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Curves in IR
'

1. Local Theory : signed curvature

forplane curves we can refine our notion of curvature

an orientation on a curve
C is a direction

X x

note a parameterization I of C gives an orientation on
C

exercise : an oriented curve has a unique arc leng ht

parameterization inducing the given orientation ( once starting pt
fixed )

let C be an oriented curve and I : to
, et IR

'

an are length
parameterization inducing the orientation

so Its = I '
Cs ) is the unit tangent vector to C at ICs )

set A Csl = veto r Fcs ) rotated 900 counterclockwise

use Nist

since
( we denote

"

rotation by 900 counterclockwise
"

by

I = It i : IR
'

→ IR
' "

complex multiplication
"

earlier
so A Lst i

 FK

if E =L then if =L - F ] )

.

"

Recall lemma 2 says Tls ) is perpendicular to Its )

inIR
'

this means that I '

is and Its ) are parallel
that is there is some number Holst such that



I " Csl = I 'Csl = Kds ) NYS)

note : fist TT¥,
is

 INTs )

I only 2 unit normal vectors to a kn
-

e in IR )

so Kist = lkocsll I recall Kcs ) = HT Yall ZO )

so we call Kola the signed curvature of the curve C l or I )

Remark if Kds ) > 0
,

then C is
"

turning cowards Als )
"

it Kola so
,

then C is
"

turning away from its )
"

if Nn
^ ITTE

Theorem 4 :

an oriented curve C is part of a circle ( line )

⇒

Ko is a non - zero ( zero ) constant

moreover
,

if Ko is a non - zero constant
,

then

C is part of a circle of radius ¥
and if Ko > O

,

C is oriented counterclockwise

if Ko so
,

C is oriented clockwise

exercise .

1) Show that a circle of radius R centered at p - Cha )
is parameterized by are length by

Icsh ftp.I-ferrws?nEfs)seEo.z-uR3



2) this parameterization is counterclockwise

find the clockwise parameterization Bls )

3) show Kds ) = Rt for I and Hold -
- Rt for B-

note : This completes ⇒ ) in the theorem

for ⇐ ) we will use

Th ' 5 ( Fundamental theorem of plane curves ) :

given :  i ) I = so ,
e ] c IR

2) c : I → IR a continuous function

3) F. J E IN with HEH =L

Then there exists a unique curve C with a

are length parametrization I : I → IR
'

such that i ) I lol = F
→ I  '

( o ) = I

3) Kds ) = Ccs )

Corollary 6 .

If C
,

and Ca are two regular oriented plane curves of length L

and they have the same signed curvature

then there is some isometry l "

rigid motion
" )

to : IR
'

→ 1122

such that
you . ) -

- Cr

Remark .

i ) So signed curvature determines a plane curve upto

rigid motion !

2) it two curves of the same lenght have the same

signed curvature and are tangent at their starting
point ,

then they are the same curve !



Proof of Corollary :

let I :[ o.LT→ IR
'

be an are length parameterization of C
,

T : go.LT → IR
'

" ' ' "  " Cz

let PT = Ilo )
, J,

= I '
co )

FEI Lol
,

Fr -

- I '
co )

earlier we saw that there was an isometry

to : IR
'

→ IR
'

such that
lol PT I -

- pi
recall lol It Apta

Dolf,

htt =P
show A can be

z taken to be a

set 8151=100215) special orthogonal

note : J lol = ftp./--pT transform

J '
co ) =D log ↳

C I' to )) =D top
,

IT,

1=82signed curvature of Cz -
- winger at Jls ) is the same

as signed curvature of C
,

at ICs )

exercise . Prove this if it is not clear to you

t.ie
.

show that signed curvature does not

change under isometry with A special ortho g.)
Hin 't : J 1st A . Its ) ta A special orthogonal transform

now compute Kol s ) and point I

It A not special lie
.

def A  = - 1) show Ko changessign

So I and 8 start at same point with same tangent vector

and same signed curvature so uniqueness in The 5

gives J ca -

- pts ) so CEC ,
= fled #

exercise . Complete the proof of That using
Th ' 5 ( or Cor 6)

Remark In Th ' 5 (unsigned) curvature is atenough to determine

a curve

e.g . ✓ \
some l unsigned) curvature



Proof of Tha 5 :

Suppose we are given an are length parameterization

§ :[ o
,

e ] -71122

then Hpi
'

Is )H=1 so for each Sefo .
e ] there is a Ocs )

such that
spy g = ( cos old

,
sin 015 ))

pics, = ( at Sos cos acts It
,

b t Sso shifted t ) ①

whereTco) -

- la . b)

thus old and la
.
b) completely determine Its )

note §
 "

I s ) = to
'

is ) sin test
,

a
'
Csl costs ))

and if I s ) -

- i
 Ils ) = if '

Cs ) =L - snitch
,

cos as ) )

the definition of Kol s ) is

B-
' '
Cs ) = Kol s) NTS )

so we see

Rocs ) = f
'

C s )

thus

old = lot S! Koch dt ②

where I
'

to ) note : f
' to ) is a unit vector

so is determined by
10 an angle 4

so Jls ) is determined by Rocs )
, B Col

,
and I

'

lo ) by ① and ②

this proves the uniqueness statement in the theorem

but now existence easy too !



given c : So
,

l ] → IR continuous

F. It IR
'

with 4TH = I

let to be the angle I forms w/ x - axis y

and p = ( ai b )
) 0

now set
a , , , = g! at ) dt  + Ol

and
Its ) = ( at S! cos Oct ) It

,
be Sos sin Oth It )

we clearly have
£ lol = I a. b)

I '

lol = I cos to , said ) = I

a " d
I

 " Csl = ( - dis ) sin ccs )
,

cis)cos cc s ) ) =Cls ) ( - sin cost
,

cos cess)

= Ccs ) I i I ' Csl ) = Usl its )

so Kol s ) = Cls)
c#

2. Rotation number
,

total curvature
,

and regular homotopy

If I :[o ,e) → IR ' is a unit speed parameterization of a curve C

then I Csl = I '

is ) isalso a curve

I : Co . e ] → IR
'

the linage of F is on the unit circle and the

curve is called the tantric of C

s -
- -

.

,

:
.

-

'

just like before
, since Its ) is a unit vector there is an angle OLD

Sf
.

I ( s ) = ( cos old
,

Sir Eco )



note : I'

Cs) = ( - fistseniors )
,

0
'

Is ) Costco )

Al D= i Fcs) =L - Sirota
,

cos 061 )

so the signed curvature is

Holst -

- F '

ist - lifts ) ) = a
'

Cs )

since as ) is an angle it is only well - defined modulo 2T

but testis a well-definednumber and so we can

define the number

0-61=0-10 ) t Sos f
' ctldt

T
some number in ( o

.

21T )

corresponding to initial angle
this gives a number for all s and as ) mod 2T

represents the angle

example

µ e

) ②
" angle " always between O and 2T

but can define Ocs ) EIR

To99 atHotel? U L I

My 9 Tyy 17%1

He @



we define the rotation number I or index ) of a curve C

with its are length parameterization

I : lo , e ] → 432

by
Rcc ) = zt, loll ) - OLD )

where

0 : lo ,
e ] → IR is such that

I '
Csl = I cos Old

,
Sin as D

"

÷÷÷i÷÷. .*÷÷÷:
so 0C o ) starts at  

Tyz and decreases to -3¥

so Rcc ) = IT,
( - I It - II ) =

- 1

Flo ) IF l 4)

t÷. . . . .

" " " "

Im

so 067 starts at Th and increases to5¥5
so Rcc ) = Ia ( II - Iz ) = 1

i ⑤
So 0101 starts at If and increases to 9¥

so Rcc ) = LTT ( 9¥ - E) = z



we now define the total signed curvature of C to be

TK Cc ) = J! Kocslds

where C is a regular curve of length l

lemma 7 .

for a regular curve C we have

TKC c) = 2T Rcc)
total signed rotation

curvature number

Proof : given anare length parameterization

I :[ o
,

l ] → IR
'

of C

we have a function f : so
,

e ] → R such that

I ' Csl = ( cos as )
,

suites ) )

as a bore we know

O
' Csl = Kg CD

SO

RCC) -
- Tal old - old )

= IT,
S! 0

'
Csl Is

= zt,
S ! Kg kids = LT

,

TK Cc )
E#

a curve C is called a closed curve it it can be parameterized

by a function I :{ o
,

e) → IR
' such that I lol = Ice )

closed

af a



it is a regular closed curve if I '
HI to for t Elo . G

and I '
co ) = I

'

le )

② of
closed curve regular closed

but not regular curve

lemma 8 :

If C is a regular closed curve ,
then

Rcc ) is an integer

I and The ) is an integral multiple of 21T )

Remark . Surprising ! By asking for a curve to

close up you are restricting its curvature !

Proof if I :C o
. e) → IR

'

is an arc length parameterization of C

and 0 : to , e) → IR a function st
.

I
'

1st ( cos Old
,

shifts ))

then I '

lol = Ile ) means 010 ) = all ) mod 2K

re
.

Old and 010 ) differ by a integral multipleof 2T
#

Normally we think of curves as being
"

equivalent
" if

there is a rigid motion C isometry ) of IR
'

taking
one to the other

intuition : C is an un bendable wire so you can move

it around but that is all

there is another way to think of closed curves as being equivalent

intuition . L is a flexible and stretchy wire so it can be bent

and pulled into other shapes



name

→ ① ;D→ 8
definition : let Co and C

, be regular closed curves given
by regular parameterization s

To : lo . I ] → IR
-

I
,

: so is → AT

we say Co and C
,

are regularly homolopic it there

is a continuous function

H I fix ) :[ o
. Bx lo . if→ 1122

such that
i ) Htt

.
ok Iott )

2) Htt
, 1) = I

,
let

3)for each fixed Xo the function

hxo
: co . D → in

'

t 1-7 Htt
,

Xo)

is a regular closed curve

intuition : You can continuously deform one curve into another

through regular curves

examples .

→ g) → § → ④→ ⑧ regular
homotopy

t not

f → f → f → D → O Feuar



lemma 9 .

It Co and C
, are regular homo topic closed curves

then R C co ) = RCC e)

Proof: Using the function H : to . Dx Co
. D → IR

'

from the

definition of regular homotopy we get

R : co , B → IR

x 1-7 Rch x )
-
rotation number of

closed curve hx

exercise .
2 is continuous

recall R I x ) = Rch ×
) is an integer for each x by lemma 8

it RC Col -

- n =L m
-

- Rcc . ) the let r be a non - integer

between n and m

by the intermediatevaluetheorem for continuous

functions there is some Xo Elo . D such that Rko ) -

- r

this contradicts Rcxo ) an integer
.

'

. must have n
-

- m
L#

The 10 C Whitney - Grace skin The ) :

two regular closed curves Co
,

Ca are regularly hoarofopic

⇐

RC Co ) = RCC , )

Remark D
"

Can 't turn a circle insideout
"

①
"

Ties:S:p .
O

R =L to R = - I



2) Amazing theorem
, says regularho¥ytype completely

determined by a number !
3) by lemma 7 this says

two regular closed curves are regla - homo topic
⇒

they have the same total signed curvature

⑤ O
Ko positive and Ko always

negative positive

but integrals same !

herIt-
a regular closed curve C is regularly

bono topic to a simple curve

means embedded

TKCC ) = I 2T

Proof ⇐ I swipe curve is regular homo topic to

Do
,

exercise :

"

prove this !
"

Ain't . Hard look it up

so RC C
'

) -

- I 1
✓

⇐ I it TK (c) = I 2T then last

tha
gives

C regular home topic to C
'

#

Proof of THE to :

⇐ I this is exactly lemma 9-

⇐ ) given Co and C
, with Rko ) = RCC

,
)

let Io and I
,

be arc length parameterization s of Co and c
,



below we will show that after regularhomotopy we

can assume

① To Col= I
,

co ) and To
'
co ) -

- I '

,
Col

⑤ length Io = length I

in particular
⑥ SILKof signed curvatures of Co

,
C

,

not Zero I same at 0

given this let l -
- length Co -

- length C
,

and Ico ) = Ca
, b)

recall there exist functions

A
,

'

. [ o
,

e ] → IR 2--0 ,
I

such that

I ! I s ) -
- ( cos Eis )

,
Sui Oz Cs ) ) 2=0 ,

I

and since I 'd o ) = I ! I o ) we can assume to Co ) = 0,10 )

and
0 Ce ) - toCo) s 2T RCCo ) = 2T RCC

,) = 0
,

Cel - OTC o )
O

:
. 0

,
let = to (e)

let O :[ o
,

l ] x fo ,
I ] → IR

(s ,
x ) 1-3 X A Cs ) t d- X ) Ffs )

→ 2

and H : to , e) x to ,
D → IR be defined by

→
suitesHIS

,
x ) -

- la . b) t I Sos cos OH
,

x ) dt
,

So 's
in

'

It
. Adt )

- as ( Sol cos oft
, Hdt

,
Sol sin -0 Ctixldt )

-
make curve close up

note :
 , ) Tol s ) = ( at Solos Ooh ) It

,
b t Sosscar Ooctldt )

To le ) -
- Toco ) = Ca , b )

so Sol cos Oo HI It = o -

- Sol Sai go HI It

and similarly for a
,

Ct )



2) ItIs
,

o ) -

- Icd and It Is
,

D= I
,

Cs )

3) for a fixed Xo in to
,

I )
,

I
,

( s ) -

- II I s
, Xo ) : Eo

,
l ] → IR

'

is a curve and

-4×010 ) -

- la . b)

Tale ) .

- @,by
} closed curve

we now check it is regular

h-j.lt
) = ( cos

OH
, xo )

, s in

Oct
, Xo ) ) - et ( Sol cos Oct

, g) It
,

Sol son
'

Oct , x. Idt )

F. -
B

HAH -

-

cos2-oft.io/tsin2-Oft#--f--
I

HBK = It te S! ( cos Oct
, xo )

,
sin OH

,

xd ) dtll
⑦

standard E te S ! H @so It
, xD

,
sin oft

.
%) Hdt

fact from IT
calculus = te S ! 1 It  = I

get  = in ④ ⇒ C Cos -0 It
.

xd
,

sci 0 It
, xo ) ) is a multiple

of a fixed vector

⇐ L cos Off
, xd

,
sin Oft

. xo ) ) is constant ni t

⇐ off , Xo) constant in
.

t

but -0 It
, Xo ) -

- Xo OTH ) tf- Xo) OTH )

so it OH
. Xo ) constant in t

, they

0
,

'

HI .

-

×o
Htt

w w
a -

curvature of C
,

so
T curvature of Co

since signed curvatures same near 0 this can 'tbe true

so llh-x.IM = HE - BH ? HAH - HBK > O

and h-x.IS) a regular parameterization of a curve



finally Ole , xo ) - -0 ( o
, xD -

-

Xo 0
, let t d-Haole )

- Xo 0,10 ) - f- Xo ) ace )

= Xo 2T Rfc
, ) t d-xD 2TRko )

-

= ZIT RCC , ) RCC . )

so cos -0 ( l
, Xo ) = cos -0 ( 0

, Xo )

sin
.

-0 ( l
, xD = Siri O Co

, Xo )

and hence

Tj! e) = I cos Ole
, xD

,
sin Ole

, xD - he (Sol -

,
Sol)

= !cos 010 , xd
,

sin ECO. xo )) - et ( Sol - -

,
Sol - )

II. ( o )

so I
, is a regular closed curve and It is a

regular homotopy from To to I
,

we are left to check ①
,
BO

,
and ⑤

⑤ it Io has length l then

AH  = Idt )

is a regular homotopy of To to pi, with length I

( now
,

re parameter ,

'

te by arc length)
do same for I ,

to get same length
⑦ and ② since signed curvature not 0 ( since not a Kcie)

and total signed curvature same there must be

a point § on Co and I on C
,

with
same sign of

signed curvaturenow choose

parameterization
s

St .

I do ) =p and I , 101=9

exercise : prove you can do this

so Io and I have same sign of curvature at o



given any point B on Co

Bx Csl -

- Io Cs ) - xp

is a regular homotopy from Io top ,
that

parameter ites a curve through 8

( since translation doesn't change curvature

we have curvature of Io and I ,
same )

similarly we can rotate curve so that

Io '

cos =L
'

o ]

( also does not change curvature )

so after regular homotopy can assume

To ( O ) = I ( o ) = ( o
,

o )

Idiot I '
lol = To ]

and signed curvatures have same sign near oL#


