I Sei’fe/f -Van Ka myen Theorem

A, Free Pfoofua‘s wd% amaﬁgamaﬁoﬂ

w€ wanf to loailﬂlj/‘ouﬁ from othe groups

jwen A amo{ 5

the ee prodet of A ard B 15 the set A¥B of all
667084466; X =% Xy oo %) SOME M1

where  x; €A or B
X, *e ( /é/enfns/ n edher yraap)
X, X, oM At e ent Jroups

we ca“ x a word 14 the [etters A B of Ze%zg& m

let e=empty word

dehie multip [ication é/

1'1[ X ¥ 19
AFterent taors

17[ x,,,y’ tn Same 7§f—'ﬁ’/
q”'( X,,y, £fe

(x,, .
(?(:,--- Xm ) (Yu o Y ) = (X”'" ’Y"“) XMZJYM-":X\)

(Kiyes Xopaet) (Yay s Yin) i &, Y, i same facto,
and 7(4}/15 e

note: Ex=x-e=x V=«
- -1 -1
x ',(x,.,, ) % )
exercise; check a55oc(c'z7‘l'w'7$f (1rduct on /9’7% of 4 )
Nice property for free p/baﬂxcf;

let (iA>AxD be +the ob(/l.o-a.s wcluscons
jo B> Ax*b
' h h. b:a—H H aa :
{ \ , b ¢ to
3! homomorphism £ :AxB—=H Fvcl that le Hers 17
fe1=¢ ad foj=¢ @ word




1 [/
fietornlly A "
Lt
B2 AL #
\_j} H
'd
exercise: Show 1f D 6 anotter group with ¥he above f/o/d%z)/

then D2 A*B
(the above pperty is called a vaiesal progenty ")

%am'pleﬁ
) Recall & (s toe free group on one Generator, sy g

Z={92*F

(1€ d”/bvﬁ/‘j ofj)

recall f’:, (s the free groug on n jene/t?‘fb,:(
eg. F, = all ceduced works 1 g,9.,57,5,

Claw: F, x Z »#
wdeed L & = (word i g,5) oot h)e
<9; “hy
let X= 19,95 genemte

set +: X2 Z*Zf},j' =7
9. —h

Stace Fz a free Grodp o X, 3/ Aomeom@/)ﬂ/télfw
.?,: Fz — L %
&rfen/z;vj £

also Z,’=<9> 'f;’ée so 5{ lzomeorv‘o'yhdm
¢: % —F



Aehaed é}/ 937,
5/:4%1‘(0://}/ for €=4h> we have
y:2-2 4
Aefued ét/ hi= g,
by propety of free prodcts chove. 3! homonor
h: &+ —F
Hat- agrees with ¢ and € on 39, <b), resp
note: Fol: Ex#—2&x& is the M/em‘zi‘y
l,,o?': F, — FZ. (" V4
50 ‘?/ and b ave t'somozyﬁzz}m_.i/

baercse: more 7gw//¢ FM x w

n tmes
> F, ¥F,_, 0%ken
2) recall %, (9 ¥qers modulo 2

Z)- *Zz_’ ; 3,3,_ ..-3,71.,, 7,31.--'917251 13T, 97—31"',7'-3:72- ej}:o
’ >0

eperuse: chech s
3) Recdll a group presentation of G s an {}omar/oéz/?m ]
Fom G to gy, udnlri, - m) where Ly .9, ut? 5

the group £ y here £ i we free group
)

gen. by 9,19
and L7,...0nY 8 ¥he 5ma[é§f

normal §dpgroup of Fu Coutauimg
the 7,
F <3,...j.,’f, nty ol (7,'...7“', [l i) ) are
presentations of G, and Gumsloem‘li/e[y
Hien G, X6y hes preseafofion
(G gn g [t e 7

ey Z,54y19%



Qe /118 prove theg

V4
jté‘fim groups G, G, aad K and homomorphisms
‘f”: K— 6 and
‘7‘; K— 6,

Haen the Hree ﬂ/w{ uct with amafyamaf?bn e

Gl *k 62. - G’ *61 -
RO,
where (‘ﬁ//z)‘fz[ﬁ)%ek s the swallest normal 51/%7/00«/
of b, %6, Contasing the et § KGR,

He dea here is Yot we have all ords h the elements of
(;, aad éz éu{— f we see f(/c) i a word we can

fep/aze ot with ¥ ( k) (and wvice verza)

MCRTOPIACRE
e PR (RW ) -

.g- o‘[:_/k)

= ves ViR - -
nice 'p/b’pa/'fy oyC -ﬁ’ee.prw&cz% u/t-'/’ﬂ amafyaMa-Hon:
e iclvsion mays z:}- : GJ — (, %6, wduce maps

Z‘ 261 — Gl -vkéz

given any hamamofph s
$:6, — H
$,: 6, —H
5vch that o (k)= of (k) Vkek




there exists a unm 7\/& Lzomomw/kww
$: G, %6, —H

5(/0& ot _
¢°Tl:¢l 04/ ¢°'zz,= 4’2

PzZﬁ)falé/ v p 6/

exeriise: Frove Hus

In terms of preseatations

I 6,5 L3 Falriu?
C.% 5 5ol )
Kx (hyo by 702
then
G, Xy (71 = (3, ...gmg”...yn', /f,...erq’_../M” 3
§ 1), 00)" B n Glhg) P

exercse: Frove s

B Sedert - Vay Kaw;pen Theorem
So far we wa; 0/14/ been able to wm/w[ﬁ T of spacgs

l'bomo{—a,@/ 670(1'/0[8«11‘1‘? a ,ﬂwm” or S
WVitt, the ﬁlfou/ah/ thearem we can Ao much more [



Th® L (Sede t-Van /(d»lpeﬂ)’
let X be a -fopo/ojzéo/ space with bage pount X,
suppose X=AvB where
A and 8 ave pm"ﬁ Lamnected open g@f;/
AnB i paf’ﬁi connected, and
X% EANB
let 4,: T (AaB, x)— T (A, %) and
b i T (ANB %) — T (B x.)
be the Llomomoqﬂhz-{m! mduced 9/ e

mclusion maps o A
Aap < g

Then

(nl’[x"XO) z WI//AI X") ¥'Tll’/An81 XO)’H,'[E, XO)

loeére we Sketcl a/mch, /ef"s Jook at @ Few c%’aavy/e;

%ﬂmp/e;-
1) let A =“u/ fé’ of 2 circles "

te take X, € 5" be a ft)r&/,ooalf(— o S’ ’
* € ' be a #xe/,oomi‘ on o lopy of S

en _<'veg!
W = /{x,~x,}

we can ik of W, as a svbset of R*
W, 1e Wf= ffw)/ b))%y = (§

G@ fly) | Ge)ey?s 3




we need path connected open sets A andl B

57 5
\_
B
o
so ANB s
i

Pfc/( %, fo ée f/lé“weafa:e /oou};{*": ofyz;’)

$imi /a/(;/

exesse: :
0 Aand B are l’lcmofD/o/ eeme/a/eut" tv S

ﬂ_lﬂ Show A ard B are Ltomeowto/plu&' 7>
s'y [—l,l)/{x‘ ] where % €5’

x, =0 € (-1,1)

then vse lwmof'qoy e7u¢¢7¢/0uze sf
(-t1) to =%, fvju}e the desred
homo{—v// egvwe [eme

D) RAB (s howotopy eguvalent to ]

50 777/’4, Xo) EZ = <.7: , )
M (B,%) 2& =59, »
T (40B,%,) = {e}



and %f T (A8 x,) — 7 (A x,)
e ——e

and Slthf/ar'/f for ‘/E
Yos T(W, %)= 174 *58] Z
a0 lt@4@™
£ <99, | ee”')y = <3,,9.1€7
("'.: <jl lj‘L} > = F

PA

50 T ( %,'Ko) ¢s the tree 9P on 2 7ewe/a+ors

gxeacise: i7[ A We/ye of u cocdes %
%?n 77{((%( Xo) n—’: FV]

2) Consicler $° c R’

we koow A and B are Aesh s So caclh ¢s = [?Q}
AAB € annulus =S5’

so TIAX) = [eE T (Bx)=<]?
T (AN, x)= &=l 7



t: TWAB ) — T A : 3" —e Y
similarly for %
s0 WSt )E f€f xyfe] =X | h) e 2
xfef trivial group
LSt x,) s e ‘h’z'l/(ﬁ/jmu/
we wil see more &om/a/aéafc/ mw/éer later, but tirst
lea of preofof Selfert-tana '%W Theorenm:
quwen @ loop ¥ X based af % eANE g

you Can/mZk f0/;4(_—; Kiyerr %p w TN (/4 /IB) st oasc x, fo X er
w A or B (vse leﬁeﬁue_ e,

N vse pa% ConNetedress o ANB % chooe at€s
m AqD wnnecﬁiy X, o X

=

now w/l.fl/f/




s fu}a b/l/wwofapz'c o ¥ wrifen as e p/oaé«fof'
elementz Fom T (A %) and T(8 k)

9. 72 ba
the clvsisn waygs gwe
bt T(A, %) — T (K x.)
$g: T (B,%) — T (k)
note for he T (ANB %) we see
AEAOERIO

where 1:ANR8—X &
by ot (1) =7 (4)

1 elusion
so e wu?/efsa/ Vil ad 6/‘ Hree /mdaa‘; Wit amagaama Lo
de; wé f@?" a aMoW/déz}M

¢f W;/A,Xo) “ﬂ;/,‘mgx) 7"—/8,&) — T (X, %)

the albsve agoumem‘ Says ¢ 5 out

we ase left fo see b s /iyea‘nfé (see any bosh on ayeé/ml
7‘19/0/%/ o the ) F

C . Fundbmental G/‘oup, 51//7%665; gad -'L—Zf Homo[oy’y
le € Compuete T x,)

.\\N

W

N
N

R
W
A

/ / /// exeruse: A




let A= 474

O~
RN
AN
NG
A\
o
> Dy

n
&I\\

o

3 .

~ w wea‘(74z o7£

2 u'rc@s -I

let B/—?""_"\
A (/

N

N~ ~
9

(]
N

\
N

°

X
~

. ’ _‘\\ X /
pote AnG s pURY se ANBES

and T2 AOR  pik %, € ANB
now  M(A%)EF, 59,9, 7
m (8, %) = fe]
T(AnBx)= Z =<h | »

note ‘703’7/7 (418 %, )= T/ [ B,x,)
W' —e Y u

for ﬁ: T (A8, x.) — T, (A,x)
we. o[al-m L&( (h) = j( 72_311157:,

mdeed note 7 gz ’
\ []




50

LN
>

Ie

é:
PRY =
\_} =
a8
r

P>

S
\
P

\ _\l

-~

~

A R 5
¢, (N* 99,979,

50 w€ have

TAT2)E AR % ang vy T (B")
2 K99l D= K12
(9,9, | it
{9 9% | 99.97'9:7
9.9.9 %~ 15 Ca llef the ommatator of 9 and 9, and

(s denoted L9,9,]
the selation says 9, and 92 Commute
9.9 91492:‘ =€

77 -7"‘?1-'31 “C€ 7
599" <9
9199, 9, < 929,

50927 929,



we Saw earler that the ¢ a p/t!;enﬁzﬁon for & @F
so (T x)= Z @z

siee T (5:'7%)-’- fef wé see 52 qad T° are not homeomorpélb

w€ a/ﬂfa/y knew this, bat now we see they are
also vot eypen [/uomw-fvp)/ €7UL47a[@IL+ ,/

now (:F Zﬂ (‘5 a )’U/ﬁllﬁ o%fenujj/%en /*eca//
= ‘fy jon L«/lﬂl evffgf (/&ﬁ?qe%

N
exescse: Show

//T; [%, X.,) = <3,, ,923 } 231132-][93,99]"‘ [923'113sz>

eg PIGNY

Gre %e;e y/@a'og Jf%/ﬁ’/lf 4

[# G i any group, (£5 Commutator saécr/eaup [6.6] «
the smalest nowal subgroup of G comtniing 1943 '%’g;,ee

the abelontation of 6 is %G,G]

epercise | |
l) 5LZOL«/ (J/ZG,G] s aée[(qn
2) 1F 6= <9 -Gulri- v S then

G/fG,GJ = <5¢ = Fn If" = o E9,,9J-] 1";:"".'”>




3) f G=H, then %6(67 = H@‘HJ

/7t X is a path connected M/o/cyzdof pace and X, €X
then the -Bifsf' hoMO/ovq‘y y/@@p 07[' X (s

H_l (X) e_/ ’ﬂ,_[x,?(o)
LT (X5, T(Xx]

50 H(Z)Z<9 905 109,90~ 19,951,19,.,), 7

note the brst-re latoon hllows froe all the
other rc[ahbnsl 50 we can ﬂlljca/ﬂ( g

H(5) S <9, 30y | 19,93 ti=t-29 D

Cxe/CLse: (9, "',719’ [3,,9JJ 1,J=t,...2j> 0. DF z@?z

(I.C Z} has “Zy ma’ﬂféq/e,:f- boles ”)
now 15 @k2¥®12 oF k'—"F,Q?
k
recall @kz s R ( set of lh{f;zg/ /ou}n‘s)

and §/oup operution B, ¢ 5 just vector addition

ﬂZ" (3 Sparme/ by [o} [o] [?]

and Hese are all 14 %Z
o lnear map on R s determured by what 17
does on a bagic
50 any %mMor,ohz}m ¢: @2’ "3%% il
wduce a lvea~ map $: ﬂ?k’*ﬁl



exerccsé: P s @ goup /:SDMO//ﬁh(}M = & 5a

rector gace l:SomO//gél[_(m
s miz//(ég Q&= @, & k=4
WD) E H,(Z’h) & 9=,

THe2:
Z,=Z, 2_}:2,4 &S 9=k
@ AL)=AE,)
S H(5):=H(ZT )@ Tign)=T(5y,)
exesr(se:

1) Show the fundomental group o+ M
MWW %) E K9, G0 | 95957
2) Show e fundamental group of Zy, for k706
T (T, ) = Fyﬂz-l
and for M, for k>0 is
rnf’(/%h 17(") = Fn—rk—l

D. Grougs and ‘E_po/oqu

We wi[/ now see how /9&1'/0/ To//D/yrZAf 4paces fCa/'?’l;"j Qa
ylilﬁh ‘9/29(,% as l:{j 7&(/)/0#149/17‘&!/ f/Du/O 0!10( AW T req /12:3

ymup homoww /}m5 Vg Confinueus ma/yg ’

(2¢. turn a/yeé/a 11 to fv,ooloyy /)
let D" = vt disk o R”

Jnvl: 9 Dn



9W:ev\ (o] '(‘opo/?(?.o[ pace Y an/ a Con-/w%uou5 map

n-|
a5 —F

the space obtared From Y ba m‘faf/zm‘q an n-cell s
Yy, D" = Y,LLD/WM@;
ot course. ¥ Va D has the 7007'7941"1‘0/&0/07/

we can 5mm(a//y aﬁa(,A ”’””’)’ n-cells ot one fime
1€. veé n-|
€. guwen a’_%a?\ 5 =

then "
( vy LD

an m—wmpfeyr’ or nfa(uhe/:.sr'oma/ a4 cowydw( [ s defred
Malucﬁl'rd\/ b\/
a G’l)"COtM,OI(%’ (s z
an N-romplex (s any 3pace obtaired éy
a‘[‘éa(,&t;lj ”'(3[[5 fo an @'l)’wm/ﬂ/%/

oA n- complen (s finile F + has fuitely 1-cells B all
1 between 0 an n

te R-sheleton of an ﬂ—(,omp/en’x (s the unton of all
1-ells for 12k & is denoted by X®
(can e 02 -dimansional compleses as

Oo
X = n‘:/o X, where X, ¢<s aa - COmﬁtm’

obtac; e ﬁ’am 5// aﬁzzcé,,?}
n-cells

here U X is open & VA, open Vo)




Fact: (W compones are Heusdorff

Mamﬂ/f; :

’s) any n—frh/o/cZ(J/ COM//%’ (s an ﬂvwm/@\’
2) $7 is om n—wm/@(

O-sheletorr ¢« @

attach n-cell by a:39"= fpef

[onf#mf-mcy
D<)5 a
—_

¢ $" i D" wh the éoun/u// bo//a//se/ fo
a poz}ré

Y |- complones are graphs
( anA jm/d/tf are (- tom //%’55')

N

4 Lompact surfaces wtbout- boundary s a Z—aampé/,r

z,= e
| o-cell 2 I-cells | 2-cell P pelf
a, b >p
’ %@; oz D)
A QA 66’-

5) _l—:a(_{--' any Uc#e/enﬁa'é/e) Mm/)ﬁé// (5 /flamofv,gV 87(/1{/4 lent-
v a CW- wm//%’



ZEmMo‘}’
let X be a topdogicol space and

a: D" — X
be a contiuous map.
let 1€ 7/7/703',90)52 be aje/le/aﬁo/' and
r=a,(1) € T (Xx) where #=a(p)
I 7= Xy D*, then
xR |

50 attach mg a Z7Ce " adtls a relation to the tundantental group
exesuse: Shol that F 4 (5 oéﬁf/)ea' #pm X éf aﬁ‘ucém
an n-cell with nz3 thes TlYx,)= W’[X&,)
Pfaaf-' 'A/e_ use 5‘3[7@/‘1‘ Mm kom/en 7% 2

let A= Xu, S'x(%,1]
~__ subget of D°

note: A & an open sef Y -

exercise: A =X C‘i\\/%k g A

let B= oisk of radwus 7% < p*
s50 Aaf= S'x (%) =5’
take y, € A8

T (AL Y,) = Z
T (B, y,) = (€]

T(AY,)E T [Xy,)E T(Xx)

AnB

m/aéé :

T (AnB,y,) 5 T (4 y,) Het: 50’%
Ilg s /Joruo/ Um: -

T (30, f.) — U (X %) ’m@j
so 1, (1)=a,(1)=r



so M (Hp) = T A *rpas,y (81

w WX x,) > e
g /(7,, (L)e™' >
’ﬂ,’/X,xo)/<r>

e

V4

Th¢:

let G be a group

Toen q a fppo/gr‘aa/ space X (i bet a Z—cm/o/%’)
soch tat TlK %)= 6

P/‘UD’F" we. (,0,4;{;‘/3/ afma,o 6 with a 74;;(9 ,)/‘858'47‘?141014
(319, 10 )

the yenem/w;c is almost- @ came byt need to be
ha/” with nhae wﬂy/&mﬂg

let W, = wedge of v circles (so l—com//ex)
recall T () Fy K9, 9al 7

le € a; QDz—ﬁh/n be a tontrivous map soch taat

@), T(20)p,)— 7 (v, x)
1 — 7.

xercise: Coastruct 9

F]Iﬂf I7£ /‘l-: 3.)('._,‘7.):" é : X

ed - ) | ! - -
"=919:3 | then dehae ry on ZJ/k,J*/k] )= 0., k-
g% %?9 Ji

fo map onfo e loop 1 W, cor/ayon/lhj o %,
9, agree 1:4/ with ortentatzon or not dgpeﬂ/ay on €

let X=W, Uai(;lz; D)
/e;nma? =2 ’”;[X:)‘o) = <9l "'9,.’ '1 rm> y



7125
let G and H be any j/Dlyﬂf,aVz/
: G H

any homopophism,

let X, 7 be 7‘0/90/0/0(&&/ ppces soch Hhat
TG and TLik) % H

1t X 5 a0 2- KouW/P/A’, e Za conHhileou s
function Fix—y
svch thar /—,, = ¢

Repnark: mMote the m‘q///é.; that any Aommorpltfsm bethecn
tho Fundamental prowas of surtaces is iduced é/
a tontirous Mce/.l
Froot: 7Zzou7h Mot necessary we tahe X to be fhe 2-comploy
dotied n The ¢
50 T (Xx)VEGCE Ko eGnlri - lon?
let ¥ be any oo 11 Y based at Yo
st. [)=%(3,) e T (7 v)
e, ¥y i let3 D E sé X (0)=¥ () =y,
(+] = ¢3.)

now K= v, (L D)
Aehae 7L W= U ou the N ézo/ /vy)‘,

OO '
1S
fe 7
—

0 | o \



ell e LV here all oo pait
cca 1= 1 / Gare 1&!@41‘)'74@/

50 ou 1Y Jo. ) define f o be 5,
thes decends fo the gvofient Space

e wagt o exfed 7£ oren @ac/l Z'Ce// 1 X
let vk Do e 15* 2-cell (Same,a?'(: +- oﬁer;)

note &, (D) ; a A /‘e//‘éfed-fzi}o
tte reletion 7

so0 [a(20Y]=c e T (X )Tl [note xea(30)
4>(@|\(io/)3)-—e “@ T ry,)

v

fifea 5" ¥

so £:lod] =Y s lhomeotopl fo the tri@d leop
that s 3 Amo‘t‘qﬂy H:fou] xlo,(J—2 T
7‘:' < <

st

Yo /// Yo

%
consrﬁ’e/?c the Puohedt wap

Uy

7o /// o Ledxled— 0
" (ff)

v (€ cos 2as, t 567 2w3)

7[: v
D-:.



c(early H widuce s a “a p
D" —v

5ucL1 that [:(vl?01: 7£°Q«

S0 US€ H t exfend £ over the iif 2-cell

l/onﬁ;\ut'nj we gef F: X2V

bt/ wnjffuchbn 7&_‘-’ ¢ on Hie 5?. so ffte.y
cre é?ua( onN a/{ o7c () ﬁ

Theg

let Z,Z " be compact surtaces wetbout boundlory
f’_;:z_g_‘_f_, homeom,o//ahf‘c o 510/ Pz
: ! (%)= ' se ¢t
Then 1o, T ’972:7(‘&( D% ) are hamotoocc [:“,WZ,?
(F)e= ) 1T (T, %) = T(Z! )

N maps betveen (most) surfaces are determued
(vpto h/owwt‘v/)y) bx/ taerr acon oA - !

R@Wla/k:
) nott Prve » hf'j/m Aimensions
2) ﬂ.,omo{b/y classes S5} em

Froof: (B) exercse n Sechion L just afier Th*™3
(&) need to Aehae
Hi Zxfo]—Z'
51 H( x,0) :-&/X)
H (¥ = £(x)

no w let 9 -+ Tag be. /oene/m‘*o/j of T (Z %)



COMl‘nj ﬁ’om
hi

since (F,),(3,) = &) 5,)

we huow {09, % fo g,
let H, be +ti Llomo'fbﬂf
Adebine H on ¢ Xx7o1] &y H;
on Lxfi} & £
aote: (Tx1o.))\(Uy, xle.))
= ($1-gon) x To.J = B°

Fact [wepmaefft& late,): aay map 5= Z-llj
homotrpic to a Lonstant map
(here s where we need T'# 5% or P’&)

st

Now H[Dg3

Siice the map (s %mo{v,ozéaj/}/ trwial
we gef a homotopy
Gi 5 Jou]— Z°
Glpd= c ¢ some hxed pomt-
G(p)= Hip) i Z
e T

vse G 1 enter) H orn
rest of T %o} &



