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The Fundamental Group

intuitively the difference between

I
z

- and and

is the
"

number of holes
"

How to make this precise ?

note : if 8 is any loop in S
'

then it looks

.

" he it can be shrunk no a pour

but there are loops in T '
that can 't be shrunk

and others

and looks like even more in Ez

wewant to make this precise
The idea is to

"

probe the topology of a space with

loops mapped into the space
"

Remark : you might want to think about
"

probing the topology
"

with

things beside loops !



A. Definition of the fundamental group

let X be a topological space

fix a point xo E X ( call xo the base point )

a loop in X based at Xo is a continuous map

8 : so , D → X

such that 8101=8111 = Xo

at.

exercise . This is the same as a continuous map
J : s

'

→ X with 811ha ) -
-

Xo
← unit circle in IR

'

two loops a homo topic ,
denoted r

,

- K
,

it there is a continuous map

H :[ o
. Dxfo , if → X

s t

" " at

:÷÷÷÷÷:*
. . . .

"

note . It gives a
"

continuous family of loops from 8
,

to K
"

e.g. Htt s ) = Htt , s ) is a loop for fixed t

lemma I .

homotopy is an equivalence relation

on loops based at xo

Proof . I reflexive ) clearly 8- 8

justtake HIS . H = Hs ) t s and t

Gymmetric ) if K ~ K by His .tt then let

I Is it ) = HCS
,

I - t)



so It Is
, of His. it -

- ra Csl

It Is
,

it - It Is
.

o ) -

- 8. is )

IT to it ) = It lit ) = Xo

and we see K - K

I transitive ) it 8
,

- K by HIS . H and

K ~ 8
, by Gls .tt

then set

* " .*ft%¥,

'

II
( continuous by The II.9)

easily check It gives 8
,

-83

here is a

"

picture proof
"

that gives the idea how to get
the formulaabove

to define a homotopy we need to define a fun choir

with domain
i

I,

yy
,

°
o I

we know on the boundary we need
Is

Xo Xo

8
,

we just need to say what it is on the interior

we do that by r ,

this will # G
" 8 z

simplify
"

Xo ×of where this means It with

arguments later ! H t variable scaled

on
,

similarly for G
L#



Set Ti
,

IX. xD = { homotopy classes of loops in X based at yo }

we claim this is a group !

multiplication is just path concatenation

x.* miss ii. "

s . , Ii
this is well-defined and continuous since

H2 l "
a )) -8

,
Ii ) = Valo ) = 812 "'d - I )

well * iswell defined on loops but what about homotopy
classes of loops ?

suppose 8
,

- K by H and S
,

~ 82 by G

then 8
,

* 8
,

- K * Sz by
J

, 82

that is
×

o It G
Xo I , ,

, µ ,

H ( 25
, f ) OES E

'

E

Xo { 6125 - I
,

t ) ' he SE I

r
, 8

,

so [ 8,3*18,3=14*8 ,
] is well - defined on IT

. IX. Xo )

Tha 2 .

X a topological space ,
Xo E X

Then Til X. Xo ) is a group under *

we call Tfl X. xo ) the fundamental group of X I based at Xo)

Proof . let e : Coil ] → X : s # Xo be the constant loop

Claim : le ] is the identify element

PI : let 8 :[ oil ] → X be any loop

then
y * e : can → x : s t , { of

.

" ) o ' SEE

Is S E I



r
now

" ! Xo so Hcs ,
f) = {84.2¥)

OE se

4 I a- SEI

Xo
'

1/1 . '

8 xo is a homotopy 8 * e - 8
[

zs - t - 1--0 (similarly 8 # e - 8)

Claim : 8 :{ 0,7 → X has inverse Jls ) = Hi - s )

PI :

r ¥ .* •

Homotopy 8*7 to e

let It - to
,
D → X : St Hts )

(only go along 8 to Htt )

Xo

so

HIS ,
f) =

H " - H2s ) o es et
to ti - t I - t Xo {

y ( I - t 12-25 )) Ya ESE I

V * J is a homotopy 8*5 to e

similarly J * True

Claim : multiplication is associative

PI : given loops X. KY ,
need to see

(4*4)*8 ,
- 8

,

* I K¥83 )
r , 828 ,

o
,

r
. or

,

exercise : write down homotopy
Xo Xo

r , K B L#



let f : X → Y be a continuous map

Xo E X any yo -

- f- (Xo )

given 8 :{ o
, D → X a loop based at Xo

then for :{ oil ] → Y is a loop based at yo

it 8nF by a homotopy Hls .tl then fo It : fo . Dx to . D → Y is a

homotopy for to f  of

so for each [ r ] E IT
.

I X
,

xo ) we get a well-defined [ for ] e THY
. yo )

we define
f* :p , IX. xo) → Tilt

. Yo )

That 3 .

( H I → [ for ]

f-
*

is a homomorphism

Proof . [ 8
, )

,
[ 82 ) E T

, IX. xo)

V. * 8
.

Is ) = { 81125 ) OESelzDz ( 25 - I ) 42 ES El

and

Ho8
, ) * Lf ok ) = { for ,

( 25 ) o e s E 42

f- o Tz ( 25 - I ) ' le ES El

so fo ( 8
,

* K ) = f for
,

) * Cfo K )

re f *
IN , ] * HI ) = tf HD * t

*
Kris )¢⇒

exercise i ) id
×

:X → X the identity ,
then tidy) *

'

. IT
, IX. xo ) → Til X. xd the identity

2)
if f :X → Y and g : Yt z

,
then (gof) *

= g*of*

two maps f. g
: X → Y are called homo topic if F a continuous function

H :X x [ 0,13 → Y

such that Hix .
off Cx) and Hex ,

1) = gcxl
note . Ht :X → Y : x t H Htt is a continuous family of maps interpolating

between f and g

so maps are homo topic it there is a
"

continuous deformation "

between them

we say f and g are home topic rel . base point if all Ht take xo to yo

exercise : it f-  =g
rel

. base point,
then f

* =g*



two spaces X and Y are homotopy equivalent if there are continuous functions

f : X → Y and g : Y -7 X

such that

fog : Y-7 Y is homo topic to the identity on Y
,

and

got :X → X u a  u a X

f is called a homotopy equivalence and g its homotopy inverse

denote this by X I Y or X If Y

it the homo topies in the definition preserve the base point ,
then we say

X and Y are based homotopy equivalent
lemma 4 :

If f :X → Y is a based homotopy equivalence ,
then

f
*

: TT, IX. Xo) → IT
,

( Y
, flux, )

Yo

is an isomorphism

Proof . let g be the homotopy inverse of f

so to g
~ id

y i . f
* og *

= ( fog) *

= idy
)* : Ti I Y

, yo ) → IT ( Y
, yo )

Till , yo ) -9*3 Tl
,

IX. xd T.LY
. yo )

✓
←

bisectrix
g * of *

= lily )
*

=  idk
, IT. yo )

and we f
* is surjective ( and g * injective)

similarly f * og *
=  ida

, ix. yo , so f* injective
i.e.

f-
* an isomorphism L#

examples .

1) X = D
" Y= { Xo ) Xo - origin in D

"

Claim : Y = Y l based )

Proof f :X → Y : x → Xo

g : Y → X : Xo → Xo



so fog : Y → Y is identity on Y

g of :X → X : x to Xo

and Ft txt = tx is a homotopy from got to cater
So Th ID ? Xo ) I IT

, I { Xo )
,

Xo )

note : there is exactly one function

[ o
, I ] → { Xo )

So Till Xo )
, Xo ) = le } the trivial group

-
first computation !

.

'

. Til D ? xo ) = I e }

2) if f :X → Y is a homeomorphism
then it is a homotopy equivalence ,

since t of
"

- city ,
f

-  '

of  = i 'd
×

:  .

lemma 5 .

homeomorphic spaces are I based ) homotopy equivalent
( with correct choice of base points )

and hence have the same fundamental group

note : homotopy equivalent  # homeomorphic
I e.g .

D
"

and point )

3) A = S
'

x lo
,

, ] and B -
- S

'

Claim : A = s
'

Proofs : f :S
'

x Co , D → s
'

: I x. y ) 1-7 x

g : s
'

→ s
'

x lo , D : x ↳ d. o )

f- og
: S

'
→ s

'
: x 1-7 X so fog =  cats ,

g of : s
'

x I on ) → S
'

x Co
, D : I x , y ) ↳ I x

,
o )

note : Ft Hitt = ( x
, ty ) is a homotopy got to iota

,

so Th ( S
'

x lo , is
,

xo ) E it
,

( s
'

,
Xo )

we compute T
,

of S
'

soon .



How does IT
, depend on Xo ?

let Xo
,

x
,

EX and 7 be a path Xo to x
,

given a loop 8 : Co . D → X based at x
, ,

then

ur * if;Y÷:* ,

:
' '

'

is .

X
is a loop based at Xo

exercise . the
map Eg : IT

, IX. x
,
) → IT IX. xo ) is a well-defined

[831-217*8*5] homomorphism
.

Th ' 6 :

Ig : Ttx
,

x
,
) → Till

, xo ) is an isomorphism

Remark So isomorphism class of  AIX
,

xo ) does netdepend on

choice of xo in a path component of X

Proof .

noteIq is the inverse of Ey

Iq toy 1811=5*7*8*5 * y
~ 8

r

n

¥ xo r
"

•
-

Is 7 +
* YI

It * Yt I

like in proof
of Th ' 2

g- y 8 7- 7

so Ezo Ez CH -
- Is ]

similarly Ego Ig  
= id #



Tha 7 :

If f :X → Y is a homotopy equivalence I not nec . based homo topic)
then f- *

: IT
, ( X. xo ) → IT

, I Y
,

flxo )) is an isomorphism

Proof : let g
: Y -7 X be a homotopy inverse

so g of = id
× by a homotopy Ht I HE idx

,
H

,
= go f)

let MHK Ht No )

Claim : Ego I go f)
*

= ida
,

ix. %)

Proot: given 183 C-  IT ( X
,

Xo )

we need EgoCgo f) or - 8
,

which we have by
r

.

Xo H
,  - to 8 Xo

I IT
, - tMi - t

y go for 9- ✓

so (got )* is an isomorphism
: g *

is surjective and f* injective

similarly (fog ) * an isomorphism
:

g * is injective and fix surjective

so t
* an isomorphism EH

B
.

Fundamental
group of S

'

It is surprisingly involved to compute This
'

, Xo )

but the method is veryimportant !
a . . A , Ao A

,
IR

let p : IR → s
'

: x ↳ I cos 2T x
,

sin tix )
.

IP
set A -

- S
'

- { Cho ) }

p
-  ' (A) = U CI,

itit
s

'

7 C- Z W
A

A i

note : play : A
,

→ A is a homeomorphism I clearly inner table
,

check niv
.

is
continuous )



similarly for B -

- S
'

- { I - i. o ) }

then p
-  ' I B) =

'U h - 42
,

it
' h )

1 EZ w

Bi

and pl ,
,

:B
,

→ B a homeomorphism

Obvious but important observation :

if f :X -7 s
'

has image in A
,

then after choosing an integer I

F unique map
I :X → A .CM

Such that pot = f

i.e
.

set F -

- (pla!
- '

of

similarly for f I x ) c B
.

now given a loop V : So
.

13 → S
'

based at Cho ) we want to
"

lift
"

it to IR

that is we want a map I :[ o
,

I ] → IN such that post -

- 8

if image Y CA or B then easy !

note : { A
,

B } is an open cover of S
'

so

18
- '

It )
,

J
-  ' I B ) ) is an open cover of [ O

,
I ]

[ oil ) is compact metric space ,
so F a Lebesgue number 8>0 for cover

He. any set with diameter < 8 is in V -  '

CA ) or 8
-  '

( B ) )

choose n such that th < 8
I

, I
,

In
let Ii :[ 'nt

,
I )

o ynya
- -  '  '

n -

ya I

note : D diam Ii ' 8 so I
,

c 8
- '

IAt or I -  '

IB )

2)Tco) = ( 40 ) so J CI
,

) C B

so we can liftHI,

to Bo c IR

he
.

F
,

= (plBol
' '

o

HI
,

note :

F
,

to ) = O



now 8 ( Ia ) CA or B so we can lift

VII.
to IR

we choose lift It so that

Ilya
) = I C '

la )

8 F J
we inductively lift all the ten to get ,

i - . . , a

since these lifts all agree at the end points ,
we get

a continuous lift

F
: so .

D → IR

of
8 : so

,
D → s

'

i
example :

-

'

' '
A . ÷As

'

-2A- i
'

'
A

,
s

y
' te

B

o÷÷÷÷. .

.

-

I
,

note J lil E p
-  '

I l i. oil = Z

we have proven

Th "81path lifting ) :

if 8 : I 0 , D → s
'

is a path basedat Chol
,

then for each n E Z

F a unique map In : so . D → IR such that

In ( o ) = n and

Po I = 8

more generally,
if 8 : Co . is → s

'
is an un based loop ,

then

there is a unique lift I once a point in p
-  ' 18 cost is chosen



we can define a map

to : This
'

,
a. oh → Z

[ 83 T Joli )

← left  of V with Jolo) -

- O

Tha 9 :

Io is well-defined and an isomorphism
so Tl

,
( s

'

,
Chol) I ¥

to prove this we need

Th "
10 ( Homotopy lifting) :

Given a continuous map H : so , D x Co , if → s
'

F a continuous map II :[ o
.

I ) x lo , c) → IR

such that po IF = It

Moreover
,

IT is unique once we have chosen a

point To t p
-  '

( H Cool ) and require Alo
. ol = To

Proof . just like proof of path lifting
let S be Lebesgue number for I It

-  '

I A )
,

It
- ' 1B) }

and pick ns.t .
I < 8 then consider

tax tu squares

HI each square
in A or B so can be lifted

exercise : Write out the details
e#

Proof of Tha 9 :

if 8=8as based loops in ( s
'

,
thot

let H be the homotopy



let It be the left of It such that HTO
.

o ) = O

note :  i ) pottos) = Holst = 8151 so Holst is a lift of 8
, starting at 0

so

Jo
= HI

⇒ It
go , × go, g

: co . it → P
-  ' l H 1103×10.13)) =p

- I Hi , o , ) = z
← discrete

topology

so It to . t ) is constant lie . path components

since Flo .

01=0
,

we see Filo , f) = o

are points )

3) pot,
1st = His ) = 8 I s ) so Ft

,
is a lift of 8 starting at O

~ ~

i . So = H
,

:
.

I lil = Ill
,

o ) = till ,

it
-

-

I
u )

T
same agrt . as 2)

so to is well - defined

dont : let  f-
n

: Co, it → IR : x thx

note : rn = po fu is a loop in S
'

based at 140 )

that lifts to fn

so loll rn 3) = a

: . ¢ onto

to homomorphism
-

:

let [ 8
, ]

,
fro ) E IT

, I s
'

,
Cios )

let I
,

be the lift of K based at 0

set n = I
,

lil and m = Ill )

define : Fist = n t Fal s )

note : p OF = ( cos 12 Tila tr ))
,

sin ( 2T Cut Id ) )
= ( cos 12T Fal

,
sin I 2K In ) ) = poke K

so Fa is a lift of I set .

Lot = n

clearly I
,

* I is a lift of 8
,

* K based at O

and I * Ful = at m

so lol Crit * Hd ) -

- tour , ) ) t lolcat )



¢ injective

we check her to -

- le }

it [ 8) E her 10
,

then the lift I of 8 based at o

has Jli ) so

that is Ils ) a loop in IR based at 0

set I Is .tt = t J Cs )

note : I ) TtIs
,

o ) -

- O

4 II I s
,

4=8 Is )

" H' to .tl = HT ,
, , = o

} IT a homotopy J

to constantloop

let H = pott
It is a homotopy of 8 to the constant loop e

L#

C. Applications

given a map f : s
'

→ s
'

let I : so . c) → s
' be the map to of

= I

where

[ ° 'D ¥ get ) = ( cos Kit
,

sis 2kt )
for
s

'
→ s

'

f-

Tha 8 says there is a unique lift F : Co. D → IR of I once we choose

htt of Flo )

we now define the degree off to be the number

deg f  = Fill - Flo )

note : if I is another such left thenIts) -

- Ils ) the for some k

so Ill ) - Flo ) = Faith - Flat k ) = Fli ) - Flo )

and the degree is well - defined



That I .

f : s
'

→ s
'

and g
: S

'

→ s
'

are homo topic
⇒

deg f = deg g

Proof . ⇐ ) let F : S
'

x Eo .
D → S

'
be the homotopy

let F : So , D x So , D → s
' be the map such that

F- ( gcs )
,

t ) = F Is . t ) so , Dx So. D

let I. g- be lifts of I
ang g-

tj
!to!? , s

,

as above

by Ta '107! lift of F to F- : so . D x So , D → IR with Flo .
ol -

- Flo )

by uniqueness of path lifting we know

F- is . of Fts ) since F- Is

,
o ) is a lift of I

let 8 : to . I ] → s
'

i t t F I o
, t ) = F I let )

set I : so , D → IR lift of 8 sf
.

Flo ) = Flo )

J
'

: Can → IR left of 8 set
.

I '

Col -

- Eli )

we can assume g- lot Fli )

note we have F- given by
g

J 41,
I

'

F

so deg f  = F- tho ) - Flo
.

o ) = I
'

lol - Flo )

deg g
= F- Ill ) - Flo , D = I

 '

Li ) - Fll )

but I
'

It ) = ICH

the
some k

and deg f -

- degg



⇐ ) assume deg f -
- deg g

let 0 be the angle between fu . o ) and
g

Chol

let Rt i S
'

→ s
' be gun )

• f
rotation through → qq.tlnot

angle t

set HIS .tl = R too f Cs) →
•

g
So HIS

,
Okf Cs )

It ( Sill = Roof Cs) re
.

HC Clio )
,

D= Roof I Clio ) ) = g (C 40 ) )

so after homotopy we can assume f-I Chol ) =galiot )

I from # ) we know deg f unchanged under htpy )

let fig : fo , D → s
'

be as above ( not Flo ) = g- to ) by above )

let Fig : so
, D -7 s

'

be lifts of I
, I , respectively

St. Flo ) -

- 510)

now deg f = deg g ⇒ Ill ) = g- I I )

set II Is . Hi t fts ) ta-f) of Is )

note : III o
,

t ) = t Ilo ) +4- t ) g- lot Flo )

HT htt = tf Ih t a- t ) gli ) = Fu )

so polit: to . D → s
'

descends to a map Ht : s
'

→ s
'

Ft

Ht give homotopy of t tog L#

exercise .
i ) the constant map f :S

'
→ S

' has degree O

2) f
*

: Tf ( s
'

,
II. G) → IT

,
Is

'

,
11,0 ) ) is multiplication by deg f

re
.

Z  → Z
I need to homo top f to

[ o ] ↳ (degf) Cz ] preserve base pt !



Corollary 12
'

two maps f. g : s
'

→ s
'

are homo topic
⇒

f-
* =g* : Tf ( s

'

,
Clio ) → IT I s

'

,
II. OD

In particular ,
f : s

'
→ s

'
is homo topically trivial

⇒ it induces trivial map on Tics
'

,
his )

Proof I mediate from exercises
#

Remark : so maps on s
'

are completelydetermined by T
, !

lemma13.

a map f : s
'

→ s
'

extends to a map F :D
'

→ s
'

#

deg f -

- o

proof # let " ' %?Iis÷,1¥
.

given F :D
'

→ s
'

such that Ffp .  = f

setHIS .tl = Fo Pls ,
t )

this is a homotopy from

HIS
, of Fo Pls

, o ) = Flo , s ) = pt
T

originto

HIS , D= Fo Pls
, D= Flap ,

-
- Hs )

so t = constant  in deg f  = g

( ⇐ ) if deg f  = O
, then F- a homotopy It :S

'

x So ,
I ] → s

'

sit
.

His , 1) = fcs ) and HIS, o) = pt

so we get an induced map s
'

x So , D
'

F :D
'

-75
'

that quotient.

-

extends f map p2 .
.

-

-

-

F Eff



exercise .

think of s
'

as the unit circle in E

let fn : S
'

-7 S
'

: Z ↳ Z
"

o , that R

Show deg HI = a
c→ → -

for tp
Zn i

O - Os
S

'

Th ' 14 ( Fundamental Tha  of Algebra) .

any non- constant complex polynomial Plz ) has a root

?e
. Zo such that P I Zo ) - 0

Remark . Amazing ! We are using algebraic topology to prove basic

facts about polynomials !

Proof . let Plz ) -

- -2
"

t an . it
" - '

t
. . .  t a

, -2  t ao n ? I

assume Plz ) has noroot

let M = max { lad
,

. . . Yan-it } and choose k Imax I I
,

2am }
note : Plz ) = E' ( It any ¥ t

. . . tai # Tao # )
-

bit )

so

if
IZ 't k

,they
,⇒ , a. land ¥,

t
. . it lad ¥1"

a- Ml htt . . .

+ In) E m I
EM In =L

Tpchzgj
←

well - defined
let f : s 's s

'
: z t

' " hit )
since

neezerosthis extends to
by assumption

F : D
'

→ s
'

: z ↳ PHIL
IPCKZIT

so deg f = O by lemma14



but let Pelt ) - Z
" ( It tbh))

from above Pt Ato for little

so ft : s
'

→ s
'

: z ,→
PHI
IFKAT

is a homotopy from f to f. I H -

- fYn= knife = z
"

deg fi = n to XO f=f
, by The 12 Y

1

: . Plz) has a root !
#

.

lemma 15 .

If f : s
'

→ s
'

is continuous and ffxl = - f- Cx ) thx

then deg I ft is odd

Proof given such an f : s 't S
'

let I :C o
, D → s

'
be as above ( i.e

. fog -

- f )

let a = Flo ) and p
- ' Ca ) -

- { at } where p : IR → s
'

and

at -
- I + i

note I ( ' b) = f I C - Ico) ) = - f ( I i. oh = - a and

p
- ' I - at = I bi } where Toe It 's

let fi = It I
10.4123

title . " ,
Fi ,

→ O
I 12 I Sl

since text f-C- t xD = - ft - x )

T.tt#and Iq

qlx - 44=-9 CH ④
we have fzlx) = Fled = ffgcx , )

I
= - ft -

q Cx) ) -

-
- f Iq Cx - ya) ) = - I Ix - 44 =

- f
,

I x - K )

so if I is a lift off , starting at Io then I 144--5
,

some i

and I Ix - 44+42 is a liftoff :C '

hi ] → s
'

starting at To -1455
I just like for q above plx - Yat - pcxl



so Fix ) = I,
Ix -

' Ht it 42 is a lift of fz starting at Ethel -

- I
,

now Ill ) = I ,
I 44 t it 42=52+2+42 = 9ft it I = AT +2 it I

note I * I is a lift of f

so deg (f) = I* Ill ) - I*Ico ) = Ethel - AT -
- zit I

L#

THE

161
Borsuk - Ulam I )

There does not exist a continuous map

f- : 5 → s
'

sending antipodal points to antipodal points

Proof : If f: SH s
'

is such a map
then let S

'

c 5 be the equator

f- Is ,
:S

' -7 s
' satisfies ft - x ) = - fix )

so deg fly is odd by lemma15but fly extends over northern hemisphere
so deg fly = o by lemma13XO

#

Tha 17 ( Borsuk - Ulam I ) .

Any continuous map f : 5-71122 must send a pair
of antipodal points to the same point

Proof : given any continuous f : 5-71122

assume felt f C - x ) Fx E 5

f I Xl - ft - x)
then consider g : 5 ⇒ s

'
: x →

-

It fix - ft - All

exercise g is continuous

clearly g I - x ) = -

g CX XO THE

16
#

Remark Tha implies that at any point in time there are antipodal points

on the earth with the same temperature and humidity !
( or pick your favorite continuously varying quantities )



Tha 18 I Ham sandwich cha ) :

let Ri
,

Ra
,

R,
be three connected open regions in IR

'

each of which is bounded and of finite volume
Then F a plane which cuts them in half by volume

Proof : let 5 c IR
'

be a large sphere about origin containing all Ri

given not 5
,

let ex bexlhaeadlinoer.gl?.nroYh
for each i

,
F plane Pix perpendicular

to ex that cuts Ri in half

.

"

it:÷:÷:÷÷÷÷÷÷÷in
.

exercise : Show da ( x ) are continuous functions di .
5 → IR

Hint : Equation of planes perpendicular to ex

continuously vary with x

Volume of regions of Ri cut by plane
continuously vary with eq' of plane

clearly dj I - x ) = - d
,

Cx )

consider f : 5- s IR
'

: x to ( d. Cx ) - da Cx )
,

d
,

I x ) - d
,

Cx) )

Tha

17
⇒ I x such that f- Cx ) = f C - x )

so d
,

txt - dzcxl = di - x ) - di - x ) = - d
,

I x ) + dz Cx)

:
.

2 d
,

C x ) = 2 da l x ) ⇒ d
,

Cx ) = da Cx )

similarly d
,

Cx ) =D
,

txt = dzcxl

so I planet to ex that cuts R
, ,

Ra
,
R

,
in half !

L#


