
THI loveringspaces
A.Coveringspaces
recall

,
when we computed IT, Is

') we used the map

p : IR → s
'

t 1-7 ( cos 2 It
,
stir 2ft )

the key facts about p were

pathlifting: given 8 :[0,13→ s
'

,
then for each

✗ c- p
- ' 1810) )

,
I unique J× :[0,17→ IR

S.t. 8×10) = ✗ and poJ× = 8

homotopylifting: given a homotopy H : [0,13×10,1] → s
'

then for each ✗ c- p
- ' l H 10.01)

,
F unique

tT× :{o, I ] ✗[0,1]→ IR s.t.TT
✗
10,0)=× and

po Ñ✗ = H

to prove these properties we used that :

S
'

= Au B with A and B open

p
- ' (A) = 8 Ai

, p
- '
IB) = 8 Bi sf.

I = -y 2- -✗

1) An
,

B; are open
in IR

2) A ; are disjoint 1same for Bi 's )

3) PIA
,

: A;
→ A and PIB

,

:B
;
→ B are

homeomorphisms
generalizing this we have :

given a topological space X
a Iringa of ✗ is a pair (Ip) where IT is a



topological space and
p : I→✗

is a continuous map I
called a ooueringmap ) such that

Hx c- X
, there is an open set UCX containing ✗

S.t. p
- ' lo) = { Y }

✗ c. ±

where the Vi are open, pairwise disjoint sets in IT

and ply. : U; → U is a homeomorphism

IV is called an eventycoueredset)

exampled
p
: IR → s

'

is clearly a covering map
2) pn : S

'
→ s

'
:O→no can easily be seen to be a cover

P3"

*. u

'

¥ '

3) p , :
→ TZ = S

'

✗ S
'

where p is from 1)

(×, y)t 1pm,ply))
o o o e

can easily be checked •

to be a covering map ¥÷"→①¥
more generally
exercise: it p× : I→ X and Py :F→Y are covering maps,

then show play) = (pxlxl, pylyl) is a covering map

p : I✗I→ ✗✗ Y

repeating the proofs wegave for p : IR→ s
'
1 The II. 8 and 10)

we get



Thm-1-lpathlifti.no#:
it p : I→ ✗ is a covering map
8 :[on] → ✗ is a path and

✗ E p
- '(no))

then I unique I :{o ,☐→ I such thatyy.yyanyp.gg#YThM-2lHomotopylifting1-:
it p : I→ ✗ is a covering map,
H :(0,1] ✗ for]→ ✗ a homotopy, and

✗ c- p
- '(H 10,0))

then I unique HI :[
0
.
I] ✗ [o.it→ I such thatwww.xangp.gg#)lemma3:1letp:X-X

be a covering map with
✗ connected

it F a point xo c-✗ with Ip
- ' 1×011 = k

,
thenlp-yxlt-k.V-xc.fi

p
- ' 1×11 is called the degree of the covering space

Froot : let A- = { ✗EX set
. Ip - ' Cx) / = k }

A -1-0 since ✗
o

c- A

claim : A is open

indeed it ✗ c-A
,
then let U be an evenly covered

open set containing ✗

p
-Yu) = { 4)

✗e I



but Van p
- '1×7=1 point V-✗

: . I = { 1, . . . , k }

so Ip - '(y) / = k, Fy c- U

: . A is open

claim : A is closed

similar argument exercise

since ✗ is connected A- = ✗ I lemma II. 10)
☒

lemma4_ :

p : I→ ✗ a covering map, E. ÉX, ✗g- paid
then

p* : T.tt
, E) → IT IX. Xo )

is injective
Moreover, [8) c- p*(Talk,#

⇐

the lift of 8 to a path based
µg,agg

Proof: [8) c- Till, Iconstant path
suppose p* (Crs) = e 2.e. por = ×.

so I homotopy H :[0.13×10 . ☐→✗

✗
☐

Sf
. ?⃝×o

por

homotopy lifting says I H~: [0.13×10,1]→ I

s.t.TT/o.o)=XoandpoH=H



note : poÑ 150) =por so It Is, o) is a lift of por

starting at ☒ , so it is 8

:
.

HTS
,
01=84)

also HTo.tl c- p
- '

(g) ←
Points with discrete

topology
so Ttco.tl = I ft

similarly IIa. t) = to Y t and HTS
,
D= Its

2.e. To

E.
is a homotopy ✗= I.

i. [r] = e
r

and p* is injective
now

,
it (4) c- P* 19 II. ED then IT] c- TilI. E)

Sf
. p*KrD=[y] ee

. po 8=9

let Ñ be a lift of Y starting at E

by homotopy lifting 8=5 rel endpoints
but 8 a loop so 2T a loop too

if (7) & P* it, II. %-) )
,
then the lift { of y

based at Io can't be a loop since if it were

then [Ñ] c- IT, II. E) and [73 =p* (GT3) ☒
☒y

exercise : [ IT, IX. xD :p* t.AT,⇒ = degree of (Xp)
✗ index of subgroup

Hint : Show there is a bijection from right assets of

Pitti II. ID to p
- ' lxo)



examples:
1) p : IR → s

'

p* : -11,1112 ) → Tts
') no non - trivial loop in 5

'

lifts to

{
"

e}
"s a loop in IR
2-

degree =✗
= [Z :{e}]

2) pn :S
'
→ s

'
: at> no

Lpn )* :X, /5)→ Ti Is
') so inilpn) * = n Z

"s

z

115

2- degree = n = [Z : nzt]
v1

You1- nm loop in 5
'

lift to a loop off
it "goes around

"

s
'

a

multiple of u times

3) ✗ =⑦?⃝
<

5

ñ=÷ÉP→_ ✗

>

Tsz

exercise : this is a covering map

note : IT, I F) = F, generated by at , 5*52 , bT*É*É



so image lp* ) = La , b? bab-
'

7--6

G- has index 2 in IT
, IX. xD = Fz !

note rank went up !

4) consider [
2

let's find a degree 2 cover llhere are actually
a lot)

consider

f. cut

p iotsufae

⇐

÷☒
÷.

€46mponent
glue boundaries

1.

exercise:

1) show this is a 2- told covering map Is→ Iz
2) Work out im (p*)

3) Experiment constructing other covers of other surfaces

e.g. In
→ Iz by an n- I fold cover for nzz



let
p

: I→ ✗ be a covering map with pcño ) = Xo

f- : Y→ ✗ be a continuous map such that f-1%1 = Xo

a liftofftox is a continuous map f-: Y→ I

S.t. f- 1%1=50 and pof =f

→
I

o f P

y-tx-hm-511-ftingcriterion.pe
. I → ✗ a covering map , p (E) = ✗o
f : Y→ ✗ a continuous map St. flyol = Xo

"""""""""*dLocally path connectome
Then F a lift F : Y → ✗ off

⇐

f-
*
(Ti, IY, yo ) ) E P* (91×7×51)

it F exists it is unique

a space is locallypathconnected if for every point ✗ and

open set U containing it, there is an open set V

such that ✗ c- V c- V and V is path connected

({ 'In} ✗ {oil]) v1{0} ✗[0.D) u ([o, i] ✗ {o} )
examine:

÷ path connected but not
locally path connected

note: all manifolds are locally path connected



Brood:(⇒ ) if f- exists
,
then clearly

f-
*
la, IY, yo)) =P* 0¥ (414%1) c-p*tEÑ,x¥

⇐) need to construct I:Y→Ñ

given yet , let Ty :[0,13→ Y be a paths.t.ly/o)--yo,VyCD--yfuse path connected)

folly is a path in ✗ from xo= f- lyo) to fly)
lift for

,
to a path E, in I starting at Ñ

define : Ily) = 5h
,
11)

if I is well-defined
,
the clearly potty )= fly/

so f- is a lift off

to see F is well-defined, let 85 beanother

path from yo to y

note : Ty * I, is a loop in Y based at yo
so [ Vy * Jy ] c- Th 14 yo )

-É×
Ip

%

Y →f
f.K
,

X

and f-
* [ Ty *Try ] = ④ ok,) *Fry

') ] c- IT IX. xD

by assumption [f-Ny) *Hot;) ] c- p* It. II. IN
so by lemma 4 A- ☐ Vy) *Hot) lifts to a loop

in IT based at Xo : (fo8foT;)
can easily check by uniqueness of lifts that

this loop is Ñy) * lift starting at
Ty (1)



so I is well-defined
the last thing we need to do is see F is continuous .
this is more involved (and uses local connectivity )

you can find a proof in Hatcher, but the idea is :

given y c- Y , F an open set V CY containing
y and open set V

in Ñ containing
Fly) such that Flu =p /j

'

of
-

continuous

µ ñ

IP

,

t→
☒

✗

Fact : given a surface -2g of genusg
it g > 0 ,

then F a covering map

p
: IR
'
→ Eg

( for g > 1, this uses
"

hyperbolic geometry
")

Thad:
If gzl and n 22, then any

f :S " → Igishomotopictotheconstantmapl.IT
Recall

,
this was used in the proof of THEVI. 6

Prod : given f , clearly f-
*
It, 1st ) = {e } c p* ( THIRY)

so f- lifts to a map F :S
"
→ 1122

"
covering map
above

by Th m 5



let It :S " ✗ Co, I] → IRZ
(pit ) 1-7 1-Flp)

Ñ Ip , 01 = constant

IF 1pm) = I

set H = po IT :[on] ✗[o, I] → -2g
this is a homotopy from the constant map to f☐#

We saw that for every covering p :X→X, there is a

subgroup 6 =p* it, III )) of IT, IX. %)
For most spaces, there is a converse !

Fact:

let ✗ be path connected

locally path connected

semitone simply connected

Then F G < IT
, IX. xD there is a covering spacep,y,y,µ,gµµ,yg

a space X is semi-locallysim.pk/connected- it
✗ C-X

,
F an open set U CX such that ✗ c- U and

I
*

'
- it

, 14×1 → Ti IX. xo )

is the trivial map , where 2 : U → ✗ is inclusion

Fact: manifolds and CW complexes are semi- locally
simply connected.

eixample: is not



We will not prove this, but the idea for G- {e} < FIX ) is

let Ñ = {paths in ✗ starting at ✗o }/~
here 8~ Z if they are homotopic

rel end points

set p
: I→ ✗ :[r]t 8h)

you can put a topology on I so this is

the desired covering space

B. Svbgroieps
we use covering spaces to show

Thm-7CNielsen-schre.ie#:anysubgroupofafreegroupisfree&
We need some lemmas

lemma8_1etXbeagraph.thenTilX1isfree@Proof_i.we
can assume ✗ is connected

if ✗ has only one vertex, then ✗ is a wedge of circles
so from section VI we know 171×1 free group

it ✗ has more than one vertex
,
then there is an

edge e in ✗ connecting district vertices

⇒⇒⇐



cwfact: if ✗ is a CW complex,and A- is a
contractible subcomplex, then % = ✗

exercise : try to prove this in above situation

so He = X and T, IX) I T.tl/e7
,

but He is a graph with one less vertex

thus we can inductively find a graph Y with one

vertex that is homotopy equivalent to ✗
i. done ☒-

If ✗ is a graph and p : I→ ✗ is a covering space"^tnenxisagrap
more generally, coverings of CW complexes are

CW complexes

sketchofproof.is- ' l ✗
'M is a discrete set of points in ☒

→
o -skeleton - this will be ☒

'"

each edge e of X is a path so it lifts to I

the union of all lifts of all edges will be
the edges of I

to make this rigorous we need to see how to
"

attach
"

edges to the vertices
'
but hopefully this is intuitively clear ☐#



Proofofthmi:

given a free group Fu on n generators
let Wu = wedge of n -circles

so IT lwn ) E Fn

given any 6 < Fn = IT (Wn ) , -3 a covering space
p : I→✗

← by injecting
such that IT 1×7 =p* 191×71=6

now lemma 9 says IT is a graph
and thus by lemma 8, t.LI) is a free group
:
. 6 is a tree group ☒-


