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Seifert - Van Kampen Theorem

A .
Free Products with amalgamation
we want to build groups from other groups

given A and B

the free product of A and B is the set A * B of all

sequences X = ( x
, Xa . . . Xm ) some m

where Xi EA or B

X ;
 * e ( identity in either group )

×
, ,x , + ,

from different groups

we call x a word in the letters AUB of length m

let e = empty word

define multiplication by
( Xi

, . . . ,Xm, y, , . . . yn ) if Xn , y,
in

' different factors

Xmy, ,Yz , . . . yn )
If xn . y,

in same factor
"" " "" " "

 " " "

"" . .:÷÷÷÷÷ .io
.

note : e. x = x. e = × If ×

[
by induction now

x
- '

= ( xin
'

,
. . . ,

Xi
' )

exercise : check associativity C induct on length of y )

Nice property for free products :

i : A  → A  * B be the obvious inclusionslet

j :B → A  * B

p : → H
given any homomorphisms y .?B→H , H any group

I
suit apply

to,
4 to

7 ! homomorphism f : A * B → H such that letters in

f- oi = to and foj = y
a word



Pic torally

AmoB → A  * B fj '

-

.

.
v

- s¥ H

exercise . show if D is another group with the above property
then D= A * B

I the above properly is called a

"

universal property
" )

examples :

1) Recall It is the free group on one generator , say g

Z  = L g ) = F
,

← means free group
on one generator

Tall words in g
and

g
- '

he
.

all powers of g)
recall Fn is the free group on n generators

e. g . E = all reduced words in g. , g. , gi
'

, gj
'

Claim : Fz I Z  * E

indeed Z * E = I word in
g. g

- i ) . ( word in h
,

h
- ' ) .

. . .

T T

( g ) ( h )

let X = Ig , , go } generate E

set f : X → Z * E : 19gal
→ 9

1-3 h

since Fz a free group on X
,

F ! homeomorphism

I : F
,

→ Z * E

extending f

also It  = 4g ) free so I ! homeomorphism
to : It → F

.



defined by gtg ,

similarly for E -

- th ) we have

4 : Z -7 E

defined by h t go

by property of free products above F ! homomor
.

h : Z * Z → E

that agrees with 4 and 4 on 497,447
, resp .

note : Foh : Zt * Z  → Z * It is the identity
hot : Fr → Fz u "

so I and h are isomorphisms

exercise . more generally Fn I Z * E *
. . .

* Zt
-

n times

2) recall HE integers modulo 2

= Fk * Fn
- h

Osteen

FL
,

* ZE { 9,92 . . . g. gu , g. gu - - . 919291,929 ,
. .  - 929 , , 929 i

- . 929,92
,

e }%ow¥e, TimesTimes Times
exercise : check this

3) Recall a group presentation of G is an isomorphism
from 6 to Lg , , . . . gnlr , ,

. . . rm ) where Lg,
. . . gnlr , . .  . Rm ) is

where Fu is the free group
the group

Fuhr
, . . . my gen . by g , ,  - - - in

e.g. HELGI guy
and Lr . . .  . Rms is the smallest

normal subgroup of Fn containing
the r

,

it ( g , . . . gnlr , . . . rm ) and Cgi . .  . gin, Iri . . . ri . ) are

presentations of G
,

and Gz ,
respectively

then G. *Go has presentation
( g ,

. .  . gag ,

'

. ng ; Ir .
- arm ,

r
,

'
. .

. rin.
)



exercise prove this

- -

given groups G.
,

Gz
,

and K and homomorphisms

Y
,

: K → G
,

and

42 : K → 62

then the free product with amalgamation is

G
,

*
k Gz =

b' *

%y
,

1h14am
"

the K

where 44,14421k) )
he k

is the smallest normal subgroup
of G

,
* be containing the set { 4

,
In 4th )

- ' }
he k

the idea here is that we have all words in the elements of

G
,

and 6
,

but if we see 4. I h ) in a word we can

replace it with Yzck) C and

vice
versa )

E.9-
. . . 4th) . . . = . . .4,

Ch) Yacht
'

) YIN . . .

= . . . Y
,

1h) ( 4th )
' ' KIM . . .

-
e

=  o  a  o Y
, ( k ) o  o  a

nice property of free products with amalgamation :

the inclusion maps ij : Gj → G
,

* Gz induce maps

Tj : G
,

→ G
,

*
k Gz ( by composing with

quotient map )

given any homomorphisms

to
,

:b
,

→ H I
19 : Gz → µ

any group

such that
to

,
oy

,

I m -

- lozoya I k ) t KEK



there exists a unique homomorphism
to : G

,

*KG ,

→ H

such that

loot ,
=P

,
and too I = 42

pic to rally
k -76

,

0
,a

.

.÷
exercise : Prove this

In terms of presentations
if G

,

I ( g ,
. . . gal r

,
. . . ran )

GE Cgi. . .girl r
,

- . . rail

K = ( h
, . . . he Ir ,

"

. . . rm ! )

then

G
,

* KG
,

= ( g ,  
- - ign , gi . . . gni Ir

,
- - iron

,
ri - arm

'

,

4,1414145!
. .

4
, the 4165

'

)

exercise : Prove this

B Seifert - Van Kampen Theorem

So far we have only been able to compute T
,

of spaces

homotopy equivalent to a point or S
'

With the following theorem we can do much more !



That I Seifert - Van Kampen)

let X be a topological space with base point Xo

suppose X -

- AUB where

A and B are path connected open sets
,

An B is path connected
,

and

Xo E An B

let Ya : Tl
,

I An B. Xo ) → IT
, IA , Xo ) and

Ypg : IT ( An B
,

Xo ) → IT
, ( B ,Xo )

be the homomorphisms induced by the

inclusion maps CA
An B

a B

The "

IT
, ( X. Xo ) I Tf IA ,

Xo ) *

q can B. xD 'T lBe Xo)

before we sketch a proof,
let's look at a few examples

examples .

1) let We =

"

wedge of 2 circles
"

i.e
.

take x
,

E S
'

be a fixed point on S
'

Xi e S
'

be a fixed point on a copy
of S

'

then
we =

S
'

Us"/g×
, nxz }

-

Xo

we can think of Wa as a subset of IR
'

We he . Wz -

- { I xx ) I Ex-DI y
'

= I }

•
Xo u { ⇐Y) I ExtD 't y

'
= I }



we need path connected open sets A and B

-
" . -

-

-

.

. ,← open set

! in N o
A

'

,
i

i •
Xo i → •

X o

'
.

,'

.
o

'

-

-
.

e -
-

-

'

similarly
o B

•
Xo

O

so AA B is
o o

•
Xo

O O

pick xo to be the
"

wedge point
"

-
- origin

exercise .

D A and B are homotopy equivalent to S
'

Hint : Show A and B are homeomorphic to

where x ,
e s

'

S
'

u l - " 1)
/g×

,
→ y x a

= O E f- '
i

' )

then use homotopy equivalence of
C- lil ) to Xo to give the desired

homotopy equivalence

2) An B is homotopy equivalent to { Xo }

so IT, IA
, xD E Z E 49

,
I 7

Th I B
,

xo ) I Z I 4gal )
Th I AaB

,
xd = { e }



and YA : IT
,

( An B. Xo ) → IT CA
, xo )

e i - e

and similarly for YB

thus IT
,

I We
, Xo ) I Z *

ge ,
#

= 49 , , ga I Yale) 4,361
-  ' )

I ( g , , g ,
I ee

-
' I = ( g , , gale 7

I ( g , .gr I l I F
A 2

why !

so IT
, I Wz

,
Xo ) is the free goop on 2 generators

exercise : if Wa = wedge of a circles

then Turn
, xo ) = Fa

%

2) Consider S2 CIR
's

.

,
.  -

- - -
-

-
-

.
.

-

let

a- fff and is

so An B is

pick To on the equator
HEH

we know A and B are disks so each is = Exo I

A A B = annulus = s
'

so Th IA
,

Xo ) E le } I Tf ( B
,

x
. ) I s I l

IT
.

( An B
, xo ) E Z  I s g I 7



Ya : Tf I An B. xo ) → Th CA , xo ) : g
"

n e Ha

similarly for YB
f

no generators

so Tl
,

I 5
, Xo ) I le 3 *

z le } I I I YA Cg ) 4,3cg)
- '

)

= le } trivial group

: . Ti
,

15
, xo ) is the trivial group

we will see more complicated examples later
,

but first

Idea of proof of Seifert - Van Kamper Theorem '

givena loop 8 in X based at xoe An B

-
A

you can pick points X , ,
. . . xn in on CA n B ) set

.
are x

,
to xze ,

in A or B ( use Lebesgue number )

now use path connectedness of An B A choose arcs

in An B connecting Xo to Xi

www..ae .



this gives 8
'

homofopic to 8 written as a product of

elements from TICA , xo ) and Til B
,

xd

g. h
, ga hi

the inclusion maps give

4A '
i IT IA

,
Xo ) → T

, I X , Xo )

Otp : IT. I B. Xo ) → IT ( X
,

Xo )

note for ht IT
, I An B

,
Xo ) we see

4A o YA Chl = i (4)

4,304,3 Ch ) = C a )
where i : An B → X is

inclusion

so the universal property for free products with amalgamation

says we get a homomorphism

to : Tf IA. Xo ) *

a. can B. ⇒
FIB

,
xd → Tl IX. xo )

the above argument says to ison to

we are left to see to is injective I see any book on algebraic
topology for this ) L#

C. Fundamental Group ,
Surfaces

,
and 1¥ Homology

let 's compute Th IT ? xo )

7

TE 2/1/12
)

exercise . I = I S
'

let A =

l /
/ p a

% I /,
homotopy homeomorphic
equivalent



let a . !in "

wedgies !

>

let B
a so BE point

)

)

note An B is a : a so Ants = s
'

]

and T2 - AUB pick Xo E AAB

now Th IA
,

Xo ) IF
,

I 49,92 I 7

IT
, I B

,
Xo ) = { e }

Titan B. Xo ) I ZE Lh I 7

note 4,3 : Tl
,

( AaB ,Xo ) → IT
, I B. Xo )

h
"

1- e Ha

for YA : Tl
, I ANB

, Xo ) -7 IT I A. xo )

we claim Yacht = g. gag ,

- '

gi
'

indeed note
'

ga

a a s.

a



SO 7 7 7

a

inn
= a =

at
L h

) ) )

7 3

h
'

= a = ais.

a
•

g ,# It
) )

? >

gi
'

= a =

.

> )

Yacht
= 91929 ,

-  '

gi
'

so we have
q I T2

,
× . ) = IT IA

,
xD *

a
, can B. xd

% ( B
' " )

I 49 , gal > *

eh , y
l I 7

I I g , g ,

I Ya Ihl YB 1h57

I I g , gal g. gag ,

- ' GI)

g. gag ,

-  '

gi
'

is called the commutator of g ,
and g ,

and

is denoted Eg , g,
]

the relation says g ,
and g ,

commute

9,929 ,

- '

go
-  '

= e

9,9cg ,

-  '

gi
'

ga
= e go

9 , 929 ,

- ' =

g z

g , gag ,

- '

g ,
= 929 ,

g , 92=929 ,



we saw earlier that this is a presentation for Z to Z

so THIT ? Xo ) E Z ④ Z

since IT ,
I 5. xo ) = I e } we see S

'
and T

'

are not homeomorphic

we already knew this
,

but now we see they are

also not even homotopy equivalent !

now if -2g is a surface of genus g ,
then recall

Eg = 4g - gon
with edges identified

. ( (
.

7
'

,

= 4/1 i"
-

'

- -
-

eg
I

,
is

i
'

so
,

. 1111 -

→ in
17

exercise . Show
y

, ( Eg ,
×

.
) = ( g , , . . . , gag ) Eg , is 143,943 "  ' [ 92g - Ii 92g ] )

are these groups
different ?

If G is any group ,
its commutator subgroup ( G

, 63 is

the smallest normal subgroup of G containing I ghg - 'h
-

Bg
,

neo

the abe lionization of G is %
. a ]

exercise

1) show % go ,
is abelian

2) if GE L g , . . . ga In
, . . . rm ) then

% 6,63 I 49, . . . gn I r
,

.  - . run [ oh ,
9 ;] 2. I - I

,
- - .

,
n )



3) if GI H
,

then %o
, by

= HEH
.

HI

it X is a path connected topological space and Xo EX

then the first homology group of X is

It
,

( X ) = IT IX. toy
[ IT IX. xd

,
Til X. xo ) ]

so It I Eg)

I
( g ,

. . . gzg I CS
, , go ) . i . Eg

, , 92g ]
,

[ 9,93
,

- - . 7
I l 2

note the first relation follows from all the

other relations
,

so we can discard it

H , ( Ig ) I L g ,
. . . gag I Eg , , 9,3 i

, 's
-

- I
, . . . 2g )

exercise . ( g ,
. . . gag I [ g , ,g

,
] 2

, 's
-

- I
, . - . 2g ) E Z ④

. .  .
④ Z Z ⑦

zg
#

-

2g trines

( i.e . Ig has "

2g independent holes " )

now is ④ htt ¥ toe Z if k 't e ?

recall ④ htt E IRK I set of integer points )
t subset

and group operation in ④
h

# is just vector addition

IRK is spanned by It:o)
,

. . .

oil

and these are all in ④KZ
a linear map on IRK is determined by what it

does on a basis

so any homomorphism to : toft  → to Z will

induce a linear map
I :

IRL
→ Re



exercise . Io is a group isomorphism ⇒ I is a

vector space isomorphism
this implies tohtt = toe Z ⇒ k =L

:
. H

, I -2g ) I H
,

C Eh ) ⇒ g = h

Tha 2 .

I
g

E Eh ⇐ Ig = Eh ⇐ g = h

⇐ Xl Eg ) -

- X CEu )

⇐ H
, ( Ig ) = It ,

I Eh ) ⇐ IT ( Tg ,
Xo ) = IT Eg , yo )

exercise

1) Show the fundamental group
of Nn is

IT (

Nn
.

xo ) E ( g ,
. . . ga I gi . .  . gi )

2) Show the fundamental group of -2g
,

k
for k > 0 is

Tl
, (

Egm
, To ) = Fzg the - I

and for Nn
,

h for k > O is

Tl
, ( Nn

, n ,
Xo ) = Fn th - I

D. Groups and Topology

We will now see how to build topological spaces realizing a

given group as its fundamental group and how to realize

group homomorphisms via continuous maps !

I i.e . turn algebra into topology ! )

let D
"

= unit disk in IR
"

s
"  - '

= J D
"



given a topological space Y and a continuous map

a :S
" - '

→ Y

the space obtained from Y ba attaching an n - cell is

Y Va Dn =
Y ID %x- ahh }

× e sn
- t

of course Y Va D
"

has the quotient topology

we can similarly attach
many n - cells at one time

re . given
a = Iga ,

a j s
'

→ Y

then
y Va Had:

an n - complex,
or n - dimensional CW complex is defined

inductively by
a C-I ) - complex is 0

an n - complex is any space obtained by

attaching n - cells to an @-D - complex

an n - complex is finite if it has finitely i - cells for all

r between 0 an n

the h - skeleton of an n - complex X is the union of all

2- cells for a Eh
,

it is denoted by X
"

( can define A - dimensional complexes as

X = , Xu where Xu is an a - complex
obtained from Xn

. , by attaching
n - cells

here U in X is open ⇐ U n X
. open Hn )

this is called the weak topology on X

explains the W in CW



Fact .

CW complexes are Hausdorff

examples
D any n - simplicial complex is an n - complex
2) S

"
is an n - complex

O - skeleton is •

attach n - cell by a : 3D
"

→ { pts
constant map

D
"

.

I.e
.

S
" isD "

with the boundary collapsed to

a point

3) I - complexes are graphs
I and graphs are I - complexes)

F-

4) Compact surfaces without boundary is a 2 - complex
a ,

b
,

7 bz
i

'
s

,

P = air%,
a

,

Eg - the

> , 277
be
Da

,

bz

I o - cell 2g I - cells

"

9.2%1=22

' " e " P itself

.

be

5) Fact : any I differentiable ) manifold is homotopy equivalent
to a CW - complex



lemma 3 .

let X be a topological space and

a :3 D2 → X

be a continuous map .

let 1 E Th 1215
, po ) EZ be a generator and

r = a
*

(1) E t ( X
, xo ) where Xo -

- a Cpo )

If Y= X Va D2
,

then smallest normal

Tlc ( Y
, xo ) = IT ( X

, µ rly
subgroup containing r

so
"

attaching a 2 - cell
"

adds a relation to the fundamental group

exercise . Show that if Y is obtained from X by attaching
an n - cell with nz 3

,
then IT

,
LY

,
xo ) E TICK xo )

Proof : We use Seifert - Van Kampen Th '

let A  = X va S
'

x l '
h

,
I ]

To subset of D
'

note: A is an open set in Y

Aexercise . A = X ✓
let B = dish of radius 43 C D

'

so An B = S
'

x ( 42,43 ) = s
'

take

yo
E An B

IT
,

( An B
,Yo) E Z

Tl
, l B

,yo) = I e }

Til A. yo ) E IT IX. yo ) I IT IX. xo )

^^ "

exercise ←
i is inclusion r ,

Th ( An B
, yo ) IT

,
CA

, yo ) Hint : both pox .

" s Ils isomorphisms
given by

IT , 1215
, Po )

 IT IX. To ) r A

So I
*

I 1) = a
*

I 1) = r



So Tf ( Y. yo ) I Tlc IA
, yo ) *

THAN B. yo ,
'T l B

, Yo )

= HIX . xd * le 3/42*111 e-
 ' )

= Th IX. to ) / Lr ) ¥7

The 4

let 6 be a group
Then F a topological space X ( in fact a 2- complex)

such that Tf IX. xo ) E G

Proof . we consider a group
G with a finite presentation

L g ,
. . . g .

In
,

. . . rm )

the general case isalmost the same but need to be

happy with infinite complexes

let Wn = wedge of n circles ( so a I - complex )

recall IT
,

Iwa
, xo ) E Fn = L g ,

. . . g. I 7

let ai : 215 -7 Wn be a continuous map such that

(g) *

: Tf215
, po ) → IT ( Wa

, Xo )
I 1- r

,

exercise . construct ai

e.g .

Hint : if ri  = g ! . . . gink E. =
 I I

" 91929 i
'

then define ri on [ 4h
,
jtyh ] J - o

, .  - . ,
k - I

to map onto the loop in Wn corresponding to gj ,FTII, ?"

agreeing with orientation or not depending on Ei✓
gz

let X = Wn Vail II. D
'

)

lemma 3 ⇒ Tf (X. %) I 49 ,
. . . gal r

,
. . . rm )

¥1



The 5

let G and H be any groups ,
and

lo : G -7 H

any homomorphism .

let X. Y be topological spaces such that

IT
, IX. xo ) = 6 and TT I Y

, yo ) = H

If X is a 2 - complex
,

then I a continuous

function
f :X -7 Y

such that f
*

= to

Remark : Note this implies that any homomorphism bethe en

the fundamental groups of surfaces is induced by
a continuous map !

Proof . Though not necessary we take X to be the 2 - complex
defined in That

so Tlc I Xix
o

) I GI ( g , .. .gnlr ,
. . . ran )

let Ji be any loop in Y based at yo

St
. [ 43=4 l oh ) e IT ( Y yo )

i.e
. Ji  i lo

. D → Y Sf .
V

,
Col - Tall) = yo

[ rid = lol g.)

now X = Wn Va
.

( I 15)

define f : wa -7 Y on the g i loop by Y

as

⇒ ¥



recall Wu = It ,
look where all end points

are identified

so on It lo . D define f to be Ji
this dec ends to the quotient space

we want to extend f over each 2- cell in X

let D
'

be the 1st 2- cell l same argt for others )
note a

,
1315 ) is a loop in Wn representing

the relation r
,

so [ a
,

1215 )] = ee IT
, I X. xo ) = G ( note

xoea
,
18134)

: .

0118,12073
) -

- e hi  Fly
, yo

)
÷

f. i fo a
,

:S
'

→ Y

← think of map on S
'

as on Io . I ]

so f
,

: to
. c) → Y is home topic to the trivial loop

that is I homotopy H :[ on ) x L o
, D → Y

f- ,

s f

Sf .

Yo1/1 Yo

Yo

consider the quotient map
f- ,

HYo1/1 Yo I o . Dx for ] - Y

( s
,

f )
"

i
.

I I

f
,

✓ ( t cos 245
,

t sin 2x s)

D-
-

Yo



clearly H induces a map

IT : D
'

→ y

such that II lap ,
= fo a

,

so use I to extend f over the 1st 2- cell

continuing we get f : X → Y

by construction KI to on the g ; so they
are equal on all of G

L#

Tha 6

let -2
,

E
'

be compact surfaces without boundary
I

'

not homeomorphic to 52 or
P2

Then fo.fi : I → I '

Hiko ) -

-

yo ) are homo topic Ipbaesseefuting)
⇒

Hot *
= ( f.) *

'

- IT I I
,

xd → IT
, I I

'

, yo )

"

maps between I most ) surfaces are determined

I upto homotopy ) by their action on IT,

"

Remark

D not true in higher dimensions

2) { homotopy classes 5453 ← ⇐

Proof : ( ⇒ I exercise in Section I just after THE 3

⇐ I need to define

H : I x So
.

is → E
'

St . HI x
,

o ) = fix )

It Ix
. it = If x )

now let g , . . . gag be generators of IT IE
, xo )



coming from

÷: .

since Ho )
*

I get = HHS,
)

we know toog ,
=to 9 i

let H
,

be this homotopy
desierto ::*:;:}%

it

÷ .

.

"

note : ⇐x So .D) I I Ug ,
x Coil ) )

= ( 4h -

gon ) x [ o
. D= 133

Fact l we prove this later ) . any map 5 → I
'

is

homo topic to a constant map

( here is where we need I
' ¥5or P )

now H 12,33 : 52 → I
'

since the map is homo topically trivial

we get a homotopy
G : s

'

x so . is → I

G ( p . D= c c some fixed point
G ( p . D= Hcp )

in E
'

so G induces a map E : 5×6 ' 1%2×63-7 E '

use I to extend H over Tf
rest of E x to , D ¥7


