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Free products and topology

a group G is called indecomposable it

whenever G E G
,
* Gz we must have G

,
or

G
,
be the trivial group

example : i ) finitegroups are indecomposable
(since non trivial free products are

both
follow
from

infinite )

2) abelian groups are indecomposablehomework
( since nontrivial free products are

non - abelian )

can you always break agroup into in
-decomposable pieces ?

I.e
.
write GE Git . . .

* Gn where

Gi are indecomposable ?

to study this we define the rank of G to be

plG) = min {txt : X a generating set for G)
T cardinality of X

examples :

i ) p (④nz )
= n

to see this note we clearly have



p (
④
n# s u

but if h elements generate ④n Z E IR
"

then h elements also span N
"

as a

vector space, so ke n

re
. . p(ton Z ) = n

2) If Fn is the free group generated by n elements

then pl Fn ) = u

indeed
, clearly plFn ) e n

note if Ho G
,
then p (%) E plG )

since it g. , . . . , g. generate
G
,

then Hg. . . . . . Hg, generate %

now ④
a
Z = Fy

[Fn
,
Fu ] f

commutator

subgroup

so p (Fn ) Z p ( ton Z)
z n

e

. . pl Fn ) = n

note : Fn I Fn -h * Fh for all OE ke n

so pl Fn ) = pl Fn -h ) -plFn )

we would like togeneralize this to all groups !



for this we need

Theorem 7 I brushko
,
1940) :

let F be a finitelygenerated freegroup and

¢ : F→ G. * G
.

be any surjective homomorphism
Then F = F

,

* F
,
where 4 ( Fa ) = Gi 2=12

before we prove this we notice some corollaries

Cor 8 :

p( G , * Gz ) =p
(G

,
) tp
( Ga )

Proof : clearly p ( G , *Ga ) E plG) tpl Ga)
(union of generating sets for G, and Gz
will generate G. * Ga )

suppose plG, * Ga ) = n

then there is a surjective homomorphism
4 : F→ G

,
* Ga

where F is a freegroup
of rank a

by Theorem 7, F = F, * Fa where lolEls Gi



Fact : a subgroup of a free group is free
(we will prove this later)

so Fi is free and by the example above

we know n = n.tn, where p
(Fil - ni

so plGi ) E ni r -- 1,2

and p (
G
,
* Ga) = n -n

,
this PCG, ) tp (GD#

Cor 9 :

H G is finitely generated, then

GE E Gi
1=1

where Gi is indecomposable

>roof : if G is indecomposable , then done Cn - i)

if not G = G, * Gz with G
, ,
Get { I}

by corollary 8 p
(Ga ) a PC G ) 2=1,2

:
. done by induction on p

(G )

(since clearly plot 1) ⇒ G cyclic

e
:. indecomposable )#

Remark : Cor 9 is not true for non - finitely
generatedTgoups
-



Truest ion : Is there agroup
G chat has a normal

subgroup H such that GH E G ?

( can a quotient group be isomorphic
to the original group ? )

a group G is called Hopfcain it :

p : G → G a surjection homomorphism
⇒ of an isomorphism

Remark : G Hopf
-

an ⇒ answer to question
is No for G

examples :
i) any finitegroup is Hopkin
2) S

'
is net Hop fair g

unit circle in
' E

e.g. let ol :S
'
→ s

'
: z↳ Z

"

clearly to is surjective
but her to = { e⇐Y

- '

k = o

3) (IR, t ) is not Hopfeaoi

note : IR is a Q - vector space and
-

has an infinite basis
project out one factor toget



a surjective map

Are there infinite Hopfcan' groups ?

Cor 10 :

a finitely generated free group is Hopfcair

Proof.

let ol : F→ F be a surjective homomorphism
with F a free group

proof is by induction on rank of F, p (F)

rankF= FEE

any homomorphism is of the form
of : Z→ Z : k tuk for some n

ol is surjective ⇒ n - I1

so 4 an isomorphism
ranking : write F = Z * F '

so pCF
') =p(Fl

- I so

by THE 7
,
F-- F

,
* Fz and lolF.) = Z

¢ (Fa ) = F
'

note : Fi are free groups
pl Fa ) -

- ni c p CF) and

PC Fi ) z plz ) = I



plE) Zp(F
') -- n - I

⇒ n
,
=L and nz= n

- I

since Con 8 ⇒ n
, then

so FEZ and F EF
'

[
violation

thus ftp.if-zsurjectric

ME : ETF
'

sojec

⇒ HE .ME are
isomorphisms

:
. to an isomorphism €¥

Proof of Theorem 7 :

by Theorem 4 we have connected 2-complexes

Yi such that Tl, ( Yi Gi i-- 1,2

let Y = Y
, Unc - I.Durk where h :{-c)→ Y,

k :{ c) → Yz

yo -
- o c- C- lil]

to apply Seifert - Van Kampen let

A-- Yuu l- i. i ) and B -- C- i.Dunk

exercise : A = Y, and D= Ya

so CT (A. yo ) EG ,
and CT (B

, yo
) = Gz



now An B -- C- 417 = pt so IT (An B. yo ) = {e}

go Seifert - Van Kampen ⇒ THY
, yo ) E G, * Ga

let P = set of pairs (X, f) such that

i) X connected 2- complex with 47 (X) -- F

2) fix→ Y such that f-* = to

3) f -
'(xo ) is a facie set ofpoints ( c X

")
lemma Il :

Pto

lemma 12 :

F (X, f) EP with f
- '

( yo ) a

single point

given
12 we finish the proof of the theorem

let (X
,
f) be as in lemma 12 and let Xo = t

-

Kyo)

let {Xx } be the components of X- Exo }
( note they are open in X )

set Yi
'
= Y

, yf-no] and Yet = [ 0,13%42

note : Yj
'

deformation retracts to Yz - 2=42

and Yin Yat = { yo }
for each X

,
fl Xx ) c Y? or YI



let Xi -- [ U {Xx : fix
,
) c Yet}) u { x. }

note X = X
,
U Xz and X

,
A Xz= {Xo}

by Seifert - Van Kampen
F = IT

, IX. Xo) E Tf (X, , Xo ) * The ( Xz
, xo)

set Fi = Tf ( Xoxo )

(technically need Xi , Xz opens to apply
prove
this !Seifert - Van Kampen, can show Xo I

has open nbhd in X that is = to Xo

so should use X
,
UN and X

,
UN)

note f- (Xi ) c Yi
'

so

f-
*
(Tt Xi

,
xo ) ) C T, ( Yj %)
- -

SH SH

Fi Gi
-

lo ( Fi )

and ftp. : Fa → Gi is onto since if not then
4 : F → G

,
* Gz

would not be onto

Proof of lemma Il :

let X - wedge of circles ¥



with Ti
, (x) = F

by Theorem 5, 3- a continuous map f : X→ Y

such that f-
*
= of

fact: by a small homotopy can arrange f
- '

(yo )

a finite set of points, then add them
to the o- skeleton X"

⑧g( this is easy to prove
with a little differential

topology . See Hatcher
' '

Algebraic Topology
")
,⇒

Proof of lemma 12 :

let CX
,
f) E P we will modify (X. f) to get the
desired pair

fist note : f - 'Cyo ) F0

(since it it were empty, then fix) c Y, to- Yet
but then lolF) =f* (Th(X

,
xD) c IT ( Yj, yo) -- Gi

* 4 onto
,
unless the other Gj = Ee} in

which case theorem is clearly true ! )

suppose If
- '

Cyo ) I > I

CW Fact : given a map
between CW complexes

cellular f :X-7 Y
,
f may be

homotoped so
approximation { that f(x") c ye) (z - skeleton
theorem



see Hatcher maps to
the i -skeleton

section 4.8

let 8 : co . I] → X be a path such that 8077811)

and 261,811) E f
- '

Cyo )

by CW Fact we can assume in's 8C X
"

note for :[oil) → Y is a loop based at yo
'

t
"

since f*= 4 is onto F p :[o . D→ X
"
CK a loop

based at Nol such that f* = [for]

set a- f- * r

x is a path in X
"
from Ho) to 847

such that Lfo a] - Ufof) * Cfo 8) )
= ¥ D)

"

t kN)

= e in Tl
,
( Y
, yo
)

let 2=4*42 * . . .

* Ln be a composition of

paths ai
'

- Con) → X
"
c X such that



L
,
12 I ) c f

- '

(yo ) and

fo q CI) c Y
t

j,
-

- I or 2

Ji

and Ji * diet

f- oh = (foa , )* . . .
* (fo Ln )
[
Composition of loops in

Y

so e = ( fo a] = ( fo L, ] -

. . .

- [ fo da )

= gigi . . .
-

gu E G
,

* Gz

-
word in 6,062
but not reduced !

so must have some k such that gn=1

of
" "

4h10)

#
y,

fog

+
trivial loop in

'

Lala , qui et
- '

( Yo ) Yt (say Yi)

if that -- that , then let d
'

=L
,
- - - Th - - - an

← this meansexercise : fo d
'

re fo L remote

(so fo d ' re too)

note : we have reduced the length by one



so can 't keep doing this at some point
th co) t gill

let X
'

-

- X ul- cell) o G-cell)
- -
e D

glue e to X by 2e = { theol. and}

let a : 3D →X u e be given by an on S-
and homes

.

to e on St

x

note : D deformation retracts to 8
-

exercise : this implies X
'

deformation

retracts to X

(so X
'

e X)

now define f
'

: X
'

→ x

by fl
×
=f and

f- Ie is the constantmap yo
note f-

'

o a : 3D → Y is



homo topic to f- 02h = constant loop

i
. can extend f

'

↳ to D

(re. all of X
')

by the proof of lemmaIII. 14
(see Homework #5)

now
X E X '

f) I f ' so f'* e f* = of

Y

note : f- (D) c y,
t

Claim : can assume yo e flint D)

[
try to show this

so (f
'

) -
'

(yo ) = f
- '

(yo ) u e

let X
"

= xye

we get an induced map f
' '

: X
"

→ Y

exercise (challenging, we might do later) :

the quotient map X
'-4 X

"
is a

homotopy equivalence since e is



homo topic to a point

so (f
"

)
*
= (f)

*

= f
*

= lo

and Xf
' '

)
- '

( yo) I = If
- '

Cyd l - I

so iterating we can eventually
get to the point where the

pre image of yo is one point L#


