Jil Momh@/a/ﬁ
A. Defin ttions and furst &/fahf,o/£5

a fvpo/?rbaf spoe M s called an n-mandold F & is
1) Haajdor#
2 2% copntable
3) each powmt- ,ﬂéM has an open

net'jblaorﬁooo/ v homeamor/[ub to
on opea set- V w R"

Remo/‘éS’ v
1) 1t can (76 SAown hat any /I—manifo/o/ Can ée eméea/a/eo/ n /K

for some M (Some /eqo/e wiclkde tais 1n the debnition

oF manibld, in which case 1) and 2) can be cmittad Stice
‘f%\ey are am‘omaﬁ'a)

2) n-maniblds are met spaces
3) the ea 15 than on A-maniteld ' "/o(a/// Ewclideqn
(conditions 1) and 2) are just fo avoi /Jafﬁoéfz'm/
Lrvmples)

q) Z'Manl.ﬁldf are afso Ca//'eo/ Sw’ﬁrCeS

5) the home:omo//éfsm ¢: >V bom 3) s called
a coosAvate chat

exXa mﬁéj :

3 2 *
) S5 fne) e ey =1] s 0 sptace

carlier we discussed coordinate

charts of the form (x,y)# (%, 5, [rx"*)
here we gwe a AHfernt apoach



,{/:(olo’l) yllfeﬂ (0.9) 19 'Xy—//ane

le ¢ f[a 9° liie %/ooyé (2,6,0)—ouad NV=(00,)

50 J?a.é) (s porameterited é/
(2,6, 0)

s(a,b,0) +(-5)(0.0,0

1

(sa, sb, 1-5)

1
by 15 (asf+(os)+ (-5)* = |
(Gteb +1)s*-25 =0
2
So 1at1secthon Awgq; ,,,ée4 $=0 o, = —I-;;;_:Z’,_
s0 Aoy as' of a Untf'(/e_/a(;z(' othe than 1/

e at 29 2b _ 2
© (m, Itet+f ) I~ Teats:

s0 sef \/=ﬁ€1 and (/= 52-—{,1/]
then TN/ @) > T (228 aeb’-1)

is & Lonfhiauwous map

to see Ty a homeomorphem we can constuct "

oxercse: show 7?:,/—{79)/,2) = (7%{, )

aT - s Ca //60( ij/Cczyfapth p/‘cz)'@cﬁ'b/\ ano(

4

Ty o alled ste/epgraphec. oo diates
7 7

note: this shows S° 1 Just R wth oue pount added
(qa{' lh’ﬁn(f‘/ ”)
U$i'1j 5=(0,0,-1) you Canjc{’a coordmate
chart about NV




We/‘a'se: 5404/ 5” (s an ’l’Man("Fou é}/ wn:ﬁ“}nj oéu//l
S€reographic coordinates
7 2P
2) S's a I-many Fol A oo R
consider piR—S' P

x — (CostT X, 514 2Tx) X
yl.ven any x €S there s a small Q st

nbhd U of x st p™'(V) = ynion of
12 fervals

P restrated o eacly of these vitervals s o Lpomeamo/,a/t s
[40) 5{ ;5 a /'mam‘v[o/o{
3) Ti:s'%8' s a surface
(XOIYO) € 5‘)‘5’
x, has a nbhod Iz(a6) 1w $'
v, has a nbhd T=lc,d) i §'
So (7(,,};,) has a nélw/ IeT homeo (aub)i‘(cld) Cﬁ?_

exercse: Show that the p/‘oo(uo‘l‘ of an n-manifold and an
m—mam’ﬁ/d s an (n+M)—mam'7[0/o'
) T ﬂjain
recall from Secfion IL F T s a quotrent spawe ol

- / 7 w/le/e o,aposf(-e, 51.0/6’
\ // / // arve. leatifred

1

S
ld

c/ea/ly any pomnt pe (0)x(0,0) has a nbhAd homeoruof,ﬂ/tcé
o aa openset i R*

new if P is on an edoe percse: YU/ = open ball

P

N ‘
L/\\ half ball ( § ™ {[a/ (7 74/' of*ﬂe/' 90{76)




F p (s a corner pount
P

50 TZ 5 a surface (Vhy i5 1t Hausdorft-cnd 2 coum'{-nb/e?)
5) In Section L.F we saw

Momeo
to

onercise: as aram,aé ¢) check s a wrtree

Sl;mlla/'[/ S — h "

SRR V%
9 holes N

guchrent of

5 a Sufface ‘oo
‘ff -7o/l

6) T32¢5'«5'xs" is a 3-ma¢|i7§// (éy exercise
above

but also can consider C:= cube = Lo1xlod] x[o,(]

;bfenﬁ‘fy oppos (fe
7 stdes by tranglation

B Y exerce: ') C/,., '3 73
. z) SLOW C/zv 5 « 3""“'1;7“0/0(
lke T° i %’am/:/e %)




7 lens spaces L{p.9)
p>9°0 rel. prime
let P="svspengion of

"

p-g°
Lip-9)= P/ el
where ~ gloes top 1o bottom s

a-/;fer a Z_gﬁ twist

CXE/ C(5é= Show these are 3’mam")g/d5

) let V, = 3-did sttt inside Z,

let f: 5"\/: ""93:/2 be a homowzorph(}m
2:3 2_'_"7
owercie: M=V, Vs is a 3-mancfold
(all ortented, compact 3-manitolels are cbtavied
thes way |)

—

A Se&omal coum‘aéé, HaUSa/O/f'F 5/0czce M (s an n*»m/n'vé/a/ wlﬁ

boom/a/g F each po:h{' ,06/"’ has a :lb)m{ %
homeomorphii to an cpea €t in RS, = § (ki) | %4205

Ka

Rso

g TP %n-1



the éouno(a/,y of M s

dM=Epem| p oty has abhd homes +o nbhd of
(%,,..., %4, ©) n ﬂ;o arw/,o
maps Fo pomt with %70 },

the interior of M /s
Mt M= M-M

/m,oa/‘(-an t facts:

. 1 - .
) no open set m R /wmeOMoffhw fo an
open set v R™ F m#+n

2) no gpen nbhd of ( Xy .o %y, O) 10 K;o s }Iomeomor//ub
- 2N
70 an open set in R

Rema/‘/ljt
1) = :f M s an n—mmd[a// 1t & st an m—znami%/a'

forany ntm (F M*2)
2)=> mtM:= {/’ eM| P bhas a nbhd homeo. #» an open
set i R §

Lwescise:
M is an a-manitold with éou/loér/‘)/,%en

D) IM i an Get)-manitold
2) ntM is an n-meniold
) d(oM)= 2, 3 (intM)=2,
't [3/'4): oM, and it (at m) = mt M
B. /'maﬂl.ﬁ/dj:
Th*“21:
I M is a comected /’Maﬂi?é//, thea M (s éomeonorph « fo

1) 5 / oF M s con;dan‘ and without boana/a/y
2) [o4] EM s compact andd M+




3) [0,') 13£ M s non—wm/paz'f' ond 3/‘4#)@'/ or

¥ (0, )R F M non- ompaLt without boundary

$0 we com//@fcév undesstand 1—mam'74://5./

the ,ﬂfoof ¢s not hard and can be found 1 many boo/(;/Coa/‘;e;
11 topology (we skyp the f’/‘oo#)

now what are ymm&fr'/c':r of mm,oaa‘ /'maw'/o/df
( that- i< k/haf- are llamwma/,ohifmf)

two Aameomor//rirm;

£ 4 KX
of a fvpolyr‘caé spae ace called tsotopec (F there 15
homeomaf/hijm

F:Xxlod— Xx[o,(]
b/l’/’h F[X,f):‘—(ﬁ_(ﬁ’ f') ana/ Fo:‘ -f; , F:f

this uﬁ/)/:?s /3_' ‘X X (sa Aameomo/ph;fm

fo twp hamgomo//wé/}m_{ ase 150 7’v,o © o you e coﬂ'f'ﬂuously Aetorm
one wmty the other ﬂt/bcyh Aomaomo/ﬂu_'{mj

example : fa:_S’—-aS’ ,Jenﬁfv 7‘;/7 Q
£ $'= 5! sototion b/ T

let Ft=/'ofzcﬁénby TE Q —577 @ﬂr

50 F.,,[x:‘!“)-‘-' (Fpcx), €) 1S aud

sotyy From £ o 4, ’C\‘ @W

) ony homeomorphirm Fifo, 1041 is isofopiz to
i : fog) —fo,t] :x—x or
rifol] —=[ot]: x— I-x
2) any Aomé’omo/‘,phtkm F:s'— 5" fko@ré o
id: 5= 8" xy) —> (=, y)
r:5' = 8" (xy) s (xy)

/E’Iuma 2




so we wmpé{eéx vnde stand hameomoqoh/snxls of compact-
I~ manifolds  ypto I-Sofvﬂ/

an om'e/lfaﬁom on a /’Mﬂnh&é/ 5 a C[wl’-(é o'[ 0’17€Lﬁ0ﬂ

OO =

note: lomma 2 says Aomeomo/"ph(}m ¢ of [0.7] or 5 ore isofopic
e fhey both preserve o yeyerse orientations
Sketch of Froof:
let F:[214]— [o/] be an orientation preserving homcomo'?hl:fm
noté: f@=0, £)=1

set F0=(-)Ff6 +tx
chech 4 qives an ism‘o/a)/
for f:8'> 5" orienta on p/eserwh/a
vse rofefion of S' to isofope + vt £((12)= (1,0)

reca ([ we have a 7(/07’7?42‘ o & (0] = s
From Thes we get £ fou] = fo,(] an orentatzon f/rsen/a'y howteo.

[o,l]-j:'?[a,l]
3 A o

5! _t ¢
50 we have an f:m‘ap/ /:j‘[":’] — loa] From 7? to i
le ¢ I€=7.°/'; $fo,1] = S

Fot5'=5
quoteat space theory says Fu (s tontinuous and o s
clearly a bijection

Ft 5 a homt?amo/‘/a}tl:sm since S s compact ond HrasdorFf
(THEIL. 17)



exercso: theik aboat the orientatron revessing case =

C. 2-wonitolds

Con think of an oreatateon on a domam w R as a lconsisteat)
choice of orentaton on a Sma [/ ola5eo/ e af eaclt lao/o'tt‘

11 age. of §'
Q GQ note€: s 1«70&1435
G?QOO (9@ o g o1 orieafaticn oy
Q % o e the bounddary
<&,
clochwrise covnter clochuse

a surfece (s orteated guen ary coordviate charts | &: ‘(c"’qffzm

Such that Z = }{A W there s a choice of arentations ou the

Vi svch that wheneve Yny *8 we have

z
ASNY)
‘&“ ~—~ —ﬁf—‘
!

the map ‘&""t“ 45'(‘{«4%)-9 4’;‘(‘4”%) seunds the o 1ntation

ov \[( 0 the one oa \{x [no{-e ‘P;I'*ﬁ sends closed

curves o closed carves)

F cannot- be orgnted F lJ ca/(ea‘ vton-or:én{aéé

Wo;«ekﬁi
l) the annu[uf A= S‘X fO,f] can ée ofterﬁ‘@/

ej now/ amr cao/a/m'atcc Céﬂ/ ]

\@U—"V for A we vieq

orteat V




2) the Msbius band M = 7777}

a{on'{' 0.7/36!

Lxerise: ) fd 2 charts on M so that thee & no Wy
fo Saﬁ31§' the ortentation condtion choye
(?t: fc}ao/ously stow/ MG not- O/Zé't“néfe)

2) Sltou/ a éun[tca-& (s not oviénta é/e
)

I+ wni‘a(;ts o Msbus band
Gien tuvo surfaces Z:, aad Z,
let D; be a disk i Z;
(F Z; s orieated 7:?/6 Di orentation nduced Fom Z"
otherwise Choose an arbitrary oriéntation on D)
let I,= T; (it b;)
let £:2D, — 90, be an orentation reversily hmea;qor/h}m
4 1
20 29I,
the comected som of I, and T, is
Z'#er Zlo U‘f Z:

T

“tED &
7, T’ ZHZ,
= =

Cencise: if Z. and Z, oce oriented Hen so is TH#Z,



| the onnectd sum of to conmected surtaces s well-defued

fo see this we need o see that the Lonshruction (s 1ndepesndent- of
1) dishs § and D, vsed, and
3) homeom o///I im F

for these e have

levama ¢
/3(’ D and D' be Ao Adisks )3 (rf L oriented then, orieat D and D'

with the onénf’az‘z'on)

773‘4 %e/e s a Aomeomoq&l-:f m
b: (T-at D) — (T-11¢ D)

t /m‘ preserves e oreutabion of the éaww(ary

/Qr_vzma 5 e
let M and N be two manihlds with boundlary avel ey sinportant
£, 7[: s M DN / (
emma |

o homeomorphums.
F £, & sotopi to ,, then MU N =My ¥

Rework: lemma t s similor 7o Exercse 7 on Momework 3
50 should be ée/zet/aéé
for the sahe of tume we Sﬁa'f tHhe prbaF

Prook of T4 % 3:
et D.,D' e Z, and 2, D'cZ, be olishs

ond €190, —90D, , £ D' — 9D, jo origntation /eer/ﬂ:y homeo.s

Prom lemme ¢ we gef /zmeana//&amf
b1 (T:tD)— (Z,~we D)

and



Vi (Ze-wtR)—> (T, -t D))

et F=¥"of'ep:2D- 20, note: £ i3 an orreatation reversing
1 1
oz’ 2z? 4 omeomar;cltdm

S0 £ and 12 are. (50t5pic éy lemma &
thus f,ou.f Z_’: z Z.—,a Ur Z: by lemora 5
but

0 Db
“4 fﬂc g

& iduces a /wmeomo/,dé('fm
o o oo oo
Z( UFZ,_ — 2:: U.,c’Zz
on the quotient space (check vhi!) o

fo prove lemma 5 we need

le mma b

If M is a wanibld with boundory then there s an

embe”u“”f ¢: (["‘co] x DM) M

soch that ¢ (fejxIm)=om

for a surtpe

=)
["’NJ?‘SI
this s called a collar neg'qhboflww/ of 900/'06/7




for syrtuces g is witeohoel s obyous

%2.( /e:owa s éasy fo //Due 051:;17 td/éaj 79&;44 7@@4@7‘6 m{é
oursés , ut we will not prove oF here
Proot- of lewima 5

we need to build a /mmeomor,ohism

”o{ﬂ'ﬁvw»
e LT )
[-1.0]x o/ /‘ﬂ

W e— [-1,0] <N
‘;o[ )_['

e
i,

we waat fo eafead over wid) to 7ef— a llomeom/,o/larm on
the 7(/o'l1éﬂ7‘ space
b tis et F: ([0,1] xdM) = (Co, (]x)//)
tr) (¢, E@)

be the l.'!OﬁD” font 4, % 4

note: G (fou]x2#) = (fou]x 24)
¢ > (t, 47 (p)
5 an Bow‘% from —F,"”E, as (a‘/a//

et G [[-oxm) = ([-40] o)
(€A ! ? (f/ G, [,0))
Hen we can extend the mag aboye éf
mb — wid
p ¢ G 97(p) |
you can eas//y check i 7u}es a AOMC&MOV‘FL‘ Lo
MU&A/ fo MUy A/

&



let’s build some surfaces
E M ic the Mibius band and D* is a dik, then M= ' and =5

50 choose a hameomor/oédm ¢: M — 2D*
Jost like in earler enamples
P: M v, D
/s a surface (without ébarldo//v)
it 1s calleo e f)fg)écfru‘e plane
note: P s nof oreatable

CRErCISE: 1) qwen $? the vt S/he/e, w ”23
let r: 5% > s?: (% y a),——)(,x,-x-g.)
say pi,po €S we eqvimalent o ripd:p. (=r(p)=p)

Show: S/ P

2) @ D> vt Ak i R
let 7:3D° =2 D". (xy)+—(-%-y)

Aebvie ~ on ) as above
Show DZ = P

3 p= @ w'fem"l'ﬁ/ edlges so arrows match

nowv defne: L, =$"



now ?l;/e/, 4! 0'1/“4 Ief— .D, D,M be m 0[¢jjo(4f VI‘SLS ) Z; or /%
then set "

Z-n.mzz"—'lt’)";sz. @ S
. /‘/

w7
H Z is any compact, conected surtace (possibly with boundory)

then there s Some N aad m such vhat T i homeomor ph:'c o
T b Z s orentable, or
WMy 1 Z (s nof-orientable
Moceover; Zppp ard Zopt ot (aad A, and Ai,.) are
hvweomwplub E n=u aend m=m’

Great theorem | @ Complete classitization of surtaces |

but we would like to do better swice rpht- now (¥ s wof clea-
what surface on the lit s

A /lé,m, ? or

Lo #Z,,,. 7 or

- [777,7
K ///// !
Remafﬁs.-

1) You can piod o “standard "pr‘omﬁ of this 1) most fnpo/%/ baoks [/ courses
so we do na{-ytie tat proof hee but discuss a pon-standard

e
)

“ijcery ! p/wf
2) Classti ation of o N-comyoact surtaces & a/So émoun, bu t vey
wm/o/:ia tfed and we wi// not need (¢

To 1hprove {cm(,orzwt) Th=7 we need the Culer charactesishe




7!5&4 k+l points, v, .. Yy, 12 Vi o (some é@e ) 7en€/u/ poscfion (that- ¢

no 3 po:/'l'l‘.f /:‘e on a /1;46, no ¢ ona P/a"e/'“)
then 4 k-.u@,g/ﬂz' (s the set
Ak= {‘ono*'"*?\kvk, )’30 and ﬂo-r__,-r)k:'j_}

deg/eﬁ v, v, Yo
\ v ”'@ ”s ’
v, 4

Qa 7Ca_Cé o‘F a S/Mp@f f} a Subﬂvﬁpéx ﬁ/ﬂe/ Ly /lkcara(:;nj Some W‘/?éié’.(

<ra M,g/@ U: "

. . . . . v
a 51@9/:21&/ cowgﬂ/@( (s a ﬁhde colfet'/?on mc 5/.45,04216; 1 some K ;u;lr that

a) i a Swlo/%’ is 1 the wllection then so are all
o)[ (5 1%(65

Wt two sm‘.)l/eélé; mtersect ¥aeun r’hr:'y Ho ¢p in one
common tuce (and it subtaces)




a frmnqa/m‘zon ot a fppo/quZa/ space X s a 51»4//:2«:/
wmp/eyx 1% together with a hom&amorlohum h: K= X

-Wamgle:

T* 5>
:l \L/

Hard Theosem (Rado 1925):
| any surface has a ff(énya(a ‘fion

let K be a Slfﬁﬂllalé/wn?o/@ﬂ’ (weth no ﬂ'SMip/IC'l-@I for nzk)
tne Euler charactestic of K i cell= swiplex
X(K)= #[o cells)- (1-cell) + # (2-cells) + .+ 1) 4 (k-cells)
ZCI) #(7 cells)

120
i X i a bpo/ojdw[ space /wmcomorphlz o K then the Euler
chavoctercshe of X i

A(X)= X(K)

A($*)=y4-6tt=2

s‘g

Ns)=5-T+6=2

2.0 mg/e



O« A

Xls')=3-3:0
4 fou
[on] I X(fou)) = 271 = |
@(e/aée: Qa 1s G szmp/zua/ 60;9}0’%’ V(fh 001‘7 O and [~ 91mp/12185
j/‘aﬂi tree «— vo /oo,ag 15 y,,,,/,g

. (ao/ e,
) Show of T ¢s a tree ,thea Y/T):=1 el connectedt)

I—ﬁg'_(:: nduct on the aumber of 0O- .szw‘n)o[(é(ér

2) f G is ¢ conmected 9m,0/t, then show
X(6) =1
with eng//f‘y & G is atree
Remark: It s wnot clesr the Eule~ chamcter stz is well-defired
for a fqoo/jz&a/ space, but ot i

We will not prove tau /re/e but i s Cesy on2 you
dehne homoloyy.

an embeo(o/(h/a C: M=V o7c a (,owr/oac-l‘ Mén/)co/ds /'5 Prop€r /f'

e(omM) N/  and
e (it M) Cinty

example: ot prope,
¥ ‘



'7l'vcn o lofo/e/' efyw/a/ea/ /'Manhgld C " a sur-/:ace Z we can
&{’ r a/ony C

12. (otstder T —C then
put back fwo copes
of

ﬂ/&/lofe thes éy
“Vife Vil T\C
)///5 7\
lewma 3:
If Cis a properly ambedoled [-mandold ir the surtae I,

then

X(Z\e)=x()+%cC)

Froot: note the vesrtrzzs amdl 6/7(5 m C are counfed once
(.rl Z q/l0/ wee l;l Z\C ﬁ

kts compute NZ..,) for m2i

note: (M-1) ents G,.., ¢ To

cut aund ycf' fn,, ’X(a/c) =1
A

s MZpn)= X(Z,,)- (m1)



now

‘ A cuf'owa
z. )
NN
ot -

n

50 ’7”?:.4,:) = 7{/2”_,’, )' 2
= rX(Zo,l)'&"'

and Z,, = @ x A X(Z,.)=3-3¢/=1

so MZpp)=-mel-zuntl = 2-20-01 o mz|

— =)0,

XY(Z)

XZNO)-a(<)
AT, )+ Y0 - X(c)
l-2n + 1| -0
2-2n

n

1

h

so we have

/X[Z-n.m)s' 2-2n-m for all nm
W(M,M): Z_n-m W\ 14

Rema/k: Casy way (2] mm/ﬂa‘f‘e 7{

A ()- (( I-#arts o wt Z toa Aok iF T
2-$arcs fo wt T-DY) 1o a disk  F 23T=¢f




exercise: N (Z#T')= X(ZT)+XY(T')-2

for a 1Dpo/0f('ca/ gace X, let IXl denste the momber of
connected com/onem‘:f

ThH .
tvo cowacf, connected sun[acés Z and T, are Lromeomo//é:c'
PIEN

N(E)=A(z), NZI=1%) and Z, and T, ace both orientalle

or éoflt are Noum —oném‘aé/e

Mo/poue/; ar\f oom/gacﬁ connecfeo/ 50{141(42 t3 AOMC&MW/ZM&‘
to Zd,m or A/n,m

exomple: Wha swrtnee & 2
f Y2
/////////// /

note: cuf on L arcs fo gef a Acsk

wr, QULD

50 ’,{’(Z): [-2:= -1
%=1

the ;a/ﬁ(e (5 orr‘enfzzé/e SMc€ as you fo afauuo/ aa)/
[090 on L You don¥ biave an odo nombes of half fw/lsts

(sunlorly, you could note that the sorface bas “two sicks
that (5 you could make 1+ out afpo/e/ma/ color he
sides with two 5010/5)

1



so LeZ,, for some
~1= YL, )= 2-wm-1=1-2a = n=1

so 2 = Z,,. T juﬂ" empe Aled
» R® f‘frﬂnje/y .I

Sketch of proof of Th™ 1 (anof hence Tt 7):
weé first reduce to the closeol case with
x5 fot T and T' be surtrces with RTI=1T

let 5 ot T' be T and T ' with deshs 7//:;@' 10 each éounofa/y tomponent
~ (ep. L= Z Yy (Du.uDy)

T z ,
s B where 430 ¢, 5 o homes
) and 2= C,U...uCBz')

Then show T howmeo o Z ' &2 f homteo fo EJ

Hiat: () vses lepumas 2 and §
C(‘) 1-5 a 7ene/‘q{z%aﬁon 010 lemma F

the From exerccse we see 029 (s trve if # & broe for
Lompact, Lonnéc . teof ,wrfmes withouf~ éachaC( v
note all the T, and M, are dd¥erent [snie the, havefliffe et
bule, chaacteristics or one s orentoble aud other not)

50 all we have 0 do (s show a tompact, Lonnected srfae T wttout
boumdary Is homemarplu& to Z, or 4, for gome u

(D) ¢2 and A(T)=2 & T = 5

l-7£ Zx 53' thea there (s an eméedlh/o - s' 5
such thot T\ #$) is conmecteo
moreove/; a) L orentable = ¥5) has a Mc}}lyk/[.md’ homeo to [-1,(]xS§"
wvith fodes'= ¢(s')
L) Z non-ovientable = we may assome o(s") has a nbhol
homeo to a Mébus loand ond T-9(s!) o
eifhe, D* or is noa-orEntaple



we see the 2 follows From these claimg
“lduct " on AZ)
note Clewn 1 says w2 troe for NT)=2
we Mdua‘wlc@ assome 4 lpr all surtaces with (T 2 kel
and ten p/mre b X(T)=k

(kwot of o “revesse viductzon" could be normal imduction”
by moﬂucﬁnj on 2 ﬂ’[f))

Assume 7 non- -orentable
then by Clawn 2,9 a Méhbus bond M inZ (M is ubhed of 'P[S))

let T'= Tom U, U where £:3D°=2(T-M) is a bomeo
note: Z' s w-e.” debaed éy lewmas 2 oad 5

1.6 rémoyve )

we sa ' y ‘ sauetthuvig (M
y '/5 oL'f‘ameﬂ( ‘ﬁ’aM Z by Sc//;qery o1 45/5) ool luofloack
ﬂoff._’ ) T T nM'ONEﬁ\'Déb or 57' 5ome+€tmy (01)

by Claws 26
pm projechve plane
o =T '#PpP °
3) X(T-M)= N(T-mM)+ ’X[M) 0
= X(Z\3m) = 'xn:) ',r/s) = ¥(Z)
A(z') = Y\ 3D7) - X507
= Y(Z M)+ XD = (D) +]

2) recall

s0 by wduction on X, i /f/,,, Some A of s
. Z‘= Z-l#fs A/#P /’/u(‘-l
S#P=P=p]

Assume fa/zeyn‘bé[e
50 by Clawn 2,3 a annolus ACZ (4 s o nbhdl of ¢(5")
let T = (Z'A )U (D" UD) where f: (0" U)D)-’))LZ‘_A)
is a homeo.
7' is sad to be obtavied from L by surgery ou ¢$(s)
note: ) T' i3 orenfoble (erercise)

. r
) T=Z'#T" (exeruse — C.o; ; )

3) N(Z)= Y(T)+2 (ewxercese)




4
50 as obove Z = Z, for some n
W TEZ, #T =2, p

let 7 be a ‘(Y‘(éﬂju/aﬁon of Z

choose o Ma/x{n;wc, tree T wm I-skeleton
(r.e. confams oll t/e/ﬁ&u::s and of yeu add anctthe
ealye then uo /Onfe/‘ a tree)

€.q.
! T

let D be the Jua{?@pé,%af' (s, D has
Na vertex for 1w the (cater of each 2-5106,0/\%'

1) fwo verfices are comuecfed éy o 3/72 & the
Z—s/é/y/t.'c(.es 5[10/‘6 an % not n T

e.j, I\
N

NN
| AN

NN
A\

exescse: D (s cormected
let v e, f be the nembe, of q;b;h}.:'e.’;, ea(jef./ and faces of T
and V-, €7, Uy, €, Same for T anA D

nete: v = v, b}/ tonstructeon
e = e—r"feo W "
; = 'U"D () X




50 Y[Z.)L' 'U'*&'f'-,c.-_—f(/‘T-eT_eD_’_U.D
= N+ X (D)
from earher exesrcise X(connected grmp b) €1
wr("h 27(./&/({)/ ) ‘?/a/oh a tree
ALY 1+ YD) 22
with = D a tree

tuercese: i D is a tree then shov I s obtamed éy 7/069
2 disks a[ouj ther éocma(a/y @/a homeo.

le Tzt
hint: nez‘ytzéorhooals of trees are dishs

tis proves Clawn L

H D is uot a tree thea there (5 a /aqo m D.
Thvs an 3m5€/¢(1;1/ of SlesD cT
let C be +he leop
Ly (&
note: C N (@2- swiplea) = {M#e/w/ T

so C has a nef'/il!éo/hoaa( i each 2——5/»';//%’ it Wit of the
form I x -

50 @ né’f/&[nbo/ldooa/ of C s /@
obfawed lay j/w}u] mony
Lopies of Tx[-t1) a/orlj N part of C
CAI)X["Q ’J

exercise: This i homeomorphé, 4 [a,6] x[-(] wetty
{q}x['(,(] j/uéo( to f6f =[-1.(] vy a home o

-1
5
Q
50 nC(f‘féb/ﬁm/ N s an annalus or Msbas band

F Z D/Iénfﬂéé/muéf’ be an arma/u5. 50 done with Claw 2 (@)



now F 2 1% non-c)//ehf'ab/e, then by Aehrkon Hhere
an embedded Msbius bonod
50 we con take N to be this Mébius band
then F Z-N s non-orientable. or D? we are oone
F T-N s orientable, then we kaow T' (= Suyery o core of V)

/5 Z:, for some n (1. oo c[te;f/f?éa%ﬂ of orwatable
4://7%535 hrst )

so T=2,#F
F n=0, #hen T-V =D 50 doe

if n>0, then note

/' - :
N = Mo hs band

Z,-D

check a negltéof‘lﬂooa/ of @ and b are Msbius bands
and so we can Use one of these fo pruve Clac 2(4)

Remarks:
n Use undefsfana/thj of homeo_s 55! % baild Sr/ffacq,r

( conmecr Sums, Surgery, .- 2)

2) US‘.Z €Mb60{0/”?75 O'F' 5'<'-—) 5”/7&(6_5 fo c{agjffy 5l/(7cac£5' I



