
HI Manifolds

A.

Definitionsandfirstexamplesa
topological space Nl is called an rrmanifold if it is

1) Hausdorff recall from homework 2 this

2) 2nd countable
← means M has a countable basis

3) each point pEM has an open

neighborhood V homeomorphic to
an open set V in IR

"

Remarks :
-

n
n it can be shown that any n-manifold can be embedded in R

for some N. ( some people include this in the definition
of manifold

,
in which case D and 2) can be omitted since

they are automatic )

z) n-manifolds are metric spaces

3) the idea is than an n-manifold is

"

locally Euclidean
"

(conditions D and 2) are just to avoid pathological
examples )

4) 2-manifolds are also called surface

5) the homeomorphism lo : U→ V from 3) is called

a coordinated

example:
i ) 5= {(x, y, z) E IR

'
: Tey 't 2-2=1 } is a surface

(why is it Hausdorff
and 2ndcountable ?)

earlier we discussed coordinate

charts of the form (x, y ) t (x, y,FIT

here we give a different approach



N- 0,0, I

"

÷÷÷÷÷÷÷÷÷÷:::: ::"""
s (a, b.o) t (t- s) (o.o. c)

Il

(Sa
,
Sb
,
I-s)

ka
.b)
A5 : lastHbs)'t d-ST = I

(a 't b
'

+ 1)5 - 25 = 0

so intersection happens when 5=0 or s = i¥z
so l@is,

n s
'

at a unique point other than N

i.e. at (¥+5
,
Yates

,

' - Eater)

so set V -
- IR
'

and U = 5 - lN)

then Tin : Y→ V : Ca, s ) tr ¥+5 ( Za, 2b, aZeb
'

- t)

is a continuous map

to see Tina homeomorphism we can construct Thi
'

exercise : show Thi
'

( x, y, z ) = ¥z , ¥)

Thi
'

is called stereographic and

Thr is called stereographcicoordcn.at
note: this shows 5 is just R

'

with one point added

( "at infinity
")

using 5--10,0
,
-1) you canget a coordinate

chart about N



exercise: show S
"
is an n-manifold by writing down

stereographic coordinates
2) S

'
is a l-manifold #¥¥# IR

consider p : IR → s
' f p

x 1-7 (cos2TX, s
in 2Kx)

given any x E s
'

there is a small s
'

nbhd U of x S.t. p
- 'tu) = union of

intervals

p restricted to each of these intervals is a homeomorphism
so S

'

is a l -manifold

3) T's s
'
x s

'
is a surface

(Xo, Yo) E S
'

x S
'

Xo has a nbhd II la .b) in s
' T#

Yo has a nbhd JE Cc,d) in s
'

so ( Xo
, Yo) has a nbhd Iat homeo to Ca. b)x (c ,d) c 1122

exercise: show that the product of an n-manifold and an
m -manifold is an (ntm) -manifold

4) T
'

again
recall from Section I.F

,

T2 is a quotient space of
1

µ
where

.
:m%÷t¥÷.

O I

clearly any point p C- Coil) xCon) has a nbhd homeomorphic
to an open set in IR

'

now it p is on an edge

p%.

exercise: "% = open ball

"

i
* ball

"

( similarly for other edge)



if p is a corner point

÷i÷÷÷÷.
So T

'
is a surface ( why is it Hausdorffand 2nd countable ? )

5) In section II.F we saw

v

"' i'
'
s i

777

exercise: as in example 4) check this is a surface

similarly

q=qyF
"
to
"

:

is a surface too quotient of

6) T
'
= s

'

x s
'

x s
'
is a 3 -manifold ( by exercise

49 -9"

above )

but also can consider C = cube = Loi] x lo, D x lo , B

i

::÷¥÷÷÷÷÷i±
. ....

like T
'

in example 4)



7) lens spaces Llp. 9)

p > g > o rel . prime

let P =
"

suspension of

p -gon
. .

-

← "son

up . g) = PIN
=
.

where ~ glues top to bottom
after a Kjar twist

"

Lens
"

exercise: show these are 3-manifolds

8) let V
,
=÷q---Yf 3-dime stuff inside -2g

"e- ÷¥µ...q
let f : JV, -72k be a homeomorphism

Eg
"

Eg

exercise: M - V, Uf Va is a 3 -manifold

(all oriented, compact 3
-manifolds are obtained

this way ! )

-

A second countable
,
Hausdorff space M is an rrmanifoldwith

boundary if each point pen has a nbhd Up

homeomorphic to an open set in IR !o -- { Cx.. . . -xnilxnzo}
X
a

pen open ball

⇒i
Xi -- - Xu- i half -ball



the boundary of M is

JM = { p EM I p only has nbhd homeo. to nbhd of
(x

, , . . . , xn-i ,
O) in IR?

o

and p

maps to point with Xn=o }

the interior ofM
-

is

int M -

- M - 3M

lmportantfacts:
i) no open set in IR

"

is homeomorphic to an
open set in IRM it m ten

2) no open nbhd of Ix,, . . . Xu -i, o) in IRIo is homeomorphic
to an open set in IRT

Remarks .
⇒ if M is an n-manifold it is not an m -manifold

for any n ±m ( if M t0)

2) ⇒ intM -

- {p EM I p has a nbhd homeo. to an open
set in Mn }

exercise
-

:

if M is an n-manifold with boundary , then

i ) 3M is an Ln -D -manifold

a) intM is an n-manifold

3) 212M ) = 0 ,
2 (intM) =0

,

int Gm) = 2M
,

and int (intm) = intM

B
.

I-manifolds .

#

Th"#f

misaconnededl-manifold.thenmishomeomorph.ccD S
' if M is compact and without boundary\ 2) Lo is it M is compact and 2M¥0



\ 3) [oil ) if M is non-compact and 2M¥01, or y4) 10,D= IR if M non - compact without boundary
#

so we completely understand 1-manifolds !
the proof is not hard and can be found in many books/courses

in topology (we skip the proof)

now what are symmetries of compact t-manifolds
(that is what are homeomorphisms)

two homeomorphisms
to

,
f
,
:X→ X

of a topological space are called isotopic if there is a

homeomorphism
F :Xx lo.D→Xx [on]

with FCx.tl = (Feld, t) and to = fo
,

F
,
- f
,

this implies E :X→ X is a homeomorphism

so two homeomorphisms are isotopic if you can continuously deform
one into the other through homeomorphisms

example: to :S
'

→ s
'

identity to .

f : s
'
→ s

'
rotation by IT

let Ft = rotation by Tt J.

T

so FtHitt (Fehl, t) is an ¥⑤ a

isotopy from fo to f
,

lemma 2

:D
any homeomorphism f: co, it→ Lois is isotopic to

..÷÷÷÷÷÷÷÷÷÷÷÷.id : s
'
→ s

'
: Ix, y)↳ Cx

, y)

r : S
'

→ s
'
: (x
, y)t (x,

-y)



so we completely understand homeomorphisms of compact
t- manifolds upto isotopy

an orientation on a l-manifold is a choice of direction

① O
'

I
,

note : lemma 2 says homeomorphisms of co.D or S
'

are isotopic
iff they both preserve or reverse orientations

sketch of Proof-

let f : lo. it→ [on] be an orientation preserving homeomorphism

note: f co) = O ,
fch = I

set Ft Ix) = (t - t) fix) t t X

check this gives an isotopy
for f : s

'
→ S

'

orientation preserving
use rotation of s

'

to isotope f until flu, G) = (1,0)

recall we have a quotient map q :[on]
→ s

'

from this we get F : so,D→ so , D an orientation preserving homeo.

[o , D Co, if

q L
o

f q
s

' t s
'

so we have an isotopy Ee : co, if → Coil from F to id

let It = go Ft : co , i) → S '

since FI sends 0 and I to same point it induces a map

Ft : S
'
→ s

'

quotient space theory says Ft is continuous and it is

clearly a bijection
i. Fe is a homeomorphism since s

'

is compact and Hausdorff

( ThEI. 18)



exercise : think about the orientation reversing case E#

C. Zmanifolds

Can think of an orientation on a domain in IR
'

as a (consistent)

choice of orientation on a small closed curve at each point
L

image of s
'

note: this induces

¥¥ inn::::::::
"

clockwise counterclockwise

a surface is oriented it given any coordinate charts I 19 : Va → Yea
such that I = Yeah there is a choice of orientations on the

Va such that whenever y n u,
*Q we have

to? * '

the map top
'

ooh : diLuan ve)→ QI
'

Nahuel sends the orientation

on Va to the one on Xp (note lotog sends closed

curves to closed curves )

if I cannot be oriented it is called nonorientable

examples#
1) the annulus A- = S

'

x Eo , it can be oriented

eg

i¥YIIii::h: .
orient V



2) the Mobius band M = 1¥64

too.← u
don't agree !

exercise: i) find 2 charts on M so that there is no way
to satisfy the orientation condition above
(re

. rigorously show M is not orientable)

2) Show a surface is not orientable
⇒

it contains a Mobius band

Given two surfaces E
,
and Zz

let Di be a disk in Ei

(if Ei is oriented give Dj orientation induced from -2;

otherwise choose an arbitrary orientation on D; )

let E?= Ii -doit Di )

let f : 3D
,
→ 2 Da be an orientation reversing homeomorphism

n n

Z E! 2-25

the connected some of -2, and Ez is

-2
,
# Ez -- E? of

example: I

'
'0

i
⇒

*"

exercise : if I, and I are oriented then so is -2
,
# Ea



TMIIheconnectedsumoftwoconnectedsurfacesiswell-defrn.ec
to see this we need to see that the construction is independent of

1) disks D
,
and Dz used, and

2) homeomorphism f

for these we have

lemmat:

let D and D
'

be two disks in -2 (if I oriented then
,
one

-

at D and D
'

with this orientation )thenlhereisahof.FI?IfYI.e.m
that preserves the orientation of the boundary

lemma 5
-

:

c-
let M andN be two manifolds with boundary and

ao÷÷÷÷÷ Fei:::.mn
.

it fo is isotopic to f, , then MutoN = M of
.

N

Remarks: lemma 4 is similar to Exercise 9 on Homework 3

so should be believable

for the sake of time we skip the proof
proof of Th "3#

let D.
,
Di c -2, and Da

,
Dic Ea be disks

and f : 3D,→ 3Ds
,
t
'

: 3D
,

'
→ 2Di be orientation reversing homers

from lemma 4 we get homeomorphisms

lo : (E; intD, )→ (E, - in't D,
')

tf TF
and



4 :(Ez - int2)→ (E, - intDi)

Fo Teo
let F = 4-

'

of
'

o lo : 3D, → 3D
, note: F is an orientation reversing

Fei Fei homeomorphism

so f- and I are isotopic by lemma 2

thus -2,0of -2? = ET VIE: by lemma 5

but

I ii.
e:

E

E induces a homeomorphism
Eiuf- to

→ -2,00¥ , -29
on the quotient space (check this !) #

to prove lemma 5 we
need

"

÷÷÷÷:÷÷÷÷÷÷÷÷÷÷
for

asurteeu.EC
us

.

this is called a collar neighborhood of boundary



for surfaces this is intuitively obvious

this lemma is easy toprove using ideas from graduate math
courses

,
but we will not prove ithere

proofof lemma 5#

we need to build a homeomorphism

Mrc- i.axon

y
Honan

O O

*Um
we want to extend over inich to get a homeomorphism on

the quotient space

for this let F : (co, if x2M) → (co, it xdN)

Lt, p)t It, Elm)

be the isotopy from fo to f,

note: G : (coil] x 2N) → (co, if x 2N)
Hp)t ft,Et§call this Gt

is an isotopy from fi
'
o fo to cityµ

set T : ( E- to]x2N)→ (C-403×2N)

(t ,p)t Ct, G-+ (pl)

then we can extend the map above by
im ol→ wid

pt too Go to
- '

(p)

you can easily check this gives a homeomorphism
M UfoN to M Uf

,

N
L#



let 's build some surfaces
if

it M is the Mobius band and D
'

is a disk
,
then 2M -

- s
'
and 215=5

'

so choose a homeomorphism lo : 2M → 215

just like in earlier examples
Ps M Uf D

'

is a surface (without boundary)
it is called the projectiieplane
note : P is not orientable

exercise: is given 5 the unit sphere in IR
'

let r : S2→ 5 : (x
, y, E) to C-x, -y, -E)

say p, ,p, E5 are equivalent it rip, )=p, Li . rcp,=p, )

show : syn =p
2) ④ D

'

unit disk in IR
'

let r : 215→ JD
'

: Cx, y)tC-X, -y)

define ~ on 215 as above

show DL =p

3) P E
.

.
identify edges so arrows match

now define : Io --5

-2
,
= T2 ⑦

-22=1-2#T2
!

In = In
. ,
# T
'xu

:
' I

'

n holes
;

and
N
,
=p ⑦c- called a

"

cross cap
"

Nz =P # p ④
we can 't really draw in IR

'

!

i

Nn -- Na, # P X
'

: :



now given n andm let D. . . . Dm be m disjoint disks in Ten or Nn

then set

qn.ms In
- If

,

int Di €0 Ii
,
z

Nam -- Nn -E
.
Di

Ni
. .

Th 'd 7#

H E is any compact, connected surface (possiblywith boundary)

""me÷÷÷÷÷÷÷:÷÷÷:÷÷momeomorMoreover
,
2-
a.m

and Eu:mi (and Naim and Nn:m . ) are

homeomorphic # n= n
' and m -

-m
'

Great theorem ! a complete classification of surfaces !

but we would like to do better since right now it is not clear
what surface on the list is

2-
nm
# Nn:m . ? or

In
.m
# En : m . ? or

K =

Klein bottle

Remarks .
L

"

1) You can find a "standard
"

proof of this in most topology books/courses
so we do notgive thatproof here but discuss a non- standard
"

surgery
"

proof
2) Classification of non-compact surfaces is also known , but very

complicated and we will notneed it

To irisprove (andprove ) Th
" 7 we need the Euler characteristic



given htt points, Vo, . . . oh , in MN (some large N) in general position (that is
no 3 points lie on a line , no 4 on a plane, . . . )

then a ksimplex is the set

D
k
= { foot - - - t Yhvh ) X, 20 and Xot . . .tch=L}

er :

÷
.

..

a face of a sniper is a subsimplex formed by discarding some vertices
• Va

"
named"

.
.!

. ..I

I.
o
,

•

9

a simplicial complex is a finite collection of simplices in some IRNsuch that

a) it a simplex is in the collection then so are all
of its faces

b) it two simplices intersect then they do so in
'

que

common face (and its subfaces)

examples:

i EE
""

Toto
.



a triangulation of a topological space X is a simplicial
complex K together with a homeomorphism h : K→ X

Hardtheorem.cn?,adojYIaY-jhasatriangulationJ
let k be a simplicial complex (with no n - simplices for n z k )

the Euler characteristic of K is cell-- simplex

X(K ) = #Co - cells) - #Cl-cells) t # G -
cellIs ) t

. . .
talk#(k-cells)

= #oeil
'
'

# Ci-cells)

if X is a topological space homeomorphic to K then the Eater

characteristic of X is
Xcx) = X(K)

examine
;
,

= k¥7
Xl5) = 4 - 6-14=2

" s
'

= I
XC5) = 5- 9+6=2



"
s
'

O =-D
.

X( s ') =3 - 3=0

4)
Loi)

q
.

x(go.D) = 2 - I = I

-

is a simplicial complex with only 0 and I- snipliliesexercise: a graph

§
. 4.4¥

graph tree← no loops in graph

1) Show if T is a tree
,
then XLT) = z

land connected)

Hint : induct on the number of o- simplices

2) it G is a connected graph, then show

XlG ) E 1

with equality ⇒ G is a tree

Remand: It is not clear the Euler characteristic is well-defined

for a topological space , but it is !
We will not prove this here, but it is easy once you
define homology.

an embedding e : M-7N of a compact manifolds is prone it

e ( 3M) CIN and

e ( intM) c in'tN

example: not proper

E:O
i

t

proper proper



given a proper empedded I- manifold C in a surface E we can

cut -2 along C

) ( i.e. consider E- C then"

) →

µ
put back two copies
ofC

denote this by

Tilsit →
'

Y÷
.

' c

kmmaftmiesnaro.FI:7?I7I,..t::;itddinmesurtace-#
Proof: note the vertices and edges in C are counted once

in -2 and twice in Ek ¥7

let 's compute Xl In , m ) for me I

'
"

:÷÷÷÷⇒÷ ""

note: (m - t) arcs G
, . . . , cm - , to

cut and get In, , Marc) -- I
f

so XC-2mm ) = X(En
. .
) - (m- i )



NOW

En
. .
",e¥.

115

"it
uO -

- En- i. i
w
n- I

so X (En
,
i ) -- Xt En - i

,
i ) - 2

= . . .
= X ( Io

,
, ) - 2n

and Eo
, ,
= ④ = §

.

X( Eo
, .
) =3-3+1=1

so X(En
,m
) = -Mtl - Zn t I = 2- 2h - M for Mz I

now

⇐ : O
'

"

En
,
,

D
'

i . X ( En ) -- X(Emc) -Kc)
= XtEn

.
.) t XCD4 - XK)

= I - Zn t l - O

= 2- 2h

" we have

xyqn.mn?,:EI.-mm9:4YQ.-cneohthisRemark
: easy way to compute X

x*l::÷::::÷:÷.i¥:::



exercise: X (E # E
' ) = XCE) t XCE ') - 2

for a topological space X, let lXl denote the number of
connected components

Thad :

two compact, connected surfaces
E
,
andI are homeomorphic

⇒:÷::::÷÷÷÷÷÷÷÷÷÷÷:
to In

, m
or Nn

.m

example : What surface is

-2,11µg
It

note cut on 2 arcs
to get a disk

""" """
=

So XC-2) = I- 2=-1

1521=1

the surface is orientable since as yougo
around

any
loop on

-2 you don't have an odd number of half twists

( similarly, you couldnote that the surface has
"

two sides
"

that is you could make it out
of paper and color the

sides with two colors)



so I = In
. ,
for some n

- 1 = X(En
, , ) = 2- 2h - I = 1 - zu ⇒ n = 1

so I = In it is just embedded
in 1123 strangely !

sketchofproofofandhencethm-71.vefirst reduce to the closed case with

exercise: let -2 and I
'

be surfaces with 154=152 't

let E and I ' be -2 and E
'

with disks glued to each boundary component
z leg . I = -2 Up

,
(D, U -. -

u Duel )

EE - ÷:: ÷:.in
.

Then show -2 homeo to -2
'
⇐ I home to E

'

Hint : ⇐) uses lemmas 2 and 5

⇐ ) is a generalization of lemma 4

thus from exercise we see Th '9 is true if it is true for

compact, connected surfaces withoutboundary--f-

note all the Eu and Nn are different (since they havedifferent

Euler characteristics or one is orientable and other not)

so all we have to do is show a compact, connected surface -2 without

boundary is homeomorphic to Ten or Nn for some u

claim.tl/C-)e2aadXCE)--2-H-2n#Claim2:'

if I¥5
,
then there is an embeding to : s

'

→ E

such that I l lol s ' ) is connected

no

..::÷÷÷÷÷±÷÷÷÷÷÷::::
homeo to a Mobius band and I

- pls ') is

either D
'

or is non- orientable



we see the tha follows from these claims
"

Induct
' '

on XCE)

note Clarin 1 says that true for XC-21=2

we inductively assume th " for all surfaces with NE) Z htt
and then prove for XCE) -- k

(kind of a
"

reverse induction
" could be

"

normal induction
"

by inducting on 2-NE))

Assume I non -orientable

then by Clarin 2,7 a Mobius band M in -2 (M is nbhd of lo (s
') )

let E
'

= ET Uf 15 where f : 215→ 2LEI) is a home.

note : I
'

is well defined by lemmas 2 and 5
re. remove

we say I
'

is obtained from -2 by surgery on 415)
something cm )
- and glue back

note: D E
'

is non -orientable or 5 something (D
')

by claim 2lb)

2) recall pEµ# projective plane

so I = E
'

# P o

3) X (Fm ) = XlFm) + X(m)
"

o
ll

= X (E i 2M) = XIE) -XCs
') = XIE )

Xl-2
' ) = Xl -2

'
i 215 ) - X12157=0

= X(Im) t X ( D
') = XCE) t I

so by induction on X, I
'

is Nn
,
some u

,
or 5

.

'

. I = I
'

# p =
Nn # P = Nue,{5# p =p. N

,

r

Assume I orientable

so by Claim 2, F a
annulus A C E (A is a nbhd of lots

'))

let E
'
= III ) of ( D

'

u D
'

) where f : (2150215) → ZETA)
is a homeo.

I
'

is said to be obtained from E by surgeryon4
note: i ) E

'

is orientable (exercise)

2) I = I
'

# T
' (exercise

←

u → )

3) XIE
') = X(E) +2 (exercise )



so as above E
'

E En for some n

i
. I= In #- T2 = Intl

#

Idea for Claim I
-

:

let 9 be a triangulation of -2
choose a maximal tree T in l- skeleton

( i.e. contains all vertices and if you add another

edge then no longer a tree )

e
- g. •too

' "
• • ⑥

let D be the duatgraph , that is, D has

1) a vertex for in the center of each 2 - simpler
2) two vertices are connected by an edge ⇒ the

Z -siinplicies share an edge net in I

e.g. L D

•

§ .

who

exercise : D is connected.

let V
,
e
,
f be the number of vertices

, edges, and faces of 7

and rt , et , Vp , ed same for T and D

note: V = VT by construction
e = et teD

'' ''

f- = Up v l l



so X (E) = v - et f = VT - e t - ept Up
= XIT) + X (D)

from earlier exercise XCconnectedgraph) E l
with equality ⇐ graph a tree

'

. . X ( E) = It X lD) s 2

with = ⇒ D a tree

exercise : if D is a tree then show -2 is obtained by gluing
2 disks along their boundary by a homeo.
I.e
.
I= 5

hint: neighborhoods of trees are disks

this proves Claim I ¥7

Claim :

H D is not a tree then there is a loop in D.
Thus an embedding of s

'
→ D CE

let C be this loop
note: c n E - scripted = { Interval I
so C has a neighborhood in each 2- simpler it hits of the

xD
so a neighborhood

"

Itc is ¥¥obtained by gluing many
copies of Ix E

- hi ) a long Tpart of C

GI ) x E-hi]

exercise. This is homeomorphic to [a. b) xf-Ii] with
{a) x L -413 glued to lb) xC-hit by a home

i AD
a

b

so neighborhoodN is an annulus or Mobius band

if I orientable
,
must be an annulus

. so done with Clavin 2cal



now if E is non-orientable
,
then by definition there is

an embedded Mobius band

so we can take N to be this Mobius band

then if I-N is non -orientable or D
'

we are done

if I-N is orientable
,
then we know I

'

(= surgery on core ofN)

is In for some n he. do classification of orientable
surfaces first)

so I = In # P

it n = O
,
then IN =D

'

so done

it n > 0
,
then note

EH
-

N--Mobius band
In - D

check a neighborhood of a and b are Mobius bands
and so we can use one of these to prove Claim 2lb)L#

Remains:
i) Use understanding of homers S

'
-→ s ' to build surfaces

( connect sums
, surgery, . . .)

2) Use embeddings of S
'

as surfaces to classify surfaces !


