m Cover(,'gq -?pqa%

A. Covermg Spaces

/ecal/, when we com/ﬂuz‘fo( 77,’[5’) we vsed the map
prR =5

t 2 (cos 2Tt s1i1 2T+)
the key facts abeut p were
path /rﬁhhlq: jtiren ¥:f01]—2 5 e fo. cacly
x e p ' (¥6), 3 vnigue ¥ Lo ]2 R
st Y()=X and Fo%; =y
homo'fbpy {z-f-hqu: gu'rem @ homofap), H: (o, ]xle,(] — S

%ey; 1%/' eaCA fxef"{H(O,O))lj U’lff'v-e,
ﬂ;:fa, lJX[O,Ij——ﬁ//? S.t H;/O,o):x a,,,p/

A~

pe Hye=H

fo prowe fhese properfies we vsed Hat:
§2AVE with A aud B open
&’
P-l(A): {/ ,47. , P-r (B) - 5 @t' f
1=-¢°

1=-p2
) 4, By are open w K
2) A; are dusjoint (same $o B, 's)
3) , ‘A. 9 A aund / "57--'98 are
Pla, Flg howonorphiine
79;/19/0‘1%1}/10 thes we have:
y[vem a fopo/?zwﬁ soace X

a cover g spac€ 57[ X is a Fa{/ [X,P) where X s a
V4 [4




o 0/ r(;éJ space Q40/
P 4 & Y—aX

15 @ Contriuous magp (called a covesing map ) sucl that

VXeX, %e/e 1°5 au opt?:/l Szj'f (/C X Con'z‘mv'lmy x
st pl(v)={0U]

L’oleT

where the U are opeu, pairwise Jisjout sets m X
and P/U- ; (/'1 —/ s a homeomo/phzkwl

(U is Cc://er/{ an ewﬂn"y covered 56'6)

exaM,ﬂ/ey

) p R — 3" c/éﬁfév a coverung map

2) Fu $— s o rone can easi/y be seeor o be a coyer

P
(o (O
4

3) P, /K7'~a T2=§l¥51 where 2 (s frow 1)
(x,y) =2 (p00,p(y)

2
can easc'/y be cheched R j;
to be a ooue/z/i/ map Y

more generally _
oxercise: of Fx’y(--—PX a0l Fr’Y—’r are colleru’y mags,
then show plry) = (f.6, P, 0) is a tovsring map
p Xx§f = Xe'r
fepeaﬁry f%epfom[s we gave for P! R>S"(T22T.§ ans/ 10)
we geft



Th®1 (path ldtiay):

I7.L p ’)\(”9)( s a wmert‘/}o map
Yifo.J—= X rs c?/oa-p% andd
x € p~'(¥(0)
then 4 v Gue Sfr cfo]— E(J svch that
Yx/o)zX and f°ﬁ= .4

Th®2 [vam‘op’y /ncﬁhj)i

i P’ Y= X ia wuert'vy map,
H’fof’JXCOIIJ—ax a homotopy, and
¢ pT'(H(00)
f/rew gc/m ve /7 (o.t]x[o,1]— X svch that
q /00) x and IDOH H

/QMmag-' :
[e+ P-')’(v-?)( be a c;oue/u}/w wiag with X conpected

13[ Ja pon.ﬂ'f' % eX with //"[xo)lzl(’,ﬂfen
} I[X)l k V'xé)(

lp7'6)| s called the dg/ee of the wve/u?y space
Froot: let AzixeX st [p']= k5
A+ sme % €A
_C_/_a_l_ai-' A s opeA
1ndeed (f 'XfA, then let U be an euénl}/ covered
opent set corainmg X

prv) = f(éfo“l,



La'f (4 /’P-l/'x)z 1 fomi" Vo(

o IT=11., kS

0 //)"(y)/=k, Vy e/

~ A s open

Clacn: A (s closedd

Sl lar argument exerc (se

sce K is conmmected A=X (lewma 1L, 10) =

/eMMa ¢:

~

+hen
15 Mj ecfe

&

piX— X a (,ove//hj map, %:,G)?, X~ PO%)

PE/W;[)?:%:)'—) TI:-(X,&)

Moreorer; [r]e P (7'7[)?:??,»

the /1'7[1" mc Y fo « Pa'(’/l éa;eo/
% G a éop ta X

Poof: [¥] € T (K %)

[ Crtont patf

Svppose. p, ((¥])=e 1€ pe¥ =1,
S50 4 AOMO?‘D/Y H :Jo)x (o 112X
X

77
s ,/H/
/7 /

po¥

Xo

homm‘v/y /lif‘hnj says q H: foa)xfo, i ]=X

st Hlo.0)=X

o~

audl P°/‘/ =



note: polfise)=po¥ 5o H(50) is o lFF oF po)
sturtmy at %, 50 o G ¥
s H(s0)= ¥(5)
also Flo€) € p7(x,)
o H(o,e)= & Ve
sm%i/affy 6= Y+ and l:fv(S,/)=Z s

1€. X,
A IAC T bomotey V=7,
)1/ s Iv]ee

=

and py (s fnjé('ﬁ[/e
now, F [77_]6 Pr /’ﬂ?('i(fg)) thean 3[7/] GWI—{TK)
st p,,[[Y])=E“/J e ¥ =7
let ?’éea /1#047 .57‘3/7‘7:4/ at
by homm‘v/)/ /n‘ﬁ)y Y= 47"' cel and poats
éou("{alao,a 50?"’4 [oolﬁfbo
i 738 pu (T (KRN then the It 7 of 7
based ot % cont be a lep smce At ot were
thea 171€ T (&) andt %7 = fe(F)]) %ﬁ

tercge: [7/',’/)(, x) fy(ﬁ(?j 5?;))] = 0(9'/"—2 of [?:P)

Hint: Slow there (s a Iogemfw, from /‘?/ﬂ" Cosets oF
tlT(KT) to pic)



ﬂ/mmlp/%:

1) p: ﬂ - SI
P T(R) — 7/,-(5/) no uotl-fru'/(&/ /oop (;, 5’ /,f,z.j A
us a /aop i R

(|
{e} Z
ofeyree-'—M:ZZ: et
2) /9,,’ 5(-—651:9{-—9@.@-

(Pn),,:’ﬂ,'l/S') — T, (s') 50 Im {Ioﬂ)x P

’5 s

Z %z  AgreezuzlZzinZ]
v w

mil—2 nm 100,9!;\ 5l In[ﬁ-hbaéaop t‘)%c
(F °'7o€5 aroand * S' a
mu/ﬁ‘ﬁle o 1 fimes

pote: T (X) = F,  qenemted by & bl b= F



50 [Mc?e (pe) =42, b, bab™ > =6
G has index 2 in //I,-[KIX,,)?:'E /
Note rank Leat up I

) tousider I,

le ts frd a o(ey,rea 2 cover (there ae ac{»uway

‘ a /01*)
tonsder

o </ v

cu{‘
3 o x
P 1-" svr ﬁuce >
m;ongn%
y/ue boundasces

define f be

exeiise:
) Show this (s a 2- fold Coue/zf}o ey Z,—2Z%,

2) Work out im (ps)

3) Ex/zw.‘nen{— Constructing other covers of ofher surfaces
e9. Z,—= I, by an n-t Bl cover fr nzz



let P X =X be a Covery map with POE) =%,

£ Y—")X be a Coﬂﬁﬂwou,‘g map SUCA MC{?L F(%):X;,
a bt oF F 0 X (5 a tontriuous n1ap f/ r— X

51‘ ‘;E[}’o):s(: 04/ Pof :'jl:

J, P
Y*——9 X
Th=5( /rFﬁif; crieson):

Pf?’ax a couerzixy rap, ,0/55:)=X,,
FiV K a conbinous map st fly)=¥
assuwe U (5 path connected anol

(oca /[y /m% lonnected
3/'30//# f’y"')X of F

£ (T (7)) € pu (T(RR) )
F 12(@'/57‘3 1* s vngue

&

a space 1'5 loca/(;/ ,am% comqea‘ed l}£ for ever )4 /O(hé o and

open set (J cozxr(mhzhj 1%, \he o 1S an open set V
such that o eV aU and V (s path connected

(%famgé :

(f Ynd x [o, (_]) u{fo} x[o,(]) V) (['o, J x f°])
/)ad‘[' commected bt vt
locally path Connected

a// manné/o(s Gre [oca/[r /aﬂp Cwmea[eo/



Doof: (=) F ¥ entsts e c/ea///
fo (3 (0w)= puof (T2 ) € o (1),

&) peed v cotstract £ ¥—=> K
5(06;4 yé?’, [et Y,ﬁ{o,l}-—??’ éea/dm% s#
}/},/0); y, p Yy(r):y (vse /a% tonmected)

f"b’y 5 o path X from x:=Flg) & &)

Il‘)C'F £ Y to a pdf% ?/ 19 ,)\(/ 575/7‘),47 at 6(:
defme: Fly)= Y{l)

l‘}’ -F (s w(’- “0/614478/ the 6/ea/'[y Po-F(y) 75(7/

go ~ (s a |+ O‘F'F
‘{'U£€€‘r£ (5 wcl/‘/eﬂ[ziléa// et D’Y, be_anotae
fa't‘" ﬁ“am Yo fo Y
!]_o_tg: {y”fy }{ a Zoop 1 Y baSedOJ('Yo
S0 [77*7:/3677:[7.5/,) ) )r{
Le '

Sl

and 4 L%y x5, 3= [Fox)»(Foy)] e T (x )

by assumption [[f=X;) «(foy1)] € p, (T (% 7))
5057/ lewima 6C°Y ) (fo D’y) It4s @ a /ao,a
—_———— _—

w X based af ki (FoX)(FX)
can eaStly check éy um7veuegs of (s that

'Mlt_( 106/9 74 @7 fafyll/lif 57‘orﬁnj of




/\’ .
so + 65 well-detued _
the lost Mm&7 we neeof toclo (s see £ ¢ Corfinueds.

this 15 move wlved (aqd vses local comnecﬁ'uciy)
vou can fndl a ptfoof 7z h‘cz-{'cheft bt e Aeq 5

guen vel', 9 an open set- U ¢ ‘l/com‘awi}vy

Y and open set | i 3\(/ Kom“a/h('/}a
Fly) svch et I/u =p[ e f

JJ
contiruote 5

f/ j‘{
P

(@D =m0 4

,'Z_‘/ﬁ ﬁn)el/l Q Suméce % of fe”“/fj
A; 970, then 70‘ Coue/(my qu,g
pr R"— Z,
ORby R —

Thee:
H g2(and n22, they any
£ §" — Z;
is homotopic to the tonstant- map !

KeCa//l Yuis Las vsed 10 the Pmo')c of TH2IL.6

Fﬂ’_yp’j[uem 1C, o/ea.rly £, (‘ﬁ',/S"))=f'33¢/’g(7Tc(Rz))

éo‘F Irffs fo a mop ;LV S IR2 R
by Th™5

lover W—Ij map
aboue



et H 8" xlo 1] '—JIIZi
(pct ) — t£p)

Ff(/,o)-‘f Congtant-

Hpun)= £

set H= po H:Con]xfo,1]— Z,

s 1s a hﬂm{—opy From the constont may o Fﬁ

We szw that for evesy Koue/:'m/a ,O-')?/—?X, there is a
svbgroup G =pe (T (K)) of T (X&)

for most Yaces, *here (s a Conyerse /

Fact:
let X be pm% Wnnedtfo/

Jocally path connected

seri -loca //9/ 5/"5/0'/7 conne ctedd

Then VG<777(X,x,) there s a c,gu-e/lhy space
PY_'%X svch that ;?*[ﬁff,?c;)):é

a Sﬁacé )( e fz?mf—/aca/{y 5/«4;,0/,y wnwea‘eﬂf //‘
V'xé)(, d an open set- V< X such that xeU and

7;; : 7( (U/x) — 7’7[)(, Ko)
13 the trveal magp wvhere 10 ()= X I3 inddvsion

Fact: mambplds and CW/ complexes ore Sem1'~[06al(/
5/;'4\,0/}/ Lonnected

grample. @ 5 not



We will not prove #is but the dea for (=€ <T(X) &

let X = fpaths in X starting a€ %3/
here Yo F they ore bomotopu
vel end pownts

set pe X =X : [¥x1— ¥0)
you tan pat a fv,oo/ofy on X so0 #his 5
the oesired Cm/efii'\j space

8. Sd’odq/‘ou,ﬁﬁ

we use coverin/o spaces fo sho o
The7( Mrelsen-Schreier ):

‘ ony suéf/oa/ of a free groug (s free

We need some (emmas

/6MMO{ g'-

‘ let X be ajfa,ﬂb‘,%en U (X) is tree

M’ we Can assvme X (s Cconnected
F X has only one vertex, phen X G a wesbe of circles
50 from 5écﬁ'an U we Ruoa 74‘[)0 ﬁf&f/b@ﬂ

F X hos more than one veNex, then there is aq
éa(ﬁe e i K counectiig dictuict vertiies

e
Ch 'n)



CL‘/I%&'(': I'f X is a Clﬂ/ COM/D/%’,O/W/A (s a
controctble $obcomplex, vhen %4 = X

vxerase: try to pove Hhis i above sifuation
0 Kb =X and TKZE (X)),
but e ¢ q /O/Q/ol: with one less veatew

Mvs wt can thoeqcﬁu'ely fid a 7@/&! U with ove
verdex that (§ &omoﬁ;a}/ e7wi/cz/emf o X

.. done ﬁ
/emma T: —
£ X s ajraf& andl /J:X">X 5 Q wve/im7 space

7

then X (s o ffaph

more jgne./a/{ ) Loverings of CU/ complexes are
% oomp/x%\/ej
Sketch of Froot:
P(X) is a discrete set-of pounts X
0 -shele fon 7 this will be X
each 66{7& e of X & a paﬂf so oF ld6G 'q

the union of oll | of"a/(ea(;ze; will be
e ea(725 of ,)?

f0 make this rGorous we need to s@e how fo

uah‘ac& ”60(7@5 to e vertiies
bt hopeﬁc/ly i 15 lir‘fuz'f‘u'/afy Uear 7



Proof of Th*7:
jwé'/' a 7§'ee f/b"/o F,,, o “ jenefa‘fbfj

fet W/ = weo(;ae, ot n-codes
50 T (W) 5 F,
?w'e_m avy G<F,eT (4),da wueﬂhj space

P X=X o or [njecﬁi/a’y
coch thar T(X) =g (RE)=6
now/ lemma ? 5ay5 Y 1'5 a 7/~a,ah
and thess by lemma &, M (X) s a free Froup
LGois a ﬂe&y/‘oup V4



