D. Connectedness

a 'l'v,ao/oy(baf space X & disconnected F there exists a/zj)'oirzf/
non-empty, opanr sets Vand V 1o X sveh thae X=UvV

it no svch sefs <°//<;'f; thea X s tomnected

/Emma [0 :
Q ‘fvpo/?yféofe space X s connected
&

che only sos 13 X that ave both
closed ond open are X and &

Frost: (@) let U be on open andl closed set 10 X
set V= X-U
note: V & also open and closeol
F U aet X or 2, thea V and U are non-empty
so X ¢ disconnected, so we most have U= X or &
@‘) eszauﬁ.ally the Same P4

The (-
|ﬁ 15 conmected

s s proven is analysts, 50 we sRp the pwot 1 class, bat
I welwte & here ¥ you wart a remwders how the poes.
Froof - 5(///0;& R=AvB with A and B open, olc'gj'o}nt", and non-Cmpty
can assome J a €A and bel yitn a<b
let $=§x €A st x<bf — R
nete: 1) S*o swce acs =0
2) S & bounded above by b

0 3 a kast opper bound < for S




46%‘/4‘/3 so AE€EA or £ €88
F 4eA, they Jevo st B (2 CA simce A open

let o=l bll ) .

and § = mm fz/z,d/z} B

note 4t 5e b, ce) C*‘gs 4§ €S X4 log
4+5<b

L L mustbe w B
5o €20 st Bk
by the detinition of [v.b. d a Seoveu ce fstf mS
such that S,—4

50 b /a/'fe 2 s, égz[") 5.0e) B

bat s,€A sp AN (4-%g+0) T2
ths contradictzs Anl =&
so 44 Ao B K
v such A and B dont exist and R s Aom/zecz@a(ﬁ

Th®l2:
a svbeet-of R & convected

_ <
F s an 1nterval or &

Ge. (@.6), [ab), (ab], [a,b] | (o),
(-02,0), (a,62), (09,4, [2.69), )

P/om[: (%‘_" ) same a&ﬁumen-f- as p/‘oof o7L 72'&//
(=) F A s non-empty and uot an irtecval, then I 2bEA
and ¢ e R-A such that a<c<p

now [C“N,C) /)A] and [(€82)nA] Aiscomect Aﬁ

fXaVMZ/e: [o,1T and (0,1) are nof lqomeomo.f,yhic
note: The seems obyiouos but rof easy o prove
without conne ctedness ./



to prove this uote thet for aay a € (1), (00)-fa) s
not connected
F Lo and (0,1) were Lchomo/lﬂ/u'c then [e]
would bave ¥ property too
indleed £ Filo,]—= (o) wee a homeomorphicu
Yhen o any @ & [o1] we kwow that
(0, 1)- )] (s dizommected
B easy b see
71:}[0,!3'5"
(s @ homesmophism, so [o1]-fa] 15 diswomerted
but note lot]-fol= (0.1] is comnected

[ (B ) (o) - [F@))

mﬁ /3
The Mmje of a comnected set yader a
LovTtAuous map s connected

Froof: let X be tonnected aml £:X-F contrrueous
set 2= F(X) c ¥ (wth the shpspace topolosy)
Clawm: Z (s comme(ted
of not j non -€maty, Open, dé}/ozr}z" sels Vad V 0 Z
svch that Z2=U oV
we noted earlier that +: X2 & lLon AAUOUS
50 X=F@R)=F"(VuoV)= F (L)oo £ (V)
and £71V), f7(v) are opecs and nen-empty
moreover £7Y0)af ()= £ vav) = £ (o) &
so X not connecred X &

a space X ts calledd ,ﬂaﬂr comected f forevery par of potats
/),76)(, Yaere (s 2 (onfriiuous map
Y:lab] =X



soch that Y(a)=p, Yib)=%

Thel¢:
X path connectd 2 X wpaected

pf‘oo‘lci
we show that not connected = not= path conne cted

F X not tonmected, then 1 ﬂo"'&u/éf, ﬂ{t'f/'oinf, open sefs

Vand V s X= U0V
let FEU an A 76 V

} there were a /oafh )’-‘[“‘6]"3)( ﬁfbm/o-ﬁa;.
ten ¥ 0) and X)) would Aiscommect a6l ¥ Tu= 12

50 X s vot pm% conmected Vo4

Wamele : ) . Bn
) B" e R" (and R") s commected
stice (F s paféz covnec ted
w1 deed P,765j thea
Y(t):= (f"f')Ff‘ f’f- (s alaa{% P ?‘o;.

2) R"-50} is commerted f nz2 /7_
sice 1 is pdflt connected /
fo see this, take ary P,7 eR™1o) .
l:{' /me Z W‘i f,f- Aoes nof p(oeSVl{f Vo/k

contawm the origu , then
(€ =(l—f)/ fo
L./o//'l}

F £ contaws the o/(;m;l 0, taeq 2
piek €20 st O & B3

take any 2 € AB,()-L




le ¢ X (€)= C”i‘)p-r tZ
Y, (0):(1-t) et tp

then W) = Y, (2¢) t€lo, %]
Vlze-) el 1]

(s a path ,07‘07,

M This shows Hhat R "ic uor homeomorpha'& o R A nt]

[since for any xéﬂ', R fx] a/,,w,me‘{e/)
is B*=R’.. 7 no but haddes (mipht o later)

) S e R s oumected for 422
by Ta# 15 since 3:(R™$03) — 5~
X T
Is conbrauous

E Compactness

a collection fUJ‘(éJ- of sibsets of X is called a coyer ofF X
(F X=q%,({<

a fvpo/gcbaj space X s called tormpact o every cover of X
by open ets has a fhnite sobtover

e fV,(fléJ— a wver of X with each (4 opea, fheq
3:];&7 a Funte Wé.f&’f’ o7£ J  such ttat

[({(ga/t‘f IS a Cover 07£X

/emma /5—=
| A cIoSé’/ sdés&-f‘m[ Qa whya&f 5/@43 z:f com/oacf




roof: Jet C be a closer syhset of a Lompact- set- X
ket $4) be an open cover of C (Y open c)
9 q sets (Z open in X s ()= Q’,nc
let- U= X-C
[ 30[9) is an open dorer of X
03 {0, .. 4 }fv] vt also corer X

note f(z(‘,...,%,} covers C gz

/€MMa (6
| a &OMIOQC* )‘Ubfef 0"[ a Hau.fﬂé/# goace /} 6[0580/

P/‘QO’F’ /8* X éﬁ a HdﬁSa/o/# saace a/w/ CC-X o Compac'f' §Ué<)/d£e

We show X-C is open , and hence C 15 closed, by
5“0!4/”‘7, for each xe X’C, 3 open sef” Ui such that

x € cX-C, then (as before) X-C=U U (s open
xeX-C
o Wis end, ler x € X-C

Vyel, siice X is Hausdortt: 3 dijoint open sets ¥y, and U,
st x éljy and y € VY

(/

\

Y

Clearly f\/yfyéc is an open cover of C

50 1 Yiyes¥n 5t }/V»,...,Vy,,} s a coper of C S

let Uy=Uyn..al, C

this is an open set and Uxﬂf\/y,"---”Vy,,)=@
LU= 2 x 6 Uy eXC g

/€mma (7:
| the contirnous z'maye ot a (/ompaa‘ S/ace L5 tompa ct

Pf;np'- /ez” 7£X"7(1/ be continuous and X compd(,f



let {4} be an epen tovesr of £ )

o §F(L)] on open tove of X

o 4 a Fote sibcover fP"/%)’..., f”(q(n)}
s0 {l,,... ({(n} is a tover of HX)

Th?f:
let 7(‘)(_’7 be a tontauous é/'_)ecﬁbn the = s :Vf?ég

i X 5 compact and ¥is Hausolortf | helered with qeotant
spaces /

)

then ¥ & a hameomof/alukm

P/Lm[-' we need to see £ 'iVY=X (¢ contyiuwous
1. by 7Th=7, V closed sets C 1i X we need to see
F)c)= Flc) & closed i ¥

bm‘ C closed i X =2 C s COM/aC'(’ b]/ lemma 15

=2 £l iy compact éy lesmma 17
=2 £06) (s closed é/u lemma /ég

The/9:
‘ [o,tT s tompact

s s proven is analysts, s0 we sRip the p/&of i class, bat
I welwle + bere ¥ you wart a remwdes how the Fo€s.

[roof:  let gféf be an open coves of [o]

let C=fxelo] st Fox1is contavied in @ poride subiollectzon
of {41]

aea//y oel
We show C s open ond closed 10 {9
v oswice C i commected lemma (0 2 C=To] and

we ase /0'76 ./



Copen: 1f x €C then let ., Y, be sefs (overtny fo,x]
3) st. xXé U“’j
$0 (x-§ x+§) C_C’/

C closed: # x 15 a lint point of €,
vthea let U .be sel” (,orﬂ'azmry x.
50 9 (a.é) s x € (a6)c
sice x a lumit polnt oFC, we kaow [ (a,9) -}'X})A C+o
let ye ((a9-t)aC | so Iy x] [or Inyl) €

owyéC ’9.:7{1/ }fl‘ [o,y] € Gu. U%.

Yoy -V, toverss [ond 50 xé( aﬂdCdOSeo/g

txesuse: The la/oa[u&‘ﬁ 01[ 2 cowycch' pqces (5 40»44/462‘
Hut: this is hard. Start by liyfcfprehh/a compactneg

In ferms of basic opea sefs
Th=20 (Hedie - Borel):

a subset of R" s compa ct
=
1+ U cdosed and bounded

froot: (&) f C <R s closed anod bounded
then bounded = 3 R st Cc[-R RJn

but ER,R] & hameomorphic to L] (What's the homeo.?)
40 ZR Kj (s Com/yaa{' Oﬂﬂl '{’/IVS o In [R RJ ‘7)/ %’efaje

now C closed v a ww}mcf et = C cam/m(,f (/emma Ii)
(=) (¢ a compact set- i R" = C closed by lemma [§ (sice R

: ™
C (s bSounded becauvse iF not-, the e (s Hausdortf éy 7% %)
would be a segquence 2{,0,.3 i £ o lpal>n Vn



G/ea/[y no Sc/éféf/ence_ 07[ {ﬂl} tan tonvesge
s contradiits the ﬁ/bzw}y resvlf p

Th“2l
1 X is a 1% ountable space, then
X Wmlpacf' = evey Sequeate (u X has Be/— Ca//ea/

@ Lonyergent” 5#&5!7:/&:42 sef”e”ﬁé /}«

Co
I£ X a metr goace, then & “aact

this prot- s guite ivolved, we only prove & for metri $02(€5
1t Vs e é//woy lewma that we will need later

Jlemma 22 (Le besgve uvmbe, /emma)’

let (Xd) be a Sefuenﬁé /9 Comprct meﬁ"c%\ called
If C s an open cover of X then 4550 (‘eéeffae

svch that for evtry set S X with dam(s)<§| e
Jo et VeC such tat Scl
here  dliam(5)=svpfolxy) | xyeS}

M‘ jiven X.A) a metriz space ondd C an open Coves of X
We dvow that oF no svclhh 5§70 extst, thea X o vt ﬁfuenf»'a/}/ Pt
¥ no such & exists thea W nwo let €, be a sef with

) diam Ca <F  and

2) G, not un any opea set wm C

fake a ,ool;at‘ x,C o cach «
Claim: an} IMS no KonMenr" Wéfe7uem.&

t see ¥, Supose { ¥ 1 is a lon vergent subseguence
and Ky =%

note el for some UeEC

50 J ¢r0 svch that PB.x)cU



and 3 L0 Svch fhat
a’[x,,t,'x) <£/L,C2nﬂ(
& >
;11;< f VizT

so G < Blx,) c8,)cU @

fX,,} bhas no com/c’?en(' 5ué<e?uemf

Proof of 74%21(&):

Llawn: X s SefWﬁ;f/ér tompa ct; thena Vevo, X con be
Coyered by finitely many £- bally
P of not, let xeX be any Pocnt
B,tx) ooes not cover X

/ef' WZEX" B‘i[)‘(> ) )(
y[«rcn Xy o) Xnn soch that E{(\c.), ---,Ezlxu) doesat tover

take %0y € X- (B,0x)v-v B, (x,)
note: d (x, )26 Yo%)
fx,,} can Lla«re ao Coml&f/oem"‘ S‘Uéf&7u€ﬂc& (Slhce a// éa/[; O'F
/‘aﬁ/t'u.f ¢, can have af- mos¥ one ’X,-)
5 XK ois not 567:/341‘1&/{,/ compact- 5_{?_/
now let € be an ofen Lover of X
by lemma 22, 3 a Leéesjue number 5>0 for C

7[;:'10/ a cover o'F X 5}/ -/;m'ff’ly many balls of /‘adaiy 8/3
each ball  has o/w.zm = 53-& <S

so eacl ball i some U i C

Choose one such Uy hor cach ball
this is a haite stheoer of € 4



F GQuotient_ Saces

duotieat spacwes ae a great vay fo bu bt mteresting and
Com///&aﬁo'/ Spaces, and construct mags betuean thew.

let X be a -I-o/a/o/or'c«f sace,
Y a set and _
.f X—C a 5¢/!éﬁ;,e 'ﬁa/r(,{zorl

The collection

7F={UCY/ £(v) open in XS

(s Cal/éo/ the ?(/gf)éﬂf 'fopo/olyly o Z

w 5/1014/ 77; !_5 a 76/0[7}/ on ,/
Th*“ 23
let X and U be fo/aﬁyzc’af/ spaces,and
FiXx—=y
o Sorjectu€ map

Then the qvafcn'z‘ fb,ﬂo/oyy 77; on U
ayrees w:% e jl(?fn fopa/%, O }/

e 2
@0198:/1 i ¥ /)if f‘/U) ope (e X;

a 5d/je(ﬁ1)~e way fix—7 Saﬁf?ﬁ/l:ﬂ/ ® ¢s calel o quofteat: rmap

Lm/e-ﬁ///y ¥ (s cleor a 7:/07‘79.414 /mp /-5 confwinoys.
Proot: (=) Voperm ¥ & (/67_f & 710 ogpen »n X

50 & Bree
) Ve @ F ) openin X O panin ¥ gz



lesmo 2
let £:X—=7 be a contrmous sy jection

I is a closed Moy or an opes map,%en
f s a qothent map.

Leff 7L .é‘em/o 5/059//0/‘?‘4 meaas %a'f 749/ dn/ c/o;fv//@f?ea/
set A m X, FI4) o closed/opes 11 ¥
froot: Assome + s am open map
/-f v o,aen ) ‘ﬁ then 7( U) opeu (n X s/nc.e X s loutecrteows.
H U any set w0 ¥ and £70) open 1 X, then

F(F (N0 15 open o 7 since Fis an open map

50 £7'(0) apen jn X & U oper wir I
s £ 05 a g vo het map
SIMiIa/ a/yumem“ 760/ 1[ a Clogs’a/map (@re/cde) &

Qcaméler

let X =00, 1] ,
Y= S's uuF circle @ R wth the 5(/&5@266 f%/caoy

FiXoY: ¢t 2 (cos 2Tt 1 2T +)

Fis tonbauous (we kow cos, sir are continuous from calealis
now done by discussion of contiruous

maps 1o products)
+ /s o/t?a/ly 5«///‘8( hoe
Claww: f is @ quohient w1ap
fo see this we shon + is o Cfoseop;my
acte: X i compact (T6*]9)
Y i HauschortF (st4ce ¥ ts a metre e, h2¢)

A closed v X = A compact ( lewrma 15)



> ) compact (by buwma 17)
> ) closed (by lemma 16) =

M’ ‘?l'lreﬂ ’F-’ )(—97/ vﬁ% ' ha(/ll:rj the 7uof77eu'f- 7‘0/&0/%/
we thok of ¥ as tonstucted “from X by lé/enh‘ncyl/l'j poléfj
— >
5 dr” ()
O aud L

this s clear w this F//am/é but quotient wmaps moke
fﬁ;f 4 70/0[,( <

Th225:
Given a quofient wmop F: XY and anothe soale z

Then 9: 72 s contiruous

e
90}: X— € (s tonhiuous

More lnfurtion: If F:X=2Y s a 7uo1>'ew7‘ mop | then

fﬁm/y/o'y Lontinuous 'ﬁmcﬁon; ony
;5 QU(I'/O/E."”% z‘_o_

S'Iu/yziy Con s Hunctions ou X
that are constant- on the ,a/ezincye

of poirts 1 [
M’ Continuuoyus ﬁ/ddﬁo'ﬂj on 5' we Use s
are the same as contnuoas functioas all e tiwe [

on o] that wap O and 1 to same /oim"./
note: ZO:’] s oa “Slm'lolo?/‘ : 5/0453 b ont .5"‘

s0 qrotieat waps allow vs to study tontiuous fumctionr
o §' by /oo/(u%j at sl —ﬁmuéhf on a ‘klwi/a/?/q yace

pfom[ (=) wm/osﬁ‘?ah of cortamons ﬁncﬁbn; 15 contrauous



€ F VU is ofen wi 2, then (7°1c>4/0)=1c"/7"/0)) is open 1w X
by detwnction of The qvofrent ‘{'o,aofoyy ) 9 W) opgt m Y
S0 9 15 tontiauou s &

We now make precise the idea of “jofw'nj spaces 7‘7@7%?/ From
swigle peces "
et X be a -/a/o/cyz'ca/ space
a 0@wwr’po§ ton D of X (s a collecton of dz}/élh{' subsets of X
whoe wion (s X
Jet p: X—D: x+—> sef w4 D Couttainmg X
this is deadly a sucjstive map

S0 we gue D fhe Guotient fopokgy 7.
(¢ 3 cD i open & (6/‘85 s open m X)

D with thy fo/o/oz/ is called a aézompoglﬁbﬂ space, or
f):/oﬁ"em‘ pace of X

you Should 7"4/&/( o-ﬁ by as lehe/e all e sets SeED hare
been w//a/;zz/ fo po/nﬂf

WHMQ/Q=
/C‘f X'= [0, 'J

D= { 1) Ixecoin] o f foui)]

each pomnt on e wteror of Lo s mits ouwm et v D
the on/y St in D with more thon ope poer‘ s folf

50 O (s [a,lj wth 01 ld&/lfl?é@/ to a Sinj/e_ /90{;414
let p: o3 D be the quopént map

not svrprisingly P (s homeonco vhii s'
prsigy 14
Pod'  Jo,]—25 5" frg=(tos irt, s 27 )
Pi ,;"7 o/ea/[}' Jf:0- s!
JD’/ f B, Th225 f tonhivous



also clea/// fa bijectzon
now 72— G LIOWGOMO/'/O[H-!M é' The /%

(sice S Haushorff and D &
tompact smce (t s the

conhmuous m'iafa of £o.1] )
50 we have /E_y_orow_cl_s{ seeu s’ '§ Ji,c;f fou] witt

O and 1 “glued fopette
7ewem!«2:~?j the we bave
Th226
let fiX—= 2 be a confumous surjection
set D= ffla):ae
9u;e D the guotiest- topology
The mop  widues a conturuous biection g9t -2
Moreoves;, 9 (S a homeomo//él_'{w

o
f is a guohear map

Froof: C/?a/‘lf T tmdeces a é/jecﬁi»r 7=D-9 2z
(Bronay xe p'(5), set g(3)= =)
let piX—D be the gvofient mapf from abpye
by Th®25 g is conriuous Stce gep==f is
&) g @ Aomeamar/ﬁéi_sm we kuow/
U open v 2 & 7"/0) oper w D
& f"{u)=p"’[7"[u)) open 1 X

) 6«‘55(/#41}\7 £ /s a f(/oﬁem‘ map we see

dcd open 11 D & ,0"/-3) open w X
bat p'(3)=1"(g (2))
50 & open D & j@—) open i Z



eramples:

1) X =z [o,1] xlo, 1]
R = fgh‘Y)} ’ °<7‘}’<1)? {f(’)’) /oy)} | ocyerd
v e, ér,o)i oex<id v ffioo) (o), (1,9), (1)

- @,

oaerce D X 5(¥§I _
Q'/wmeomor/o&(&

2y ket X= D% feneR”: xteyisif = fere) eR" : reif
D= fon)s e v { {aan) weraif ]

.-—\
./

P/ogfz Aetime F:X =2 8 (r0) (515 Tr tos, 566 Tr sui @, (os Tr)
can check + (s a continuous closed ;u/jécﬁbn

2) X =

s



S0 ’F 5 a 7(/063‘.47‘ ma P ead F induces D
Slnh;/a/§/ check S” 15 D" wety D" cp/[a/o_{ef( fo poit:

4y X=5¥"= (s, ., 2)¢€ € g Mgl 12,12 18
we say 2w €S are equivaleat if T2ES' such that AEZW
(1e. (A2o, .., A8a) = (v, .., “))
le¢ D= § equivaleace classes of posts in s¥'f
denote ths éy 51“/;" andd que (f fhe guotrent fqoo/of}/
another way o thik of 5 f

le¢ CP" = { complon liies i ¢™*'5

note: €ach complex |
Jme wrt€reects l /9/'/ \\
SU{" . > \
S

|
" aan 5 J 2q+(
5
owercise: Show there (s

a one-fo-one cCorrespondece
2nt!
between 5 5! and cf”

((.«/e can vse s o pat a "('b/O/(z?/ ou Cf")

we call TP complen projectue s0ace

LIG/‘OI exe((se: Cff)' Iy Aomeamu/ﬂ/ul to Sz

Hat: consider ma $Ph, g
(2.2) (2.3, [¢,~12)")

. N A
h is called the M'm’g here $Fe xR
cnd is a Famous “Fibration



5) givea sgaces U and Z,
a 5d95/ace A of ¥, and
o tontwiuous map £:A2
consider the ﬁ//ow}aj aéwm/oél:f?bﬂ of Tv2:

the ﬂon—‘l‘Y‘l'l/l;t[ e/emem% O'IC' D are
{ §a,f@) | a€Af

we say Yat D is the cpace obtamed b/
Vq/w'vy Y +o 2 alon/q/l (V(a f)

denote ¢ by T4Z, or better ¥ U &

6-3- a) Y—'-' [O, l] A= {0,{} «F(o):(o,o) 'P(l) = (4,0)

_ Rt
2= R /\JY

b) Y=2=D* .
A‘S(-‘:bowwlafyp

FipA—>2: X%
Y %:él — .),"0' _ @
Z 17/

oneruse YV,‘, Z homeomor,ohtb to 52
&) Y=D%=unit disk mn R*= €

A =boumda/7/ of D¥= g3

2=5°

hard exercise: YUJ; 2 hOmeomorf/u& fo cP®




