set Up svch that
Up n A= (G- tp)nA=2r
that (¢ (/'oCX"A

_ A - - (
oA Y e,

= F XA open, then for any P&A we bhave
peX-A and ((-A-1p)) nA=2
50 p (s no¥ o [1iet Pt of A
18 A contains all i Lt pls so A is r/[a;ez_/j
) 1 A B are closed, then Q("A>, (x-8) are cpen

50 X-(A UB)=(X-A)Nn(x-B & open

It(}e Mo‘/janfg Z.av
- AUB [5 c,/o;ea/

%) almost same as /o@mﬁ of 3)

%’e/as'e: chec/( 1) E
/ ﬂaﬁtm(numbe@

a 582(/@468 m X s a A«nc(‘zbn P /N"‘"X
we denote p by p, and the sequence by {pn}
o Seguence ffn f converzes o p liL for evesy opea set U con fazm}y P

there. Is some numbe, N svch that
p. €U forall nzy

we denote this p —sp . fr .,

v



exercse: Show tF (Xd) is a mebri space then

Ye¢so 3V such that dlpnp)<E N uzpy

So convegente e metnl 5/RLES (S Just [ike
friom a/La.{y.{/} class
lewma 3
let A be a set w a 5/0/07(2,0/ space x7)
I 3 a segueace {/,,} wi A and pu—2p , then p € A

Proof: I'F ,05/4,1'48;1 pé'/zl— so done
l‘f' /o ¥A, hen for any open set- U Collf?uhth'/ P, Stnie frn 2P
IV st Vazt P €U

f’,‘?f:ﬁ Pn €A 1/0 £A, so Pa¥P
(U-tnA * & (confams p,,,VMZA/)
s P 15 a /MN}‘ p‘f’. o'F A and So Pé/T Vo4

Rgmg/ﬁ= 5670&4(,&5 Can ée/zaae Sz‘Y‘anfe/)/ "M qQ 7@:46/&/ foﬁa/yzc‘a[ 5/oqce
for mm/o/e-' X = Z{Q‘b,C; X

7 = f.@',)(, {a,6], {c]}
©

not€: the sequeace
Pn’ a Vn
Lonvesrges to a ad 0 b !

What went wron j 7

answers: not Enoa.jé 0/0&4 sets to
‘Aistaguh” a and b



also recall from a/la[yﬂ;’ you t’/)(/oed’ 't p i a lint
poiat of A then 3 a sepuene (pn) 15 A svelh that= po— p

but m a jemefa[ fv/o/cf/a[wf space Hhat 5 not- ﬂ‘ue.[

How con we Fx vhese problems ¢

[/ 7‘0,00/@(&0/ 9/&56 6(,7) ,} Ca//ec/ H’au.s/or# ,-}[ 7£v/ ew/f
pair of distrnct- pocats X,y €KX there are

/l-f[oin'[‘ open sets (/aad \/ svel that x €U qnd y € /4

we call q co//ecfz[pn N of opan sets 14 X confmh/.:;/a p e X
a ne{yéléorhao/ busis for p F hr every open set
v contawing p, there i some set VeZl svch that peV <U

we call [X, 7) i”{" countable nf' evtsy pom'z‘— ,oé'X has a
Countable nec}héo/lnoo/ basic

lepma
If (X/ 7) 5 a Hau.;/o/# ﬁfﬂle{'&af pa ce and

f/”»l i a sEquene i X thet conlre//aes D
P and 7‘7’7-/ hen P2

Proot: 1 ptq, then 3disjort opensets U and V syt
Haot pel ond g eV

Site po—p, AW such that pael ad fuel, Vazw
 UnV #7
this contadits disjointness ot U and V) 50 we

must hape P=9 &

lemma 5

let ( X, 7) be a 1i countable 1‘-0/0/7(20( space

/f P (s a //rim" ,da[nz" o'tCA’ vhen 3 G sezueqce
f/,,; m A svcl that frn=F




Proof: Jet fV}oj be a neyltéorﬁoo/ basis for p

et U=V
<4 UV, =V ay,

W

e Y_ V= VAN, ... 0\,

- S

note: UD(/ >...2U,>.
eresuse: Show § Uf_, is also o nc?ééo//tooo/ besis for p
(called nested nefjééoféao/ 5&!/5)

now F peA, then take. pu=P for allp
¥ p&A /\{/h&m aote

) and we see ,a,,——>P

(U,, —fﬂ})ﬂ/\ x2 Van suce pa /lr;wfﬂ(‘O‘)[A
0 ’mi,k P € . AA)
note §pa3 is a sequeace v A
Clawn: pp—p
ina(eeo/, F U /5 Qay opgen set confm.‘q,;'yp
then simce f(/,,§ 2 nbhd basis Jor p
Jsome A/ st YclU = (cU Vazy “,,’,2;2,()
L opy €LLC UV Vnz/// that (s /n——a/ﬂ
ny.
) metri spaces are Hau;/o/?&l[’ and 1€i‘ tountable
2) SUbspa ces of Havedorff spaces ore Hausdortf

S

t A poptatle v 1 ontble
3) Ffodu(,fz of Hauys a[(,/ﬁﬁ s/ace,j oré L/au!d’a/#
“ i 1% poptatle v 0 1 oonteble

Froot: 1) Hausdor#: (¥ X*y 11 a metrii space (Xd), thea c=dlxy)>0
note  B,(R B )=

—



156 loontable.: ]t'uen x € X, then ;8,/’,(")){: can eas/'/?/ be
cheched © be. a nbhd bQS[i/
exercise: Check 2)and 3) &

C. lontihyous Fuactions
lee (X,77) and (Y, 7°) be two fopo/ojz‘wf spa ces
a )Z;Nléﬁoln -fl y— v

15 contfrruous F £7(U) is an gpen set F X tfor all open sefs U i ¥
N this means fxeX: F09€U]

extreise: You tan easi/fclﬁaé
Fi RS R” s tontwinous

$0 tonhoncty 7@,4@@[,?65 (vsing sthadard mefric fp,oalyfg)
what you koow from &

onalysis Ver0 and xeR" 2§ >0 svch that
Aley)<§ = AlF0dF&) < E

b7

for a function £1X=>F the 1%//0&/1&1; are equivalent

) £ s contauous
2) £7YC) s closed i K for oll closest C v ¥

3) for any Ac X, f(7) € H4)

Proot nN=2):
We —f;‘/s;’- note that 749/‘ any Acl: 71:-’(‘/’/4)")(’ 76—{/4)
mdeed: S xef (T-A)2 FROeT-A, 50 F)&A
. x& LW and so x€X-1T(4)
2t xe X-F (A= x &+7(A 0 FHEA
f(x)é‘/—A, hus xé,ﬁ"/}a,@_/




now f F ic conpmuous oncd C e’ is closeod
then Y-C s open and ¢tvs £7(7-C)=Xx-£¥) |, open
hene +£7(¢) closed -+ 2) s e

DA D 15 same ogument

D22 et € be closed n I
Set- A= 710 s _ def?of A
F x €A, then FHEF(R) £ fia)= FIf 1) £C=C

50 X € ‘)C"'/C)=A ond /4=/Tu o[ose_p( f(f"(ﬁ)‘ic
xe ff))

D93: quen pe A 2 Ayef o,
~ A) © v/ st f&y) =x
i peA, the ) e F(A F) s0 x=fly) € C

F p&A-, Men P (s a [imE pa}m‘ of A
it £ 6 F(A) then done s0 assuwe F(p) & F(A)
Clawn: fp) ¢s a luact /)ozw'z"o?C (A

(“ to) € FlA) ard done)
to see this sypose f(p) not- a limit point of- f14)
thos I an cpen set U in U st. HpeU
ad Unfw)=2"
we know £7(0) is open 1 X (since ¥ cont)

d v
oad pé f [1/)_ hopetully obvious
£l(AaB)= Ftm af (o) also £(0)NA € £ (D) £ IHA)
T iannen = £ FA) - $7'0) 7

2:, - - ) o ‘ -
—%jﬂxjtfzei)fqil f) sop (s vof a /lmr{' pamz‘ 07[/4 & choce 07[ Ve

Sofo) e D » flp) 15 a /m',erf'of F4)
and xé £ (AnB) &



"g.

I X 5 1% tovrtable

Then F:X°Y s confrruous
S

»fu/ eaclt seqreace Pn 3P im X

we have £l = F) 1n [

S

Froof: () Jet p,—>p 14 X
let U be an open set tn U such that F(PEU
en -,L-l[‘/) open (n X and/oé £1v)
s0 AN such that nz N = ,Oné‘F‘l(U)
flpn) € F(F' (W)U Ynzpy
1e. fim)— Fp)

) /@'{'A’oeazf m X
e sho F(A) < F#) thea dove éy T627

50 take pélzl—
& ped, vhen FPefAF@
of P&A’,meﬂ g a [imit pt ot A
So é}/ lemma 5 Ja segueace {p,,} n A
st. pa—p
now fip) = €@ Y ond ()] o soqene 1 FL)
emmal = Fip) e {(A)
0 FA)EFR) oz

Wam'p/es o7£ onGnUoUs mags:

) F y,ﬁ(I/ a pomt, thea the LONSTaNt map
F X7 x-y,

(3 tonfiuous, since fo- any open set 22 d

fFYYO=§€ pEU - :
g pey U open n X



2 if Aa svbgace of X, then the 1iclysion may
14— X:xt—ox
is tontinuous  siiee for aay gpen set- () <X
7"[(/)-'- UNA s open ia A
D i £1X2T is ontriuous and ACX has fhe svbspace topology,
then the restriztion
70/A tA—X
s onbavous, since for ary opea U< r
65[4)4/‘/) = fTV)AA (s open n A
1) projectron maps are tontiuous

™7 Xer— X flxy) X (X“'f has the

duct opol
cine Jyrany open set Uin X product topolegy)

T ()= UY 5 apen in XxY

;mm(ar/y 74/ ?é: er___> Y. (“:Y)Hy

5) KOMQEOSfﬁb'jé_ of tomhnuous maps are Contmiuous
FiX2r, gr=%
5°JC t X—2: x> 9(H(x)
smee (F U i open 14 Z, then (9°7C)-I/V):f"[7"/‘/))
ond y"(U) opea w I so0 75"[7"/1/)) open X
b) F:2oXx0:2—(£,96) (s wonhiruous
=
1: 29X and 9:27Y ore tonbinuous

wdeed: ) follows Smee + =7 F and 9= e F ("Y ?)15_»
(&) exertise




Th*7:
let (X.7) be a -fopo/of/'m/ space ond X=Avb with
A and B closed sets in X
H 1) A=Y and j‘g”f’ are ctontinuous and
2) F(x=g(x) Jorall xe ANB
Then there s a ungue contiruous map
hiX—Y
soch that VxeA hd=F6) and VXGE, A/>()=3[x)

P/‘Lo{:: Flx) xceA
defie hiX—2V:ix—> éﬂfﬁ cen
by 2), h s c/ea/‘/y well-defaned
we show h7(C) closed fhr any closed C i T [ then h ontinuovs
Claw: h™(C)= () v g7(O by Th7)
Ph:(e) xeltorex
o x €A or x€B, say x €A (othes case sunilar)
s0 hd=F6) . f6) €C and Xé»rc"/c)c'f'l/()uy"‘//cz/
(2) xef OV (O

Svppose X € D) (othe, case sumilar)
s50 XeA and WX=FREC s0 xe £7'(,/

f,9 coatviiuous = £7(0) closeot i A and
7"/c) closed n B
xeuse: Swce Aand B are closed i X, show £ and
9‘"(@ are closed wn X
wh7) = £70 Uf"/C) 1s closed m X [by fewmma 2) -



a ﬁnchlon f’X%STAOM@MOCP/H}’M F fis a tontwivous
bijecﬁ'&n and e wwerse tunction £ V=X s alo

tonfiiuous

This is the natual guivaloace
between fbpoloffb@/ soa ces

we say X and [ are homeo rMO/,phtZ ,f there 5 a l)omeomofldic}m

from ove fo the othe
note: ol guestions about contwudty, tonvesgence, and the (the

are exadly the same homegmo//oheé spaces

s0 Prom the pe/;/ecﬁvc"’ of '(‘opola7y, you shouldd think of

‘mmeomo,fphtb spaes as the. Samt

%m_ng/ey
) let X=R-{00)] wiih the Subépace 7"0/0/07}/

Y=5$'%R with the p/o/uc{’ 1"0/90/077
(5 761"5 Wbspace -z‘o,oo/o;y from m

where $'s f(ab): a* b’ l}

Clawi: X ard Y arze homeomo/p/uc

! //// //// K—\
'/ T

= Y’:I'xl\’

f ((a,6),2)= (e%a,eth)
j {W,y) (é( )’) In m)

;g-o")

well-defvied smece x*y*>o0



note: )LWF [7(7)— (eln =l4y? elnm__z’___‘)

L‘fY x'—.'.yt
= (7‘, y)

2
FLf(a8,2)- (sgz_zf-%, Wemry

= ((a,b), &)
50 fis a Ial)écfz'wz with wiverse £
From caleuls wve know ﬂLXK”/K‘- (xy,&) +—2 xe®
s contuiuous, so restrit fang to 5'% R
olo contruous

Stu}f/a/(/ for (xy,2) yez'

0 F (s onbivoas sice (s Lomponent- functous are.
you can 5{4«'4:'(a/(}/ vie calculvs o see 7' (s confituous
wfisa homeomorphis m !

2) let X=[-11Ix[-11]=ftay) €RE: it iyl <1}
Y= D= x| xv*44f
Clawa: X and ¥ are homeomorphic

X £ Y
iyl <« an
v 7‘? ////-///

teve (s a contiviuous functron g 5'— (0, 62)

such that j[ﬁ) jW’@' /ijf’/l—\ /

e




deed 50- lose)” oe[TL]ufy 2X]
|swe|” oelFEJ[FE T

exe/cue: g 15 contauous (vse Th*= 9)

now flre): [j(")", ©) ( polar coo/a/u/ia‘/eg)
tlUrne): (g ®)

Clea/‘{y 7C a bbed’lb@ with perze 75—‘

and £ and £ are comtiruons (Why 7)

Remarkr Je (s very u&;oo/“fnnf 11 the defrnrtzon of éo;neamaf/ohz& m
that +7'is conbiwous

example: X =1lo 1) Exﬂ /7; OS/
r=s'
FiXo U e (cos 2T, sta LTH)
i+ we thak of F as a map X—eﬂl It 1S €agy fo see
fom calculus +hat + 5 contrbuous
this mbp/fes F: X227 s conbivous
(sine U open in ¥ means IV open 1n R*
such that U=5'aV
and  F7V) = Fs'av)= 5(Y) open ia X)
so Fis a conbAuous éijé[ﬁén, Lut we dont want

to think of the itermd and ' a5 vhe same !
/uc/zﬂy Mey a~nt becauvse

Llawn: 7' (s not tontivous
deed let pa=F0-%) ¢ G
Pes
fhis 15 a sequence {/)ng inS . Py
ad pn—rp= 1) 17 §!



t f7(p=0
out 770 1 T

o () does not convespe o £1p)
o f s uof ntiuous

an lh)'ec-{?ée onthinuous map Fix-oV is called an embe///igy
1f Fix—=Hx) 15 a homeomorfﬁlém where F0OCT has
the svbspace fopology

50 F we have an embedding X717 en we may thik of X as
a suégﬁace of T

example: 1F AcX /s a 5ué§m¢e, then the iiclvswon map 1°A —X
(5 an embeda(thj

kﬂo{} ywte /i)‘/é/'eéﬁhf emb&ddﬁyf O"F 5’ W-l K3



