L Groups
A. Bas:'c Gma,p Theo//y

a groud (S a set G 1"07'/%9/‘ with a blr')qry operaﬁon [USUG/{y called

muf 1‘1,'7 [tta h'on) |
e GXG—6 @, b)—eb

5055&"'4/ ) J au element e €6 st
6‘9’_7'3""\7 VjéG
e s colled die dentrty element

2) for each 9 el thare (s an element \7'&6 s.
3.9'= j ’.j = e
9' is called ehe vivesse of g aad denoted o-'
3) for all 9,9.,9, » 6

(9n '.71).]3 - 34'[,71'.73 )
%amé/@S:
) (ﬂ?, "), [@, "‘), [Z’,*)’ (€ +) are groups

O 5 the lé/enﬁ'fy element
-q 5 the verse of a

2.) (IN/-(-) /‘j not- a ?/ba,o ['10 ldeﬂﬁ'fy 3[3“48”)")
3) {NU{()}"*) s ot a group (no ';‘V€f5€5)
«) (Q-12,x), (R-{o},x), (€ folx) ave groups

1 is tte ¢d/¢9nh'+y element
Yo 135 ¢he tiverse of ¢
5) let Z/= htegess moclulo p
(that s, call 2 11tegers q(/zi/alem“n,m €7wi/a@n‘-
moa&t(op F n-m s a mu/h/'y/e, of p
2= set- of equivalence classes)

o Z<fo,02, ..., p-i}



ow IM o’y opera fion 15 +
(Z,+) is a Group

olo 1 25
(|t 2 392
2lz 3 ol

3 3 o | 7

6) let S,=set of pe/mahfion; of £1,2...,n}
e e s a bijecﬁ,én o fny..mf—=f,2.,n}
‘the b{'nar/ ape/af'zb/z (s Comositon
exeriise: 1) (S,,,") o a group wrth w"énﬁfy: M/e/thy Map

2) 5, has nl elements

€g.: I 53 let [i,j,k'] be the map .
11 eg. [2,1,3] & the map
z 7)) tF 2
3 2 k 2z — |
3 F2 3

5, has ¢ elements
{0,231, 003.2],02,43], [2,3,1],03,1,2] [3,2,1]

note: f2,13][1,3,2]=1[2,3%1] 9)\
[1,32) (21,3} =[31,2]
so mv/hp/:'cm‘z'on /s not Commutative

a group is called abelan F a-b:ba for all abef
%amﬂleﬁ ’), ‘f), 5') are aéelm‘m, é) 15 not -6/ nz22

‘7) /e-{' An be a /'ejub/‘ ﬂ-jon n=3 ‘z

let D = Smeefﬁéj of 4,
weth moltyplieation n= 4

be;hj Lonpos (tioN // ///

D,, o called the A heolrz! Jq/bzfﬂ




eg. n=3 let x= rofation by ©;
y= /ef/ecﬁ'on about )"axfs

Jet e- lé/en'h'ﬁ/

pote:  X-X = rotation by 29,
XX = potafion by 36,= €
y. )/ = e
51&[(0//}/ fo n-—ya/l there (s rofation éy ‘Zhlr" denoted x
ad x'=@

andt vellection w y—a/mk (so yz =e)

exercise: 1) Xy Xy=€ " Dn [5'1}’ Vl)
2) eve’y elerent 1 D), can be written as
,X{YJ'
some 1,)
3) D, has 2n elements
R) let+ X be any fbpo/oj(c',a/ space
let- Homeo (X) = Lall homeomerphisms of X §

exercise: the is a group

let Mod (x)= Homeo(X) /.

Ca”@d Me WIIIQ/Z 2 t:f [_{o‘fv,ﬂ;/
magping class aroup
CH/USE: g is a group
/emma 1=
let ( G,) be a 9roup
)it e,e €6 svchHat €:9:9-¢:9 :€:9:9-€, Vet
then e,=¢,
) if 9,,%6(, svch that 9-9,=9,9=€° 7.7 =9.9, . fhea 9,37,




Droof:
2) 92 9,€°%(5:9)=(5:9)9, = 3,3,
1) €, =¢6- ¢ =¢, &

1# (G,;) and (H x) are groups
o homomorphicm (s amwap FiG-H such thar F(ab)=fla)xfl)

an isomorohicm is a biective homomorphirm
/ )

l§ emaré’
l’lomomorﬁll&m 07[ j/‘ou,df e ke continuous maps oF

fv/o(7zi,a/ spa ces (1¢ ‘preserve " structure)

isommoh:jm of grovps are hke homeamar,ohifm; of
fvﬂo/o712,a/ spaces

/emMo 2:

if £:62H is an ’(fomo'y/u}m, then £ H—6 v
a homomar/o‘u?m (and heace an <}omor/ohzls‘m)

M= 3liﬁen a,ééH
qlaly el svch that f[q'):q'f[é')zé

s0 £lab):Fla)eflb)=axh
thos f Y axb)=a"b's £1a)- £7(b) g
gxamples:
D F:(2,4)— (2 :x—=nx (1 a Fxed vitger)
s a /wmomo/‘,ahi;m Since
Flatb)= n-(a<h)= na+ta.p= fa)¢+p)
iF n¥tl, then £ unof a (ai/écﬁbn, $o not- an i:omoqoﬁébw
F n= 2, thén £ (4 an zkomo/‘p/ujm

_W‘;@' N Ga grouf) then show
lso(6)= /( l'saman/hzkm,/ of Gf



5 a group Undle,~ Compos t-om

7—) /50[%);:22
) f: (Z,4) = (Z,,t): x > [x]

5 a Aammar/o[u}m since

Pla+th)= Jath]=L[aTels] = @) +£(b)

3) the owly homomor;a/zix (2,+)—(Z,1) i the trival map
wdeed F F(£11)=u, vhen n= £(53) = F(£a+...+£1])

= N+t = (p+i) n
40 pN=0 - N=0
) by lewma .2 1+ 1 easy to check
Mod (s') = %
5) note 5 and #; are rot isomorphic even ﬂtoayh they both have
6 elements (S, not- abelan, 2, is)

/Emmq 3:
if £:62H a homomorphim, then
) fleg)=¢,
2) o) = (£(q))
Froot:

N fle, )= f(&;-e,)= f(&,) (e,

multiply both sidles by 'F(e(’) o get

e, - Fley) [Fe Y- fle ) Fles) (le,)) = Fleg),

2) #(9™)= f(579-97') = G5°)-£6) £(37)

malh}o(y both swles @/ G(?")) " o get

= Fe)(flg=) = £67)-FQ)-5)-(F(37) "= £G7)-F(5)
mu/hply both sides by ( f—(y))—' to get
Flg)™ =+



lemma t
a Aomow\ofpllism F:G—=H i
mjechive €3 f(ey) = (€]

FProof: =) F /s M)‘ec-fwé we have 'f"(C’H):fEGZ
Siice we kuow f(ey)=¢,
(&) Suppose  f(a)- £lo)
then f(a™'b)s £(a) ' flo)=e,
o abeFile) e « abee,

so a=b and f ¢ one-to-one &

let (G,°) be a group
a sdbgroup of G is a non-empty svbset H €G such fhat
a'é,e,’-{z')a-éé/-/ and a ¢ H= a' el
we denote th éy H<G
P/xe/uge: H s ajr‘oup [h/l“Ht O/G/aﬁb/) (,omlhj #‘om &)
mmm'p/es:
)] F G is a 7/'ou/o and aé&,fﬁen let <‘?>=aupou/c’/5mc a
epe/cse: {ay s q sué;rou,a of G

(@) is called the cycli 5()5?/01,? of 6 genesoted by a
F Jacl st 642> then G js called a C,yc/fc group
D) ne#, then (n)=all wiegers diisible by »

this s a §ué7/ou/ of Z
exerase: {ny is }Somo//hcb wZ ©@n*o

3) 5'c € the vt tompleox nembers i
(5 '/> 5 a roup (where - s molts, /(éa.{’ian) /l\
3 g A

let g= € " some n>0 an w‘n‘efe/ —
<g>< s 1 s



exercese: {90 s 130M0,70/112 to Z,

let H<G be a subyrouf
a fl'ghf cset of H is

Hj"zhj/ héH}CG
we say 9 5 a /C//‘&SEM'IL& hve of the toset

%mmg[fﬁ )
271 )
) H = {e 7} <S

let 9= 619—
727
then Hg:— { 8t(7 +9)}) KJ

2) let £ be q lme n [/R:-"')
L<RE e R

o
L+ = line /a/a/é/ to X //

‘m/ouyh t

lemma 5

I H<G, then
He = Hs StsleH

M‘ =) # Hf=Hs/ then t€Hs
S0 t=hs for some heH
x f"S-’:h € l-i/
&) F ts'=heH then t=hs
So (F xe Ht then 'x=h,,-+ some h,,GH
' 'X=h.,,'(h'5)=(hx‘lw)'5
so X EHs
(an Slﬂ'w'/a//y show HJCHfﬁ



/emma Q
| [ H< G, then fuo /yAf‘ wsels are ether eciua/ or o/z}jbin'f‘

Proof: it x € He nlls, then ht=x=hs for h €H
R h,"-l,,_ eH and so He=Hs by lesmmo, 5’@

lemma 6 say s Losefs of H a’ecom/awe G info a/is/'ozﬁz‘ ez
[+ H< G, then the 12der 01L Hin G (s the numbe of /‘7'/11‘ loses
of Hin G, and is devoted [GH]

Wamelej:
*\ 0 Y
) neZ, nd>e# LTS R
X X X X X X X XX X
<ﬂ>+o oo.zo.....;
- 3 ~L ~ 2
{n) ¢l < -3 1 0 | 3 o
{nd +h-1)
{ny+n={") so [Z2:{m]=n

) {81.%11} < S‘
27 - 1%"— 16
for 0£0< 7 ;ef’p(q/om{’ cosers {e ?8
40 [5' <€13;'r)] W irhncle
the order of a group G is the number of elementz 1n G
i+ s denoted 6l

lemma 7/Lalqraﬂlye)=
G a finite group and H< G, then

[6l=[G:H] IH]

P/me there are [G:H ] O,I:Ijoihl" Cosels of H eacl (/onfazhlhj
/H/ e/emenf*s g



f’/Xam’p/eS :

) {[31) < 25 [f] £.'1 E:I t'sl [.u] [';]
X X X %
NEXPRg [ 2 :(33%]< 3
{131) +2 so L &
)<I310[ =2

12| =6~32=[ZKD]-1<L317]

) P T2 \F p is prove and 1UI=p, then
G s Cyclc-C— (and hence qbe (zém)

Inleed, - G bas any ement= gxe, then

(}) 15 a $uéy/ou/0ﬂ€f€]
[<9>1 dwdes |Gl s0 is P o L

o most be p, o G=49)

If H< G, then a Coqfu/oaft of Hint s
gHy"=fjhy"[ heHS

His called a normal suévqmu,o of G i
7 Hy-(‘-'- H ‘ﬁ,r a”yéé
this js denoted H4AG6

Th=8:
| I HQ(;, then e set- of /'éelu" sets of H form a group

The group (s Aeaoted S and has order [6:H]

M Mulﬁpflka tzon 15 just “setuise mu/h;o/:Za.'h'om



e ST cbpmen ST=fat |¢eS teTS
note: (4s) (Ht) =(Hs) (7' Hs)e) =(Hss™) (Mst) = H(Hst) = Hse

s0 ¢etwise ma/h/'o/zéaﬁbn of cosets s a coset [

easy 1o sece H=He (s the dentty element
Hig=) is wwerse of Hy , ond moltilieation (s asppciative

..U)(aMQIe:
{ny<#

note: (Cm)+{nd+(m)= j-m*nkwf-m/k ez}
= ;nklkéZ} ={n)

50 {n2AZ
from above [Z:<n¥]z=n so 2/4.1) has ordes n

Adebne ¢ ?/<n) — 2,
{n)y+m > [m]

casy to check & (s @ bijectue homomorohism
5o Z,% Z(/(,47
iF ¢:G,—26, & a Lomeomaffhism, then the kenel of ¢ i
ker &= 7' (2,): fa et #p=€, ]
and the [Mczgfg of ¢ /ﬁ(:ﬁ; :: fé:
im &= 5 (9 1 5¢€6,3

/CMma ?:

4>5 G, 6,_ a Aomo»vor/o/u}»r, then
kerd 4 G, ard 1w $<6,




L‘O’F‘ ?l'%e Re~ ¢ , thea

4’[9,'9:.) = #’[9:)' #g)=€,¢e,=¢,
50 9,9, eRe, &
9 € her @ then

b(g=)= (409) = (&) 'z e,
50 j" € ke, ¢
. her ¢ <G,
vow if ﬂeé, , we need o see

g (ker¢)y" = ke, ¢
,F ?’e jo(e/(ﬁ)?’; hen ?’= 79-?-‘ domé& :’5 éAf/"¢

thes @)= 903397)= 85)- 43) #57) = $19)-e. o))
= pl9)-6@) " =€,
© G e kerd

Sln-qi/qr/y’ l‘{’ 5’ fke/'¢ you Can 04&/( ffj/k?/‘ ¢)y"l
$0 ker ¢ 4 G,

taescse: show ImP <6, p

trercise: @ o1 6,36, is a homeomorphism, then show

C’%Q ot = Im P (thes s the 1 isomo/’/[ttkm
Heorem)

yilfﬁﬂ tvo groups A and B, the Avect-gym of A and B, Aeaoted
A® D, is e set
AxB=f(ab): acA and beR)
with mu/ﬁp/zka fion dehred component wise
(a,b)-(c,d)=(aC bd)




mm,g/e: 2o # ofered pa}'rs of m@«ys (n,m)
(A, m) (R 2)= (n+k,m+L)

Bflq Theo reun’

any firrtely generated abelian groap s (somorphiz to
7 Rsee Gelow

70. 02 % ,1,®..9 Z;,n.
~———— A e
n

wée,»e p, ere ,o/éne (not nec. Aus {7(:-{—)
N, n are lin‘efe/s

B Grou'p Freseatfatzo s
We nowycbe a Acce way [ refresart-a group
et X Ge any st
the ﬁfeef/z;@ 3&4%{6/ /{yX is tte et Flx) of all ‘reducedd

words “m the lettes Xv X~
(where X' is /'u,5+ @ Lopr oF X wedencte an eleyert of X7

&o/mﬁona(f;l/o fo % €X, éy x~')

here by reducedd word we weam n’f)/m we. xx" or A 'x, remove (t

-Fr‘o;” e Vof’/
o /'e M
) X= {x] ther the words are
-l
x and x 2
X Seote. xi X_'X_'l . Aenote ?(_}
%% X X xx"x [

also have the emply word vhieh we donote €=X°

Note: we. a/jo have  XaXx” but nott reduce/

\ (] —
but we can ‘reduwce F o X
~/

2) X=fac d¢ cat cctao” ...
) X fl , ,D} 4o WO/’dj are /zﬁe-‘ o(o]



define Mv/ffp/f'cwfzbn on F(X é«/ tonca eation Pllowed éy reduction

%am'ﬁ/ej :

l) X= fX}
xl—.Xg_.: X-’
o - 3
at x5 s T x hxxxx = XxHN=X

2) K=f{abf then
(a*ba™'b)-(4a%) = a*ba®

&\’E/Usé:
) FlK) wth Mdlé?//récz'ﬁ'oﬂ cbore ¢ a group

2) note we lure a mayp 7+ X — Fex)
X — X

Show ﬂm"ytbﬂn aay furction f:X—6,
where G s some group, there is a wigre

homomor phesm FiFl0-6 sotisfyirg

3) F there 5 a éz'j'eoﬁc'p/)'}‘:)(—3 v then Flx) ard F(¥)
are 750»10/]7th

W ix]=1, then FIN = Z (abelin)
but £ IXI>1, thea F(K) & non-abelian

Hint: map F(X) onto 50Me7"4u\§7 non - abelean

gfuﬂ’l Q 601/60(70:4 R 07(1 u/o/b& ” Xu)(:' let <K> be the Wa//eﬂ"’
normal 5ué7malo of F(X) &onfcl;wnj R
then devote by {XIR) the poup
Fx) /412>

tis 15 called « Group p/!ﬁfenﬁv‘z&n




I_7£ 6 some FroUp and G= LK IR) thesr we 54)/ <XIRS 4
a presentation of G
F X i fie, say {3, .. \7“3; aad
R 5 fnite, say {4, ..} 1hen
we (/5(/4/& wrete 9, 9nl Vi) Vm?
F G bas a presentafron where X & Fade we say G i« ﬁmkl/y oeernted
F X and R are facte, thea we say G is Huitely presorted

Infuchiely: {9)-,9u I/;,...)/,‘,,,> (s the Froup oF e/l words 9, am/71"

wﬁe/‘e l‘f you e, see. an /,', you can 7remonre t:\‘ [)'ou cad
also insert & aryhere)

eaomples:
) 491972 this «s all words & 9,57 4e.
.../y""ly",e,j, ?‘;75 "}\74‘:‘?3
but 9":6 $0 \7'”" =j4‘f:f
= N W R K|
§:=9"9 °7
asy fo gee overy element is of the forns 3k, OLk<n
oreruse: (5/3”}——32‘” s aq ifomorphl.?M

2) a(p/\‘—’fenfaﬁ'on oF # i {glo>)
3) chek a preseata tion of D, is
$xyy [ =% g% xyxy?

t) consider (X,YI?C)’X")’")

note, the relatzon say s Ay X"y"’: e
e. xy= yx (x aM/)/ wmmuf'é’)



So any wortl in the above Qroup Can be writEn
x"v" for some ameF

et Show ZOZE =%yl xyxTy~)

oXeruses:
) Crery group G has a greseatatzon
Huirt: lee X=6
2) let G =99, ", .te? , and H any group
choose. elemantz b, ey b, € H
There (s a vnigre well - Aepoe d hoa,;onw//aﬁz';m
¢:6—>H

oty 50 b e ot

| P2
(re & 7, ﬁJ , taes th"' AJ: = eH)

C. Lrad \j?/‘ou’g) am/ fho z/ones PP [}Mo'mq
a A-strirg brad i a ah})b:hz‘ wion ofarcs n B5lo (] with
Mo(/of/u_‘f ,{(O,z',o)} c Rx fO/
flo,5,1)} < ﬂlez}
such Hat the restriction of the projectos R%(o0,] - (e
W each oz is monotonic
S i SR *ly

9; /
e R fof

two bfam/s [60,/, are equu/alem‘ + 3 /-pamme#f -thly of
brridls /57_4 o0LttL1, gowg from Lo fo ﬂ:
we wrilt (= p, F efmmfexﬂ‘




femork: |t (5 @ (nou-sbvious) fact- toat 4= € f§, and 4, are
/50%,0(.(, 9 ﬂlx [01/], he%m;'j evd Ioa:;ﬂ‘s 7[;5('60/

the poduct of 2 n-stand brawt is Just Concatonation

N«

) Bife (reparam [02) 1 (o))
b

A

/ﬂte n-strand braid group

lemma [0 -
| The set- B, of n-strand braids is a group with thes prodect

Proot: Ideatity: 0 { /

M:d@/
Inverses (4": /‘Cﬂelébﬂ O’F'(A ¢ /ZL"Z())

| =

1 el

/ef' O’; " BA, /.‘:7'.5'11—(’ ée the b/a,-a/ ((%{/

1 241

W

n



notice that

( . o . y
D 0100 2 00,9 Tpe &\ > (K/ Reidlemeds te- 3
\ \

1 940 142 7 261 741

0 agege AP K ] - 4

1 el g et 72 w0 ) el

note: Reidlewmeister 2 60/'/2’.900&40/; to group ve lafion

LA >/ - //
\
Th= U

B, hos presentafeon

P=Ac, ..o, | wgqug=c,a.q, 12isn2, go-co (1-jI>1)

U +/

p/@{: giwen ony bod /3, can is0Top 50 c/05514gs occure at At ercar- levels

] 03
[FJ" 34 5o pis o pootat oF
- -1

0,0, geneie &,

14@“ u/[wl wt /(uou/ aéawf y'oc’/ prﬁfenﬁﬁbnsl 51.1}6 Wt Amre
reletions above, we bave a homomorphism

- B,
and we Just saw (3 surjv:‘icﬁw
" /g(ﬁ,,c (s a bradd ver’ys o9 o7£ KEIK/.?Mczij‘/C/'S 771"‘J
(wort oo here) V-4
9(0&4 a brad f oreNt strands from R 1of 4 Rixfc}
the (M of ﬂ, Aevioted /2‘, (s oéhtr’rev/ as stlou/ﬂ

ﬁg@jz



ﬂa/_»}g les:

1) ﬂnfgn ”KOM/MCﬂ'f
vnliak
2) (a ﬁ,,
OT” < (2-.‘4) forvs /m/<
3) l‘:l Bs

Th™ 2 hlegandes 1923):
every orented link (s the closyre
of a brad

Sheteh of 'p/bmc-'

note we can troanslate /? so 1t s ww'a/wif about (0.0) 3
ard (¥ K has a a(layramt such ttar © comp onen t

(i polor coordks) all/tiys decreasing thea you

Can (s all cmffu?zjj to left bund sale

and se¢ K as a tlosed braw/
50 how can you orrange O o/ conddition
12 mask_strand, gouig “Wrong wiy ’ wrovg iy

il




2 byesh straads up so they only go over or under otthes stroands

G

c qmen{'s
3-':“{ Ffix strands one &, one

U” blve OIIOl
/d Iﬁd/’/le

vndes every -KM;

a ool ofwyc /
over emayftfmj

Contrave 1l Loue =

50whe,/: 2; /2"/?\7
1) Con;uyahan + ﬂ 2, ég aol JY€eB, s¢ (o YIgb’
1then /;;:[5:

w

W

2) 51%4:'/1%&/1: we hape a may s*: 8, —28,,,
g po

C El/? A (] f - (g O .@
n, "’ 6"? n' {ﬁon)
l moyL




the eyc/t'Va/erzce reletion on the set ;ZLT L, genern ted é}/
1) éonjix;m{zbn wm B, and
2) stabi lization
is called Morkos e‘w/u'/a[enc,’ and olenoed *
Th2/5 (Macha 1936)
| A - b G pEE

&om aéwe we haue proven (@) , The othe I#ﬁ,ﬂ/l(:aﬁ-oﬂ ::; another
Reidewmeiste- type ¢ “ (wont oo bere)

Remark: We lupe vow turned 57%‘”(}";7 koofz it S{W(;/M/ grous (and
an eyw'm/c?ne Nér/‘fon).’

s0 o 7e—f' an s var wan - of lwiks we ca look ﬁ/ﬁ Movhow frace.

a Morkov trace = fp,] 15 a sef of fanctions
HMa: B DR

(hee R s some a%ebmc'c thung , ke a 7/»«,0)

such tha -1
Ve t ) pa(xp)= Ha(p) (& mlrpy )= S 18))

) Jelement a¢ R Svclh 4 ap
Pasi (o) a* ulg) Vses,
Aehve #e writhe of a brad éf
w -'B,, —

by ©(g)=1 e wlog")s-21 and extend to a vord
by addivg, 1€. () = “emponart- sum “
eg (o 0,0,7) 1
gnescse: 1) this iz yell-dohiesd .[M;({(fj;ﬂ:fwe
2) 1F D 15 a didyam hr B thea w(p) - w(p) —Aeded

Ca//(é 7



Th”?1¢:
H uzfpg] is a Machov trace, thea for a luik L wity L4
for some brad B¢ B, the fomola
Lu0=a“Pu, @

is a well-dehied Avarint of ornented lnks

Poof:
b~/ =12, anyl— s AA % Some ﬁ

F L2f, and f then by THZIS 7P,
%0 'ﬂ'ey ore velated by &Oya]aﬁvn and ;’tab/‘/lé-aﬁon
Coq'/h'qa:fz'ou: /A,,(B’p)’")=/«ln (/!) (Ivy D) and w(*ﬁb”')f U(ﬁ)
q-w(?ﬁr")ﬂn (D’léfd) -a- aJ(ﬂ)/Mn {p
stabiligation: ., (pog*)= a*'e, (&) }) N B P
D(Bo*') = (e 2l &

Lets ﬁna’ a Markov frace
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