
C More on Free Products

Tha 10 (Kurosh Subgroup Th
")

Let It be a subgroup of a free product A * B
Then H = (*✗ Hi * F where

Hy is a subgroup of a conjugate of A orB

and F is a treegroup

Corll :

an indecomposable subgroup of a free product
is isomorphic to Zt or contained in a conjugate
of a factor

Proof : if It is indecomposable then

by THE 10, It is conjugate into a factor

or H is a free group , and the only
indecomposable freegroup is Z ☒-

Cor 12 :

If two non-trivial elements of a free product
commute

,
then they are either powers of a



single element or are both contained in a

conjugate of a factor

Proof :
suppose ×, y c-A * B commute

let H = ( ×
, y>

= subgroupgenerated by ✗ andy
then It is abelian , : H indecomposable

so HE 2-1 (⇒ ✗
iy powers of a single element)

or He conjugate of a factor .☒

Cor 13 :

If two elements of a free group commute

then they are powers of a single element

her 14 :

The center of a non - trivial free product

is trivial

Proof : suppose A =\ {e } * B

take a c- A and be B non - trivial

note :

µ,,y
z#

exercise : show

A * B→
A * B/ this

c- normal subgroupab 1-7 a =\ e generated by B



so ab C- conjugate of B

similarly ab c- conjugate of A

now let 2- E Z (A * B)
← center

suppose 2- ±e

2- and ab commute : . by her 12

2- and ab are powers of a single
element ( since ab ¢ conjugalof

a factor )
but ab is not a proper power so

2- = (ab )
"

for some n > 0

note : a (ab )
"

=\ @b)
"
a

this contradiction ⇒ 2- (A- * B) = {e}
¥7

application to knot theory

let T
'
be the standardly embedded torus in 53

⑦
any knot that sits on This called a torus knot



.

- •

:
a no no

given any curve of slope %, with Lp. g) =L
,
in IÑ

you get a curve kp.ge/RYz,z=TZ
so you get a Cp, g) - torus knot

"" torus knot

exercise
it
, ( ✗

Kp,g) = ( x, y l ✗Py -9)

Hint . 1) don't use Wirtniger presentation !
2) can write 53 = 51×15 u D ' ✗ s

'

a- I

consider A = Y n Xkp
,
and

B = V2 ^ ✗
Kpig

in the Seifert - Van Kampen th
"



That15 :

1) Kp ,q is unknot ⇒ p or q
= -1-1

2) it p , q , p
'

, g
'
> 1
,
then

Kpq is isotopic to Kp:&
⇒

{ pig} = { p
'

.gl }

Proof :

if p or q
= -1-1 then

and one can easily use Reidemecsier
type one moves to show this is the

unknot

it pig > 1
,
then let 2- = ✗ P= y

9

clearly 2- commutes with X andy

so z E Z ( IT /✗kp.gl )

and so (E) is a normal subgroup
* ( ✗

kp.gl/gzy=-(x.y I XP , y 9)
I Ztp * Ztq

note : this is non-abelian so Til✗Kp.a)



is non-abelian

but 1T
,
( ✗
unknot
)=Z so Kpq is

not isotopic to the unknot

now by her 14 2- (2-4×-74) = {e}

i. 2- (Ti ( Xkp
,g
) ) = ( Z )

✓ exercise

if GF Gz , then GYzco.IE ¥16,1
i. kp.gr isotopic to Kp ;q ' ⇒ K(✗Kp .g) = It✗Kp;g.)

⇒ Zp*€q I Epi * €91

Corll⇒ Epc conjugate of Epi and Zod

i. plp
'

or plq '

similarly qlp ' or qlq ' and p
' /p or p

' Iq

and q
' /por q

' Iq

exercise : 1) this implies {pig} = {pig '}

2) if pig
' and

q =p
'

,
show Kpq is

isotopic to Kpiq '
Etf

Proofofthmlolkurosh:

let ✗A and ✗☐ be connected 2- complexes with

HIYA , xa ) EA and T1 (✗B. g) EB



(can assume Xaix, are only 0- cells

of ✗
A
and ✗B)

let ✗ be obtained from XA It ✗☐ by attaching
a 1- cell e as follows

Xp① let xoc.int (e)AÉxBXo

by Seifert - Van Kampen theorem

FIX,xo ) I 91 ✗A) * this

E A * B careful with base
point

, egtlxaixa )
= 'T Nave, Xo )let It be a subgroup A- *B

Fa covering space p :( I. Iot→ (Xoxo)

s-t.px-IT.li/TxoD=H

note : each component of p
- '(Xa ) is a covering space of XA

" " P
- ' (KB ) " " XB

" 11 p
- ' (e) is a 1- cell



s / -

let ña and Ñ☐ be end points of 1-cell in I containing I
let ✗

✗
be a component of p

" (XA ) or p
- YXB )
, say p

- '( Xa )
choose ✗

✗
c- ✗

×
S.t. X

,
E
p
- ' (Xa )

let 8
,
be a path from ✗

✗
to ÑA

then poke is a loop in ✗ based at xa
IT

,
IX. ✗a) E IT IX. %)
6

[por, ]→ ga

Ti
,
(✗

× , xx ) → IT
,
/I,x, ) IT

, /I.E) ¥1T IX. €1T, IX.%)

✗1- ✗→ I ☒ ✗ * 8;-) gjcig,

this composition takes t.cxx.x.ie gj
' til ✗Ave, ✗a) 9

= 9 A.9.x

now let ✗I be obtained from ✗
✗ by quotienting

a maximal tree in ✗¥



just as ai the proof of lemma :# .
8 ✗I = X,

and Xi
,
has a single o -cell ×

,

so let Ñ
'

be Ñ with all ✗
a changed as above

so I
'

=✗ and I
'

= graph F with Xi 's attached
at the vertices

now let I
"

= I
'

with a maximal tree of M collapsed
to a point (still call resulting graph P)

as above I
"

= I
'

Seifert - Van Kampen now yields

THI
,
E) = ITII

"

,
E) = (*✗ Til✗I. ×;D * IT, (f)

I /*× 'T (XI , ×;)) * t.IM

from above p* ii. I ✗I ,x;)) is in a conjugate
of A or B

and 1T
,
(T) is a free group

so we see H=p* ii. (E, E )) has the desired form
☐#


