|8 Sei‘fe/f -Van Ka myen Theorem

A, Free Pfoofua‘s wd% amaﬁgama'ﬁo'rl

w€ want to ba}/ﬂ(j/‘ouﬁ from othe groups

jwen A amo{ 5

the free prodeut of A ond B s te set A¥B of all
367084466; X =% Xy oo %) SOME 11

where x; €A or B
X, *e ( zé/enfns/ m edher y/aap)
X, X, From At e ent roups

we call x 6 word 15 the letters AVB of Ze%zg& m

let e =emply word

Aehie mu[ﬁ,g' /[caha' / é/

I.‘[ an )/[ "5
Afterent taors

f Yo,y 11 Same frctor
aud x,,yl fte

(%) Xom, Y1y - Y )
(?(:,--- Xm ) (Yu o Y ) = (X"'" ’Y"“) x‘”%JY’-)"':Yﬂ)

(S N Y (AP v i %, Y, i same facto,
and 7(4}/15 e

note: eEex=x-e=x Vx
- -1 -1
K= (X, o) X, )
exescise; check assoctativiy (aduct on /"”7% of y)
Nice property for free p/baﬂxcf;

let (A AxB be the obl/l.o-ﬂ.} iclustons
j B> A*B
. h he. bia—t H a4 '
9[!/6') any omomo/p (Smsg iuf B H 7 v rou, L just a//o},
» \ , b ¢ to
3! OMOMO/'/)’lUW] 70 FA B > H 5”0& fhat le Hers g
Foiz¢ ad foj=1 ot




Pitorally AN e
Lt
B2AB ¢
\j H
'd
exercise: Show f D 6 anotter group with ¥he above f/o/d%zy

hen D2 A*B
(the above frbﬁmwy is called a \wzfi/e/m/ /fo,dmzjx ")

%am'plej=
) Recall & (s toe free group on one generater, say g

Z={92*F

(1€ d”/bvﬁ/‘j ofj)

r&ca” )”:, (s the 74’8@ j/ba/ﬁ on n jenwfb,:(
eg. F, = all ceduced works 1 g,9.,57,5,

Clawm: F, = Z »Z
wdeed L & = (word i g,5) oot h)e
<9; \<“>
let X= 19,95 genemte F

set +: X2 Z*Zf},j' =7
9. —h

Sce Fz a free Grodp o X, E{/ Aomeom@/)ﬂ/téw/
.?{: Fz — L xd
&rfen/z;rj f

also %=<?> 'ﬁ’ée so 5{ lzomeorv‘o'yhdm
¢: % —F



Aetaed by 97,
5/0511‘{0://}/ for €={h> we have
Y122k

oeued ét/ h= g,

by propety of free prodcts chove. 3! homonor

h: <& —F
Hhat- agrees with P and € on 99, <hy resp.
note: Fobi: ExE—IUx2 is the dentiy
hot : fF, — F ( V%
50 ‘?/ and b ave t'somo'yﬁzz}m_.i/

baercse: more 7gw//¢ FM x w

n Hames
- <

n

2) recall %, (h¥qers modulo 2
[/ o]
Z). ¥Zz_= f 3'51 ---J;?b’ 7, 31,---9191'7’ ,51_3'...'7, 3,' 313‘.__.7&‘72"8}4‘0

eperuse: chech s
3) Recdl a group presenfaton of G s on {}omaooéz/?m ]
From 6w 9,9 I, ) where <5, 9l 7, N IRT

the group £ y here £ i we free group
T,

gen. by i) 19
and L7,...0nY 8 ¥he 5ma[é§f

Normal ;:/a'ymogo of Fp éouﬁtﬁhj
the 7,

¥ <3,...jnl/‘,.../‘m> and <7"...7“', //;'... /‘"‘, Y are

Pﬁe5€n‘/'a‘ﬁon5 o-F G, aao[ Gumsloem‘li/-e[y
then G, ¥ 0u haes pmfenfnfw'rt

<9( i 9n u?ll"'y,:’ ,/; r‘Ml

ey Z,5{319"7

rla 7



Oxesise: Prove g
/4

jté‘fim groups G, G, aad K and homomorphisms
Y:ik— 6 and
K= 6.

e n the Hree ﬂ/w{ uct with amafyamaf?bn e

6: *k 62. - G’ *61 -
CRwRy,,
where <‘ﬁ//¢)‘fz[ﬁ)%e/< s the swallest normal 51/%7/00«/
of 61 (. W?‘atéth/a the et (5 Lff(/l) ﬁ[k)—‘fkék

He dea here is Yot we have all ords 1 the elements of
(;, and éz éu{— MC weé Sseeé f(/c) n a word we can

fep/aze of with (@[ e) (and wvice verza)

€5 «os “I:_//z)-'- ‘ﬁ(k)ﬁ[/a)-‘)ﬁ[/t)“'
e LR (R R -

1

= ves YlR) - -
nice p/b’pa/'fy oyC -ﬁ’eaprw&cz% u/t-‘/’ﬂ ﬂma{yama-ﬁ'om
the viclvsion mays z:}- : GJ — (, %6, wduce maps

Z’-. '-61  — G’ ‘Vkéz

given any hamamofpﬁ s
$:6,— H
$,: 6, —H
5vch that o (k)= of (k) Vkek




there exists a un zf‘ve Lzomomw/ﬁiw;
4” G, x/( (’z — H

5(/0& ot _
¢°Tl:¢l 04/ ¢°'zz,= 4’2

PzZﬁ)falé/ v p 6/

exeriise: Frove Hus

In terms of preseatations

£ 6 F L3 alrita?
6% KG o Guel i
KE (hyo by 702
then
,/;l"'/Ml,

G, Xy [;1 = (3, "'9»1,3,'--'9"" |r..r, .
G in) ()" L) 7

exercise: Frove s

B Sedert - Vay Kaw;pen Theorem
So far we wa; 0/14/ been able to wm/w[ﬁ T of spacgs

l'bomo{—a,@/ 670(1'/0[8«11‘1‘? a ,ﬂom;” or §'
WVitt, the ﬁlfou/ah/ thearem we can Ao much more !



Th® L (Sede t-Van /(dn:peﬂ)’
et X be a +op0/oﬂ:éo/ space with base pount X,
suppose X=AvB where
A and 8 ave pm"ﬁ Lamnected open g@f;/
AnB i path connected, and
X EANDB
let 4T (AAB, %) —> T (A, %) and
b i T (ANB %) — T (B x.)
be the Llomomoqﬂhz-{m! mduced 9/ e

1clusion maps o A
Aol < g

Then

(nl’ [x"XO) z WI//AI X") ¥'Tlf/AnBI xo) rn;— [-gt XO)

loeére we Sketcl a/OKOO’IC, /ef"s Jook at @ Few t%’am/a/e5

%ﬂmp/e;-
1) let A =“u/ fé’ of 2 circles "

te take x, € s! be a 7[1}&/,00:;1(— 0z S’ ’
* € ' be a #xe/,oomi‘ on o lopy of S

hen _<'vs!
W2 = /{x,~x,}

we can ik of W, as a svbset of R*
W, 1e Wf = ffw)/ G- )%y = (f

G@ fly) | Ge) ey =3




we need path connected open sets A andd B

57 5
\_
B
o
so ANB s
i

Prk/( %, fo ée f/lé“weafa:e /oou};{*": ofyz;’)

$imi /a/‘(y

exesse: :
0 Aand B are l’lcmo'f’D/o/ é’éfud/a/euf' tv S

Hirt: Show A and B are bomeomophe t
g'y (—l,l)/{x‘ ] where % €5’

x, =06 & (-1,1)

then vse lwmf'qoy e7u¢¢7¢/0uze sf
(-t1) to =%, fvju}e the desred
homo{—v// Cguwe [eme

) AN s howofvla}/ e?w'ua/eu‘/' to §%.J

50 777/’4, Xo) EZ (-\—‘{<.7: , )
M (B,%) £& =59, »
T (A0B,%,) = e}



and ¢ T (A8 x)— T (A5,
€ —m— e

and Shhf/aflf for ‘/E
Yos T(W, %)= 174 *58] Z
a5 lt@4@™
£ 49,9, | ee”’y = <3,9.1€7
‘:-: <jl lj‘L} > = F

PA

50 T ( %,'Ko) ¢s the free 9roep on 2 7ewe/a+ors

gxencise: it W, < We/ye of u cocdes %
%én 77{((%( Xo) n—’: FV]

2) Consicle, $° c R’

we koow A and B ore Aushs so eacl ¢ = [?Q}
AAB € annulus =S5’

fo TR E feSZ T(Bx)s < | )
T, (AnB,x.)= # =917



ti: TWAB ) — T A : 3" — e Y
similarly for %
50 M(S5x,)E $€) 2y fe] =< | %ho) e 2
xfef trivial group
2SS ,) o e trivad group
we wil see more &om/a/aéafc/ m»z/éer later, but tirst
lea of profof Selfert-tana '%W Theorenm:
quwen @ loop ¥ i X based af % eANE g

you Can/WZk fOI;/l(.‘f Ky ®p w TN 4 AB) Stoarc % X,
w A or B (vse leﬁeﬁue_ nowbe,)

N vse pa% ConNetedress of ANB % chooe s
m AaB wnnecﬁiy X o &

=

now w/l.fl/f/




s fu}a b/l/wwofapz'c o ¥ wrifen as e p/oaé«fof'
elementz Fom T (A %) and (8 k)

9. 72 ba
the clvsisn ways gwe
bt T(A, %) — T (K, x.)
b5 T (B,%) — T (Kkx,)
note for he T (ANB %) we see
bpo by (0)=7(4)

where 1:A0B—>X &
by ot (1) =7 (4)

1 elusion
s0 the UVl(Deféﬂ// frope 6/‘ Hree /mdaa‘; Wit ama‘gmma Zou
de; wé f@?" a aMoW/déz}M

¢: T (A x.) “T (400 x) T(8x) — T (X, %)

the absve agoumem‘ Says ¢ 5 our

we ase left fo see b s /iyea‘nfé (see any bosh on ayeé/ml
7‘19/0/7}/ o the ) F

C . Fundbmental G/‘oup, 51//7%665,, gad -’Lﬁ Homo[oy'y
le € Compuete T x,)

.\\N

Ww

N
N

R
W
A

/ / /// exeruse: A




let A= 47\

O~
RN
AN
NG
A
o
> Dy

n
&I\\

o

3 .

= (X3 wedge. of

2 u'rc@s -I

let B/—?"/-"\
A (/

N

N~ ~
"

(o]
N

\
N

o

X
~+

‘ ! -.\\ A /
note AnGB s ;3{(///@\ 50 AnB = s

and T2 AOR  pik %, € ANB
worr  MlA %) SF, £59,9.] 7
(8, %) = [e]
MAnBx,)E Z =<h ] D

L —e Y u

for ﬁ: T (A8, x.) — T, (A,x)
we. OIal-W' L&( (h) = j( 72_311157:,

mdeed note 7 gz ’
\ []




50

LN
>

Ie

é:
PAY =
\_} =
a8
r

P>

S
\
Py

\ _\l

-~

~o

A R 5
¢, (N* 99,979,

50 w€ have

TAT2)E AR % iang vy T (B")
2 K99l >x s K12
(9,9, | Kt
{9 9| 99.97'97
9.9.9/ %~ 15 Ca llet the ommatator of 9, and 9, and

(s denoted £9,9, ]
e velation says 9, and 92 Commute
9.9 9{49&-‘ =€

7. .7'"?;-'3,_ =€
599" <9
9199, 9, = 929,

50927 929,



we Saw earler ‘fﬁq{' the s Q p/!‘-’;enﬁn”fon 74.:/ # @z
so T(T!x)= Zeoz

siee 7T (5:'7%)-’- fef wl see 52 qad T° are not homeomoqoélb

w€ a//?a/y knew Hhis, but now we seg they are
also vot eypen //wnwﬁ,o/ €7ULa7a[@IL+ ,/

now (:F Zﬂ (‘5 a )’U/ﬁllﬁ a%fenujj/%en /*eca//
= ‘fy jon L«/H%l evffgf (/&ﬁ?qe%

N
exescse: Show

//T; [%, X.,) = <3,, ,923 } 23113032‘93,99]"‘ [923'113sz>

eg PIGNY

Gre %e;e yma'og Jf%/ﬁ’/lf 4

It G is any group, (£5 Commutator Svét?/bup [6.6] «
the smalest nowal subgroup of G comtniing 1943 "Vg“e

the abeliowzation of 6 (s %G,G]

epercise | |
l) 5LZOL«/ (J/ZG,G] s aée[(qn
) iF 6= K49, Gulri - v ? then

G/fG,GJ = <5¢ =+ In [ =l E9“9J'] 1";:"""”>




3) of G=H, then %6(67 = H@‘HJ

/7t X is a path connected M/o/cyzdof pace and X, €X
then the -Bifsf' hoMO/ovq‘y y/@@p 07[' X (s

H_l (X) e_/ ’ﬂ,_[x,?(o)
LT (X5, T(Xx]

s0 H(Z)Z<9 905 109,90~ 19,951,19,.3,), 7

note the brst-re latoion Pllows frow all the
other rc[ahbnsl 50 we can ﬂlljca/ﬂl g

H(5) S <9, 30y | 19,93 ti=t-29 D

exe/cise: K9, .9, 1 19,9, tizy--29) FT2O..0Z =0, &

(I.C Z} has “Zy ma’ﬂféq/e,:f- boles ”)
now 15 @k2¥®12 oF k'—"F,Q?
k
recall @kz < R ( set of lh{f;zg/ /ou}n‘s)

and §/oup operution B, Z s just vector addition

ﬂZ" (3 Sparme/ by [o} [o] [?]

and Hese are all 14 %Z
o lnear map on R s determured by what 17
does on a bagic
50 any %mMor,ohz}m ¢: @2’ "a@'e% il
wduce a lvea- map $: ﬂ?k’éﬁl



exerccsé: P s @ goup /:SDMO//ﬁh(-;M = & 5a

rector gpace l&OMO//ﬁ&m
s m&//(ég Q&= @, & k=4
. H, /%)’5 H,[Z_h) (79?=L]

Th=2:
L,27,@ Z;=Z, @ 9=h
e AL)="uCE,)
S H(5):=H(Z )@ Tign)=T(5y,)
enes(se:

1) Show the fundoamental group e A
MWW %) G090 | 92957
2) Show e fundamental group of Zy, for k705
T (T, ) = Fyﬂz-l
and for M, for k>0 is
rnf’(/%h 17(") = Fn—rk—l

D. Grougs and ‘5_/00/09/

We wi{/ now see th/'{‘b é&l./ﬂl Toﬂ/gréﬁf ;pa(.eﬁ fCa/'?'l;’\j a
ydren group as t3 Fundamental 9rou0 ond how 1y veg lige

group Womomordhisms vig confraueus maps ’

(2¢. turn a/yeé/a 11 to fv,ooloyy /)
let D" = vt disk 14 R”

Jnvl: 9 Dn



gwen o '(‘opo/?(?_oj gace Y and o contrauous map

n-|
a-S =7

the space obtared From Y ba m‘faf/zm‘q an n-cell s
Yu, D" = Y,LLD/WM%);
ot course. ¥ Va D has the 7uohem"1*o/ao/07/

we can 51w\|(af/y aﬁa(,A ”’””’)’ n-cells ot one fime
1€. veé n-
’ ‘9( N a = _LA,Q?\ 5 "‘3 7/

then ”
(Vo LD

an m—wmpleyr’ or nfa(uhe/l.sr'oma/ a4 cowydw( [ s defred
Malucﬁ'vd\/ b\/
a G’l)"COtM,OI(%’ (5 y75
an N-romplex (s any 3pace obtaiied éy
a‘[%acﬁu&j n—aells fo an @»l)»wm//%/

o n- complen (s finite F + has fuitely 1-cells B all
1 between 0 an n

te R-sheleton of an ﬂ'(,omp/t%’x (s ¢he union of all
1-eells for 12k & s denofed éa)/ x ®
(can depine ¢2-dimensionol compleses as

Oo
X = n‘:/o X, where X, ¢s aa a- COmﬁtm’

obfume«{ ﬁ’am 5// aﬁzzcé,,?}
n-cells

here U i X is open & UVAk, open Vo)




Fact: (W compenes ane Hausdorft

Mamﬂ/f; :

’s) any n—frﬁ:/o/c'c(J/ COM//%’ (s an ﬂvwm/@\’
2) $7 is om n'com/A%«’

O -sheletor s ’

aftach n-cell by a:30"> fpef

[onfﬁwf-mcyﬂ
D<)5 §
—_

¢ $" i D" wh the éoun/u// bo//a//se/ fo
a poz}ré

Y |- complones are graphs
( anA jm/d/tf are (- tom //%’55')

N

4) éompam‘ sorfaces whout éourm&// g a 2 —Com/yé/x

z,= e
| o-cell 2 I-cells I 2-cell P pelf
a, b >p
’ %@; ez D)
A QA 66’-

5) Fact: any (e antiable) Mm/)ﬁé// /5 hamofv,gl/ Eqvia lent-
v a CW- wm//%’



ZEmMo‘}’
let X be a topdogicol space and

a: D" — X
be a conbhinous map.
let 1€ 7/7/703',90)52 be aje/ie/aﬁyr and
r=a,l) € m(Kn) wvhere #n=alp)
I = Xy D, then
xR |

o\‘aﬁécéhj o 2-cell " adts a relatoon to the tenclantentanl roup
exesuse: Shol tHat F }//_; oéﬁf/)ea' #me éf aﬁ‘ucém

an n-cell with nz3 theq TlY«,)= W’[X&,)
P/'OOJ" 'A/e_ use 531#/‘1“%»1 kom/en 7% 2

let A= Xu, S'x(%,1]
~__ subget of D°

note: A is an open sef m I .

exercise: A =X C‘i\\/%k g A

let B= oisk of radwus 7% < D*
s50 Aaf= S'x (%) =5’
take y, € A8

T (AnBY,) = Z
(B, y,) = (€]

T(AY,)E T [Xy,) = T(Xx)

AnB

m/aéé :

T (AnB,y,) 5 T (4 y,) Het: 50’%
Ilg s /Joruo/ Um: -

T (30, f.) — U (X %) ’m@j
so 1, (1)=a,(1)=r



50 T (1) = T (A, %) *gyas,y (8 1)

w WX x,) > e
g /(7,, (L)e™' >
’ﬂ,’/)(,xo)/<f>

e

&

The¢:

let G be a group

Toen q a fppo/gr'aa/ space X (0 et a Z—cm/o/%’)
soch tat TlKx)=6

P/‘UD’F" weé. (,0,4;1;‘/3/ afma/o 6 with a 74;;(9 ,)/‘858'47‘?741014
{9, -3, [r ... /M>

the yeneﬂz/ case s almost- the same. byt need o be
ha/ﬁ/ witt nhnie Co:gf@nﬂg

let W, = wedge of v circles (so a /-com//ex)
feCd/{ ﬁ{%,Xo)g€g<gr"'¢9AI )

le € a; QDz—ﬁh/n be a tontrivous map soch taat

@), : T(20)p,)— 7 (v, x)
1 - — 7.

xercise: Coastruct 9

Hint: i rp= 9J€'...j):" é, = 11

eg' - ) ¥ 2] - -
r=9,9,9," then defse v on L I4T 70s ke
g% %?9 Ji

fo map onfo he loop 1 W, cor/ayona/mj 9.
9, agree /:4/ with orentatzon or vof- dgpeﬂ/@a on €

let X=4, Uaz,(;l__lmTDz)
/emma? =2 ’”;[X:)‘o) = <9l "'9,.’ ’1 rm> y



7125
let G and H be any grouws, and
: G H

any /aomom//hz's .

let X, ' be 7‘0/90/0/%&&/ pces soch Hhat
TG and TLik)F H

1t X 5 a0 2- KouW/P/A’, e Za contHhileou s
function Fix—y
such thar /—,, = ¢

Repark: tMote the m‘qp//é.; that any Aommo/pltfsm bethecn
tho fundamental prouas of surfaces is 1iduced by
a tontarious Mce/.l
P/‘ao‘ﬁ 7Zlou7h Vlot‘-neccijsa// we take X fo be e Z’Comp/@/
dobied in TH2 ¢
50 T (Xx)EGCE Koo Gnlri - lon?
let T be any oo 111 Y based at Yo
st. [%)=¢(3,) e T (¥ v)
e, ¥y i let3 D E sé X (0= () =y,
(%] = ¢/5)

now K= v, (L D)
Aehae 7L W= U ou the N ézo/ /vy)‘,

OO '
1S
fe 7
—

0 | o \



recall W= AL 1243/ uhere all end pocits
= are featihed

50 ou 1Y Jo. ) define f o be 5,
thes decends fo the qvofient Space

e wvagt o exfed 7£ oren aac/z Z*Ce// i X
et D' be the 15 2-cell (some oyt 4 others)

note @, (D) ; a EA /‘e//‘ésed-f?i}o
tte reletion e

50 [a,(DD")nge ’T/,'[)(Ixo);'@ [nofc ;cOeQ,(BDt))
4>(@|\(io/)3)-—e “@ T ry,)

v

fifea :5'— ¥

so £:lod] =Y s lhomeotopl fo the tri@d leop
that s 3 Amo‘t‘yy H:fo.] xlo,(J—2 T
7‘:' < <

s£

Yo /// Yo

%
(»05’15(/&/4 the Puohedt wap

U

RR72 A e Rl
" (ff)
\,/ L (€ cos 2as, t 547 2w3)

f
D™



c(early H widuce s a “a p
D" —v

5ucL1 that [:(vl?01: 7£°Q«

S0 US€ H t exfend £ over the iif 2-cell

l/onﬁ;\ut'nj we gef F: X2V

bt/ Lon structron 7&_‘-’ ¢ on e 9; so f'fte.y
cre é?ua( onN a/{ o7c () ﬁ

Theg

let Z,Z " be compact surtaces witbout boundlory
f’_;:z_g_‘_f_, homeom,o//ahf‘c o 510/ Pz
: ! (%)= ' se Pt
Then £o,4,: % /972:7(‘&( =) are hamotoocc ['jfwg(?
F =) TS =) = T(Z) )

N maps betveen (most) surfaces are determued
(vpto h/owwt‘v/)y) bx/ taerr acton on a- !

R@Wla/k:
1) not Drve 1» hfj/@t Aimesion s
2) ﬂ.,omofb/y classes S5} em &

Froof: (B) exercse n Sechion L just affer Th*™3
(&) need to Aehae
Hi Zxloy]1—Z'
st H(x, o) = £
H(en) = £(x)

now let g, AT be. /oene/m‘*o/j of T (Z %, )



COMlhj ﬁ’om
h

smce (Fo)x/%) = (’E ),,,(«91 )

we Roow, ’Fo°j1 2’7C‘oj?.
let H, be +ai Ltomow‘z»pf
Adebine H on ¢ XxTo1] &y H;
on Lx{i} & 4
note: (Lx12.))\ (U5, xle.1))
= (1-gon) x To.J = B°

Fact [we'p/wefft& late,): aay map 5= Z-llj
homotrpic to a Lonstant map
(here s where we need T'# 5% or Pi)

15t I

NOW H[Dg3

Sice the map (s %mo{v,ozéa//}/ trivial
w€ ,7&{- a homofp/}r
Gi S Jou]— Z°
Glpd= c ¢ some hxed pomt-
G(p)= Hp) i Z
e A

vse G 1o extens H oven
rest of T %o} &



