|74 The Funafamerzfn/ Gfoa,ﬂ
1 tu fwely the AdHfevire between

5™ T Fa
EJ et ()

(s the \;fwwée/' of holes )
How to make ts p/eccke 7

note: ¥ s any loop 11 S* then i+ loks like & an be shrumk o qfoMt‘

but thee are lops 7% Yat cont be shrak

and looks like eren more 1 T,

we wanf to mahe ¥ais precise
7Zlé wlea s to “p/'Oée the f’bpo[o7y o-F Q ?a[e witl
/oo/os Maf/ea/ it the Space ‘

Re mock: you m 7/11‘ want o thok aéoa{- /roém/o the topplogy * it
things besde | 00/05



A. Detinition of e ﬁmﬁém@r{z/ groug

let X be a fopo/oj(to( space
Fix a pownt x, €X (call x, the bage pm;n")

a bop w1 X bagd at x, is o contiriuous map
¥:fo, i) =X

such that ¥lo)=Y(1) = x,

:
— >

exercise: Ths s the Same as a Contriuous Map
Y s'=X wett W) -x
A

. . R 2
vact cele w R

1o loops a homotopi  dovoted ¥~ Y, , 1F thece s a (ontinuous map
H.'[ol/]xflo,l]——éx
$ t

5uctl that
1) H(501=%(s)
2) H($) =Y (5)
) Hlot) = B, E)=X,
note: H guwes a " cottiuous family of lops from ¥ 0 X"
8g H ()= Hits) s a loop for Axed

/EMMa 1:

homaz‘a/oy S an eyuci/a leuce relation
on /oo,os based af x,

Proof: (reflexive) dearéz ¥~ Y
Just fake H(5,4)=¥(5) V sand ¢

(5ymmet‘rfc) Ff V8 b K6 theq let
H(s.e)= M5 -9



so H(s0)= Ui 0= Y, (5)
[ (s, (5,00= ¥.(5)

T o) = H (18 =%,
0‘10{ we seg 1‘1—”)7

( ansirie) F 4~V by Bist) and
f~% by Glst)

fhen set H(szd 0£t£%
l6¢)= "~
H 4] j(;/S,Zé'l) % <

f—
[w%ﬁuaas éy TREI7)
eas//y check B ques ~

heve is a “piture poof ¥ (lat sues the leq boa 1o get-
tte Formlo @bove

fo dehue a lwmm’%/ we need fo Aefne @ ﬁncéa/}

with dlomaw
),

0

l

we Ko on e éound’af// we yeed

7s
Xo %
LS
we just need o say wiat (F G on the wfeno ~
we oo that Oy 7
G . _
%o = x, whesre ths meagn s H witth

H — * vrable scoled
7, Sa'ni{a/év or G ﬁ




q,;—[)(/xo) = Z/fwmofbp}/ob%es 07[' /09'05 (cr X édfé/a‘{' Xo})

set

we clawm ths s a Group /
Ml//ﬁ,'o/icaﬁoﬂ (s Just pa{ﬁ tonca ¥na fio)
(% 129) osss
(L(:*Tz)m’ gxz (25-1) YV, ¢5¢1
f’bc} /s u&//—ofevqne/ ant contoa oy S slnce

Y(2(%)) =Y (1) = ¥, (0)= (2 =)
well ¥ i well depred on logos but St ebout [vmfpla/
tlasses of logys %

syppose H 7 by H aud §~§, by 6
‘ﬂ!en ‘bfl*slﬂb"z*é‘z b}’
7. $.
thaf (s
| H |6 |« ~ H(zs ¢) 0£s% %
Hise=

% Glas-1,6)  Ypss<l

N §,

o [1]%86120%%5,] 15 well-defred on T (X ,)

Th"2:
X a fopo/p/waaf space, %, € X

Then ’F,'fX,Y,) 's Qf/pa,ﬂ onder ¥

we call T(Xx%) te fandamenta! goup of X (besed at %)

P/‘00')C'- et € lo1]5X: se— x, be the (onstont /pa)g

C Ialh:l-‘ [ej l:; the ld@nf?(s/ 3@,{4&,}{—
PE: et Wilol]l > X be any (ogp
5(25)

os
6 “i.‘:

then X*c?:[’n’?-”(""" é



now

25 <. It
/ _ X(‘T;;:’) 0523
‘. 7% so His €)= <€ o g5/
/'K/ ° z
//I:ol .
¥ x, (s @ L‘OMopoy X¥€~Y

(51;441'/4/‘/7 Yee ~¥

Clam: Y:lo,)—= X bhas wiverse Y(s)=¥(-5)

%'KJW§.

vawr‘v/y X*Y o €

Jot ¥, = [o,] = X: 56> ¥¥s)
[aﬂ‘/ 70 a[an7 X Y)

%0
Xo | Tt T.e | <, H(S,l‘):é

¥ (r-8)25) ossed
T(1-t(225) Y, 252

T # Y s ahowa‘o,yy D’*? fo €
9{444'('{4/9 Yy e
Clawm: Mu/{’i/o/[cafzbd (5 associatwe
PE: given loogs ¥, %, )Y, needd # see
@ 0) e Y, ~ B v, xY)
< 7= 12
7, /{L/."} We/.C(SE--' W/I?"’Co(oc/'q }lomm/y

T, . 7% )2



Jet 7[)(—9 7 be a contriruous ma o
'X,é}( any Yo = 7C(xo)

gien §1o] > X a loop based at 7,

then 7E°Y’[0:/:]'57/ 5 a /aa)ﬂ based at Yo

F ~Y by a homm‘a/ay Hist) thea Fol:l[e:dxfe.)— r & a
h:?mo'lv,oy FoY to o7

50 Jor each (Y] e T (Xx) we. gef q well-debued [foX ] eT(Fy,)

0( .
e defie BT (X%,) = T 7 )

(¥] —— [For]
%3
‘I"; s a Lamomaf]oltcfm

Proot: [%) [¥%.] € T (Xx,)

¥ (25) 0cs5e.
=Y, (5) = t =
L : Te (25-0) Y% cs </

and
pomeon)s p 00D

Fo¥,(25-1) Yyes &

50 fo(¥,x%)= (For )eGF-¥)

2. f, ((61x00])= £(0) > £,(I0])
werdse: ) 1yt XX the deatdy, then (ll?{x),f'?ﬂk,x,)-? T (X x) e deatrity

z2) oF 'F-'X'ﬁram/y-’r—)zl then (y"'F)—x = e °‘E,,
fwo maps 1[,7-' X—=Y are calleo! homotopcc F da contirous Sunaction
H:Xxfo]—7
such that Hxo0)= &) ancd H(%,1)=96)

note: Ho: X227 : x—= HxY (s a conbaucs fam//y ofma/as 1'5)‘6/,001079;1/
befv/een 1£ amo/ 3

$p Vha/_s are hamm‘yl-c I'F tere s a \‘CMﬁ;ﬂtouf dﬁ&/mﬁérl “ ée‘fb/e&f thew
we M}/ fano(j arc /lomofqp:'& /~e/ ém 'ﬂaz}r(' /'f‘ o// H\c -f'uke % T Y
Cxeruse: :'f‘ f.f:j rel. base po:-;rf; thean 'F,, =T




two spaces X andl ¥ are Aamofp,,gy e’?ufua/@rlf i there are contuuous Tunctions
F: X2 and 9:F=X

vl that
‘F°j'~ Yor /s Aamfbﬂzé fo the m'féﬂ‘djz on U, and
3ofix-—7}( \ v\ P X

f is called a bhoms ooy eqmi/a/ence ond g ot éo'ugng ivesse
dlenote s by X =7 or X = U

i+ the homotooies 1 the. detinition preserve the base powm f, then we say
X and ¥ are based homafp'ply ec'rw'/abzf'

/emﬂa ¢ :
[»f £:X>Y is a éaseo/ ho;uafopy eqw'«/a/en(,e, feen
£ WK, x)— T (1 Fix)

Yo
IS on lsamofpla[jm

Proot: let 9 be the homofo,o/ wvesse of F
50 7[0‘7 ’VIO/Y ﬂ"jx =(F°])¥=(IHY)\'7,:{7T}’°)'—’7’;(Y; Y,)

N fu
(%) __:?__9 TIXR)— T (¥ y)
2

N~

. bijective
ok =W )= dgiey)

and we 1, is surjectie (and 3, u‘njecﬁl/‘?)
5["41"0/'[}/ Fe *9u = '&-I'WK&) so P 115?/861‘!0.6
e+, au Esamor//lqm &
ﬂamg/eﬁ ,
D X=D" T={x] Xo= 0/igm in D
Clawm: =7 (based)

Proof: FiX—27Tix—n
giT=2X:%=x%



5o 7(‘,}.-‘)’-9‘( s ,/emh'{y on

j.,-F X=X x> X,

and Fotds b is @ homotopy Fom gof &y,
So WMD" x)= T({x},x)

note: fhere is epmctly one fenction
fo.] — fx ]

So 7’,—/!‘?‘93, Xo) = fe] the M'Vlé/j/‘oup

. (D' x)=f{e]

2) ¥ FiX=>¥ & a homeomorphism
thea f ¢ a hamofvpy eywi/a/ewée, since 7‘°1‘"-‘er , £ of = ddy

mma 5
homeomor/ohfa Spacej are [base/) hoMaf'qa/ e7w‘/alem‘
("’l% torrect GMC& O?C base pamf;)

ondd heace have the same fundamental group

note: l')oauo{we?utira/eﬂf %é /'l«omr:omor/alub
(5-3- D" and pozhf)

3) A= S'xfo,]) and B=S'
Llawm: A= S
fQQ;E: F:8'xfou] = ST (xy) > x
LE $'— S'xfo,): x> (x0)
~F°j= §'— s'ix— x o —fyr:/y
gef: S x o) 5% o) (%,y)—> (x,0)
note: F lx)=(x ty) (s a[w,,,,/,,/o}, 39} fo ,03'4__/

so M(5%[2.,%)s TS x)
we wm/oufe (4 of ' soon.



How does T a/efeno/ ol X, ?

let %.,x X and 7] be a path X, # =,

goen a bop ¥ (12X based ot %, , then
7 (3¢) o< e %
47'* D/x 7(5) = 7{3(’”) 'I} ¢f ¢ 2/3

Y (1-(3¢9) et

is a /w}g based at 7,

exesuse: the wap _C? 37(()(,)9)—"7’;'()(,"-) U a we/ﬁp/cﬁéea/
(¥ —[727+7] homomrp/l;sm.

Th=6:
| §77: T(Xx)— T x) (s av !Somor//k}m

Remark: 5o is omorphsm class of T(X,x) does not depend on
choie of X, 11 a pa%f Lomponent of X
Froot: note f.;,' is the wyese of 9.9-.7
g, (8, )=F xyedsyuy ~ ¥
?/

1

ﬁf/ n/\ \__.)7 J(?
7e*¥ < \ \ // e
hke 1 proof

of T42 2 57— v ' y
50 f?cfoy[bﬂszb’]
Similacly £, 0821 g7




TheT:
H F:X=F is a ho»wfqﬂy 37012/4/&«3 (not nec. based homofz;w?)
ten £, T(X, %)= T(Y #ix) is an z‘somo/‘/hc'rm

Proot: ket 9’ F=X be a lzomohf/ mperse
s0 gof =uly by a L'omm‘a// H, (K=l , Y, = goF)
le‘f 7[1‘)3 H.( (‘)

C[alb‘;l\ (j 7[) ,n—[x X')

Proo\c- 7wen (v (Xx)
we neadf &,°(9+F)°V ~ X, vudy we have by

% %

'7/-{/7\ /—Q m

50 j°7() (s an tjomo/',ahlrm
“ Gu U5 sunectie and f, tectwe

5lmlla/l/ (f‘j),y_ an tsomo/‘/ahgm
- 9u is uyectve and £y sur Jecte

so 4, an Zsomaf/ﬂhism Y4

B. /C_Mé{ameﬂ'('a, /0/0079 0’7( 51
I# 1 swp/‘dsmj/y volved fo compute T ( 5%)

but e me thoo /5 very 17MP0 m‘.{

let p:/R—"3$'-‘7u—s[coS 2Tx, St 2Tx)
set A= S'-§(10)3

P-o[A): V) (2.,7'(-1) Q s'
1€y

nete: PIA tA—A is a homeomorph s mw [clea/'ly wverfable, chech uiv. s
Lonhhn waf)



51M1'/ar/>/ for B=5-§(-10)}

h -Up)= U (1-%, 1+%)
“ P (8) 1€ # 1\/\7—/

and P/B : 3!-—-)8 a how:eamorphém
1
Obvious but fnJ\poffanf- chservation :
F £FiX=2 s has W'laje (n A, then atfe (,MQS/}::/ an hiege ¢

3 um7ue Ma,o _ﬁ';X,;Aic[R
5‘/6/1 Y¥hat Pof=—F
1e set F'=(F/A?.)’(°7C
5/»’0/'/ar/y 'A‘)/' ’F(X) c 3

now ju}em a /oo/o Y:f0,1]— S' based at (40) we want 1o “Ift "1+ to IR
that s we waat- a map Y el = R such thot po¥=¥

i M'aafe Y €A or B thea easy /

/101‘6’-'- ZA,BS ;S 7] OPeﬂ COU‘e/'O'F 5'
50 fb,"//(), '0'"(8)} Is an open Loves of [O1]

Lot] i tormpact metre space, 50 3 a Lebesau viumber § >0 for cover
(1e. cny set with dimeter <8 s 14 Y'A) or Y (B))
choose n such that 7 <8

. I I,

I
let T; : [ %5 #) At
o % % "L

note: 1) dam L ¢§ so I, < ¥ (4] or ¥ '(8)
2) Yo)=(t0) o Y(I)c B

0 we can It WI' o B <R
e = (ply) o7l

vofe: )?,’(0)= 0



now Y(L,)cA o B 5owecan/z7£('b// w K
we choose It , so that b’(‘/,) \g(v)
awductiely LFe all Y 'R
wt'j Cvey-FF the 4__‘\1‘07@-&‘,.,”
stce these /1746' all ere.a. ot tae &10//01"46, we-/e,-p

a wnz‘w cous /174P

7lea] —R
of Yilo)— s’

I Te Is I.‘I;
H———H
mmg/C- ,_B'L_B’L. B—I . 80 . 8, Aﬂ 6) B‘l
o =3 24 ! 0 l "r. 3 :1 5

o
r, L, L, LI,

note: (1) e P"{(«lo))= 4
we have proven

T 8 (patt ldting):
£ $:1a0-5" s a/au% based at (1.0), then for each n€#Z

Ha vagpe map 3’;= Jold— R svclh that
i[o).-.-n and
fo?f =¥
more. 7@491&:”}/, d ¥ilea1—=5" 15 an yabased Joop , thon
o (s a vngre /(-I'F once a loomf' mn p° “(¥(0)) s &Apggn




we can debie a rmap
¢: mW(s, (1,0 —2 Z

(¥ — 5.0 L
N |t of X with F(n=0

729,
P is well-oebied and an 430M0V‘fhism

so (s, (o) = Z

to prove s we need

7h (0 (Homotnpy éfﬂ'rg}

Given a contrnwous map H:lodx(o,]— S'

d a contviuous Map q: lot)=xfo,(]) = R
suh that= po H = H

Moreover, H s vngre once we have drosen a

pont X, € p“[H[o.o)) and /‘efwf/e Hlo.o) = %,

Froot: Just like ,a/aﬂ[ of pm‘fr /1'7579'7

let § be Lebesgue romber for (H7(4), H1B)S

and p(bk n st g‘g theo loaswler

o '}1' * Jo? Souanes

H/ w A or B so can be ldtedd
oxesse: Write owt the ﬂ{ﬁfa/ég

/D/bm[ of 7Zﬂ 7:

eaCLl fqyafe

H Y =8 as baed lbops m (5, (1))
let- H be the /to;uofo//



let 0 be the lFe of H such #at H(e,0)=0
note: ) poH(s) = ()= ¥(S) 50 Hols) s a e of ¥, starbig at O

0 5, =4,
() ﬁ,/{ 3l l]: Lo, l] —2 F_' (H{fazquﬂ)) =P.l/[’« a)) =2
0§ X\|0

so Ulot) /s Constamt-
smice H(0.0)20, we cee Mlot)=0
3) po H;(S)= Hs)= §(8) so H, is a lFe of § ;fa/{w‘r/ at O

o d

851‘{

o /

2% )s ﬁ[l,o\ = ﬁ[:,:):”g’ (1)
Some 07/‘1‘. as z)

s0 ¢ 5 well-dehned

w: et jcnf[%/]—ak:'xf——anx
note: Y, = pof, is a ooy i S baged at (10)
ot lefts 1 £,

S0 ‘#{[Wn]):h
o6 onfo

¢ /mmomoghz:sm:
let [%), (%] € T (S (vo)
let ¥ be the [t of ¥, bawd ot ©
ekt rz=?,(') and m=% (1)
dekie: F(5)=n+T, (5)
note: P°§i = (cos (2T +T2) siis (271¢7,))
=(os (27 7)), 504 (27 F) = pod = 1]
o 3’?/} a lfr of % st £C°)=n
clearly Z*g s o ,@(f'ff 0, %Y, baseo at O
ond 8 % ) = a+na

so ¢((5]<In])= $((%))~+ ¢([5])



¢ sective:
we ClieCA ker - fe}

4 (Y] € ker b, toeu the It ¥ of U baged ot ©
has ¥ (1)= 0
that s ¥ls) a /oo,o i R based at O
ot Hls8)=t F(5)

note: 1) ﬁ[Sm):o »
2) f(s50)=%1(s) ; i a Aﬂmﬁaﬂ/ ¥
) flot) = Fle):=o to coushtt leop

le ¢ H: Poﬁ
Hiabonotopy of ¥ to the tonstant lop € 4
C'/f/,ﬂ/z'm;(zbns
jivcn a wap F:5'= 5!
let 'F-"fo.{]-—aS' be the map 7[°f—=1_é

] _ where
[147_ \{ €)= (cos 2mt, sty 27F)
S —-—;-‘?5
ﬂﬂ'g 5&}/5 ‘fﬁfe/e Zj a—wt(/?lae I[?L(‘ f:fon ’J"’K 07[ 12— once we chopse
It of £100)

W vew dletre the oliyfce of ¥ to be the nem ber
A £ = F11- Foo)
yote: tF T is another sucly bt Aoon F$(5)= Fls)k for some K

so $(0)-F(0)= Fro)+b-(Fi+k) = Fl0)- (o)
aond the defree (5 well- debied




7‘—‘:5'-—; s! aqolj-' S'>58’! o e Llomofvlw'c
&>
Ay 1= Ay 7

froof: @) let F: S'xfo,d = S' be the bomotopy
/&f' 'E-'foﬂxz'o,/]—a s' be the w120 soclh that

F[?[g)’{—) = FIs¢) foi1] xfo (] F
. _ 0 1)d
let +,§ be litts of 'fa%/? S'xfo] —— 5

@s abore
by W10 3! It of F w Fifadxfo,d—R with Fteo=Ft)
by unireness of P2 th /z}‘fm'y we Ruow
Es.0)- FI9) smce Fl50) i a lH of F
et ¥:ifo.]—>5S":¢1— Floft)= Flie)
Set Filod =R Meof ¥ s¢ 510)=F )
Tilol) = R I of ¥ st Fe)s FLO)
we can @ssome § o= i)
note we. have ﬁjwe'n b)/

2
7 //// 7
F

50 deg F = Flo)-Floo)=5 1) - ¥ (o)
dey g = Fun) - Blo) = 7 19~ 5710

bt ¥l = FlHekh  soe k

avtd a(qaﬁf—deifz—/



(é:) AsSYmE o’ej £ = d.e/aj

et © be e me/a between F(u0) auzd’;((,o)

/&" /?f "51’75[ be 7C 9(1,9)
votation %if/baﬁh '\ +(1.0)
avt]/e t O

set Hist) = K, = F6) Q /

So H(s0)= £(s) J
H'[fll) =z Reo‘P(S) e H([hD), l) = Re-" -Ff({,o)) :f([{(O))

50 ﬂ')aa?/‘ %beﬂ/ we @A Qsstue f{[m)): /o[{/,o))

(From ) we Reuow r/? f c/nc,&drzjc/ wnder ldr}/)
let FJ fo,(]— &' be as alae (note -F/O)-’f/d éy above)
/e(- f,?’:fq Ij'——? S’ be /d[f; of 'F//F, nﬂ;/ecﬁue)y

st ?/o)-rf’/oj
new/ d@#‘d?j =5 _?'({):;;"{1)
set Hlse): t ) +1-¢) g (5)
note: [Flot)= ¢ £10) «(¢)5(o)= F1o)
Alutl= ¢ 710 « @) g10 = F1O
S0 pOZ/;" [0,r]—9,<l Aecends to @ . He: st s ¥e

f/{. 7(06 Aomoh’ay of £ h‘jﬁ?

exesse: 1) e oustant wap F :$' 55" has /?/ee 0
2) Ft T (5, (08) = T (5,010) is mokipleation by Aot
e 2 —>Z “~need 1o homotop £ #
by )] Prene b pr!



Loro //afy I12:

7‘11/0 maps fj S'—>5s" ace homm‘b/azo
@

Fo =9 TS5 (1) = T (5 (1,0Y)
In pa/h'm&/, Fislss' /tomofep/ca/[y i@l
E 1t widuees e/ ma/) o4 T ( S,' ((,o))

Froof: 1mediate from erertses 7

Romork: 4o nmays ov1 s" are oom/o/&:té/ Aetemmed é/v (A ./
femma |3
a map f: 91’95/ extends fo a map F D55’
&
a/ey f=

Froof: =) lee P:ilo)xs — D*

(r. o) — {49) { /
polor Loo/ .-

j(M F-'P‘L’?5 suth toat f'7 v=df
set HIs€)= FoF(s,¢)
e s a honﬂoz“b@/ Prom
H(s 0)> Fo P(s0)= Flo 5)= pt
N 0rigiut
o
Hls = Fofls )= Fly, = (5
50 F = Lomstent --a@:{: 0

(€) f dejf"O, the, 3 a /lomaﬁy/ H-'flx[o,{]—) s!
st H(50)= £Cs) G Hiso) = pt
o ve ot andced myp 5 s
F:D%5 5 trat 7«/0%/@4‘1 e
9,\4610(5 7£ map Dz -""F ﬁ



ene/Use: '
thuk o’f $ as the w(F ciele m €

let £, 6= 5 2452" Cy eomt r
—
show deg(f, )= = Ie

T2 14 Fundomental Th2 of Hoohrs)

ony non-constant Compler polyvomal P(2) has a reot
€. 2, soch that P(z)=0D

M‘- A ma [rz/o .’ e ae uszhf a(jeé/a('c {'qoo/o/o)/ > prove basi,
factzs about ,ooéwzomcéz/s !
Troof: ¢ Ple)= 2" q, 2" % . +az2ta n21
assyme P(2) has no rost
let M=wmaxfla,l .. 15,13 aud choose kzmax §l 2am]
note: Pre)= 2°(1+ a,_, 4+ ...+q¢§£‘—« fﬂoéﬂ
bre)

s0 if 12]= k/ then N ,
o) * leat| 7 * - Wl

cM(F i) Em 2
” -
S M zam 'ZL

ptha) o — well-detned
let fis55" 21— ool e e s

] b SUmpto
s rfeads +> ( asvmproy

. 2 ' P(k?) /
F:D'— 5. ZHIP(A?)I



but let B (2)= 2" (I+ tb(2)
From above f’ (2) *0 for I2(=k

( P.(k2)
s0 fr 65!z £
¢ [P (k)]
(k2)" k7 2" “
) ISFa L‘O::OWA{#;M f 4 7[/2' kz)n = o Elf = &
g - n*0 f, by Th* 12 J

S ) L)aj a root / =

lemma 15
It £:5'2 3" & tonpaueons and FEX)=-Foc) VA
then /ej(F) s ool

Broot: ﬁlb&u svely aa Ffis's s'
let F:lo.d— S be as cbove (12 7[‘ =Ff)
le ¢ Q- f(o) and p (@) = ({‘?} where L K-—Bf and
g, = q°+z
note  F(4):F((-w)z-f((ue))=-a  aud
p"('f-?\:fg:f whe e é':%;*"{i
let 'F,= 'Fl[o.:/,j /_9 Q
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