B Curves ina R"

1. Local ﬂeory; sne curvatu e

foor ,o/ane_ caves we caA /‘8.7424(_ ow” notfzon of curyature

an orienfatzon on a Curve C s a diecton

/_\—/ /‘\$_/
notet a ,aq/‘amer@/zz»aﬁbn X of C 7:’:@5 an oreatation o C

Mrercé:e: an on-‘en‘@a/ curye Aas a Un[?ue. arc. /é’yﬁt“
pa/vmetérrmffan twdaaty the f«f}t orientation ( once ;-Fn%f\iz‘ ),fn‘
X

/ef— C be an oriened curye onod & * lo,2]— /37’ an arc {e:/yﬁfi
loam meter gaton 1 o&cl;t/ e oreatatcon

So 7—65\ = 2,{5) [.S the Ur“t." ﬁ%“f vector ( o :Z(S)
set A’/\ (3) = vetor T(s) qotated 90° counterclochuwise

(we denote. “rotation by ¢0° counterdochiise by
z.: mz —> mz “LOMW/%’ mu/ﬁ)bltbﬁm “
so M= 7T

F 5”=[:ﬁ,} e z'ﬁ"—'['zzyff})

,(/\ls\
%s) A//\ (s)
T (s)
C

ﬁeCG// /eMMd Z fﬂy.f ?75) (}/ye//geno/q;u/q/' g2 ?/5)
i R fhis means that T (9 and AS) are parallel

that s e ic some yombe, X, (s) such that



R0s) = Ts)= X () WCS)

—y A
note: o= T i AL
(only 2 umit normal vedsrs fo a line /Kz)

so X\= IXt)|  (recall X05) =TI =20)

So we call X L9 the Szl‘meo( cwrvetuse of the curve C lor2)
Remar/@ rf )(O_CS) >0 ttea C (s “7‘14/711:/:!} fowards Ves) "’

I"F _Xo__(.SB <O, f"len C c:; uﬁ,{//[(;}/ a,(,./qy -FfoM /17(5) “
N /I/T

[ ° VY

ﬁea/t?m q:
an oriented wrve C 13 port ofa cicle ([wie)

4

X5 s a non-2ero (26r0) constant-

moreoves, f X is a won-zero constont Then
C s part of a arde o~ ndius /):/c,l
and F )(G_ >0 C ¢ orcentedd Couufef‘c[océwe:ge
l'F' Xo‘ <o, C (s orented clock wise

ereruse:
() Show that- a cocle of radus R centered af F" ,':;]

15 parameterted by arc /e:/z/‘fft é}’

- P R cos &5
o((g): F1]+[R?;%5] SG[O,Z'D’R]




2) this par-ame €r1 2 aizon 1$ counterclochwie
find e clockwise pacameters ga leon Z (5)

3) show Xd(s)=7g'" for o and Xo_ls):"—é—‘ b £

note: This com/oé{e; ) 1 the theorens
74’/ @"") wWe wf// use

Th“ 5( Fundome ntal theeo /2w o-F'p/Gne cu/‘ufs): ]

ﬁl}reaﬁ ) I =le, 2] <R
) c: T - R a contwnous fumction
) p.Te R b (Fl=1
Then there exists a Umfue. crveC wth a
arc /enjfh pa/amez{e/zzaz‘én <:T ﬂl‘(?’
svch that 1) Rio)=p
) 2"(0)'-’?7"
3) ){o_(g): c(s)

(orol/a/ly é: ‘
it ¢, and (, are ho ne/au,(ar orented flana Crvés 07[‘ /eky{/lé

omd Wey have the same 5(}4@/ curVature
e there (s some [comefyy ( “rigd motrion “)
¢: ﬂ?.__a RZ.

such that
“ CP(Cl)SCZ

ReMa/k: :) fo s:‘jnea/ Wyaﬁ«/n o(eL@/mMES a ﬂ/cme clwrye upz%
/}}u'J motion /
2) F o wrves of the same leaghr~ have te same
sl'jn.e/ curveture aad are 'faoyenf-af' e 5:@»@7
porhl"/ hea ‘(’hey are ‘the same cuve /



Boof- of lovollary

et oL [o, LJ ""3/? ée aN asc [Blzyﬂt /a/dmel@//zaﬁon o‘ICC
[& ' Jo, LJ—)ﬂ W % X v C,
le € P 7 = (0), ’U" =L (o)
P_s)_: Z[b)l ?7’: /Z,/(O)
Corler we saw that there was an sometry
. . o(7)- B recall 6(3)=Ap+3
(P/ﬂ"a/e fddt‘fha/f’ l° : show, A com be
) Dé; (7)=7; fabren to be o
set Y(8)= podlls) spece {vf‘f’hﬂ}pnal
note: ¥ (e)x (7)< P transtorm

Y'0): Dy, (X'(6)= D (7)=7,

5ane/ cusvolore of C3= lm‘-?e,? at XY6) (s the Same.
as .St‘/mec/ cwrvoture of C, at (<

wieriie: Fove tais F F « not clear #o you

(1e. show that fjoned curvature doec not
&[wmye wmder wometry with A gowb/ or-ﬂwy.)

Hut: Y(): A-26)+& A specal o/f/‘?ona/ trangform
now Colnt'ou,k )( () ond po(nf' &
l-)[ A nef  jpeciad (ﬁJ (1&/&/4‘-() 5404../ k’ C'L‘“VyeS sz

S50 Z and T sfot al- same pomf wefth  Same ﬁmyenf vecto

and came sGnedd curnlure 50 ynGreness n Th2E

gwes Y(H=p($) so C=Cs = Ple)
e ge: (omp/e\‘e e /o/amf of Th=¢ us'/‘y Th=5 (or lor ¢)
R@Ma/‘/kl In ﬂﬂf (Un;fjnvf/) curvatare iy not e/toayh r@c/g{e/yzm’e

e [

samé (unSjne/) Wm{u/e/




Proot-of 7625
Suppese. we. are giien an arc /eryﬁz parame €2atton
B:fo2]— R*
then JIB19I=L so for exch €[0T there is o & (s)
svuch toat

Bls)= (cos or3) stn ©(s)

° Z{g\ - (a+ 5:&95 o) dt, b+ SOS sta 01O d¢) @

where [ECo) =(a.b)
thos €15 and (ab) completely dotesmme B(S)

note ﬁ “15)= (- B'(s) sm Bs), 8'5) cos 1s))

and  S19)- 7 T = 1 U5 = (~5140(5), o5 ©43)
the debinction ofF XO,(S) 2
BUs)= X, 15) ()

50 w€ see

X, (s) = & (5)

WS

S
&(9) = P+ 50 X 8t | @

u/here

note: /':'/0) (s @ un t vecto

so 15 defermumed b
1@ on anf/e ¢ ’

s0 gls) 25 o[e\@/ma]ea/ 67/ Xo'[‘S)/ /—;[07, qno((z'/o) by@ qn%@

s proves the Uiy veness statement v the theoqgam
bat now existance easy +oo!



yl'vm c: o] R contiduous
BTEeR™ win I7l=1

let ¢ be the anf/e 7 forms W/’)C’ﬂ’?‘"f
a/lﬂl P’-’ (Q‘ A) J ) )

now set

|
S
o(s)=J cc) ot + ¢
ano( s s
L(s)= (a +5° tog ee)dt, é*So sin B9 olf-)
wé C/)ear/y havre
O—Z[O);[qlb)
2 0)=(cos ¢, 50i )= T

and

ey

<03 = (- ) g7 (), L) cos () = cls) (~54 ces), cos ces)
= C(S)(z'j'(s)) = c(9) A?/S)

so X (s)= C(s) =

2. Rotafeon m/mbef, tofal curvature, and! /\egu(Of homofo/oy

If Z:(0.24]— R 5 a und {/eea/ poramelCritatton of a cu~ve C

the, T(&)=X'¢s) is also a Curve
T :[0,2] =R’
the M"mje oF T o on the uni¥ corcle and the
curve is called te tantrix of &

j(:(ﬂ’ /IZe, é@%{&/ 5(-n¢_e :f_/S) /:; a ua(t vector ‘{'4e/e ;5 a anjle -@'/S)

st T (5)= (tosorts) 56 e(s)



note: T '/5) = (- 0 seieds), ©15) Los 04s)
NS = 1TLS) = (~514019), (o5 OT5)
so the signeA curvature s
X ()= T 1) TH) = &¢s)

Siice 613 (s an angle 1F is only well-Aefied modulo 2T

éu,f‘ &'¢s) s a we”'o(e'[?oﬁEOI I'l(/wée/- avd S0 We. Can
Aehve the numbe,

S
ols)= 9(a)+ | o'relolt

m/:! 7(}{; a /zuméve/- 7@/‘ a//j auzo'/ O(S) mpod 2T
represeats the anj/e

Mﬂmg@: .6—(5)

>

“amgle” a(wa}/_c bebween O arza/ T
but can Aefne ©(s) ER

©(s)

ansle
—




we debme the rofation uymber (or idex) of @ cure C
with 5 ae /nyf’t' poramete 2ateon
Zifo, 4] = R*

by
R(e)= 52 (et0)- (o)

where [0, 2] =R s such that-

X (s) = ((cos ots), Stm &1s))

oxampPes nﬂw
d Tlo
=> -
V-< \21 ’) ()
%(o)krjl TH)
QY) Z0) -

-3
(o olo) stafz at T and decreases fo ~ -

2T _ -
0 R(A=37(F-2)--1

Zl) 72)= T (%)

5T
(0 &) §ty at Ty and wcreases o 2

T -
so Rec) = & ‘ZZI— 1)=1

& O

5o Olo) stats at L ond Wicremes o Z

o poy=(F -L=2



W now ddefue the fotal qurzea/ carvate of- C o be

TK(C) = Sﬂ X, &) Hs
where C z-s a /‘eju(ar curpe o7£ /e/L‘/c(’ﬁ £
leﬂma 7
For a /ga&r cnrve C we have_
'ﬂ<(C) = 27 K[C)

M’ jll/fﬂ an arc /enj% pa/ame(e/:}aﬁbq
NEICYIREY &

of (
we hage a tuncton Gilo 4] >R socly ot~

TUs) = (cas ©45), s14-845)

a5 abore we know

o'(s) =Ky (9
V)
5 R(c)= 5=( ole) - o)
= =+ S e(s) As
= A :—- TK(C)
)9/9 S P
a Ccuve C (s ca[/ea/ a c@éd Curve n£ u" can be pa/amezémz-ea/

lﬂy a functron & fa,.ej—)[/ZL socl #at- Xb)= X(2)

o(o 5€I{ ¢ C <
N )



it s a n’;quét/ o(oseal curpye n‘f Z'¢) 0 74/ + €[o, 4]
aud F't0) = X 1.£)

O GO

closed curve f€7u{0f closed

but net regular curve

/BMMa g:
i C s o rgu(a/‘ closed curve,then

R(C) s an infege,
[ano/ TK(CSY ¢ an lc;lfejfa/ m(}/ézp/a of qu)

Ke mark: 541/‘/0/2;/)1/ I gy as/ezh/a or @ curve o
cloge W yeu are /‘csﬁf("c,ﬁjo 1z cam/m‘ufe_!
Fost: f &:002] 5R* & an arc /ery% pa/‘ame{ﬁ//zafz'o// of C
and &:[o8)>R a fancton st A= (cos ©15) 307 D5)

thea «'(o)= 2(2) means H(0)= B(L) mod 2T
7€ e[ﬂ) C?/lﬁl 9'{0> J#e/‘ é}/ a {hfej/‘a\//m//f?p/e O‘)C 221/ﬁ

/Va/wzaﬂy W *{’&/J;k of curyes as ée:fy 'éyut'ﬂa&m/{ F
there & a r?:'a/ motron ((sometry) of I? ¢ fah /:’7
one. fo the other

i tuctzon: C 5 an wnbendable w{r'fe S0 you can riove
rt arovnd buf thet 1S 7

'H”ef'é ts angther way 70 Thuwk of closed curves as beuy £TUu‘/s/en‘f

mtutaon: C is a Flexible ond fffafcﬁy wiwe so ot con be beat
and ,au//eol into o¥her 5ln/oe,c



ole—/;hz:ﬁbn: /e{’ Cc Ono/ C, be reju(a/ (/59930( cures yire/)
éy /\eju(a/‘ /a/ame/i‘c'//{}a,ﬁonj
Xyt (0] SR”
=, feJ=oR"

We say (o ond (, are /%qu[a/é/ mewsf»,ﬂw ﬁ-L there
if G tontviwous functron
Hi€%): [@.Ijx[o,(:]—-aﬂt

5V 06! thot” .
‘) H(f,b)‘: °<o (f)

L) H('ﬁ l): ;Zl[f)
3) for each 74’)(&71 X the fanctzon

by foud — R*
t o HE,X)

S a feju(af closed cuve

wtuttion: Gu can co/zf-)}fuous(}/ aéAD/'M one. CUryt. (nfe aothe,

¢ rough fefaéaf Cr s

=208 -b =t
8 (% O 5 O repular




/8 mma 9"

If (o and C, are /efu(ar homafqoz}, closed cuyes
then  Rec,) = Rec)

Froof: Usinj the Jurction H-‘[OMJX[O,(]——-?I?L Fom tthe
Actinition o#r«yu(af hom,ofp// we get
R:[e]— R
x — RChy)

\_/V\-/
Lofatron nywbe, of
closecA cnrve by

ere e R is conbidwous

recall R(%:= Rly) (s an 121{672/' for cach x éy lewmna &

it R(C)=n £m= R the ket r be anon-mfger
between 1 and m

Ly the mte-medate value Heorem Ior conbirsous
Funsbons thee s some xefo.] swh thar K(x)="
thies (ontradicts R(%) an m‘{eje/
" myst— hape n=m -

/4° /ﬂ(b/éﬁ”‘fy'&/ausfer}) 7% 4):

two /?u/a/‘ C/osea/ carves Ko, Cz_ are /yu(afé/ ho»«gfa,&(é
&
RCcs)=R(¢,)

Rermark: 1) “lan¥ tum a circle wside ot ”

R=1 R=-1



2) /4#4622(:4] %ea/em jdy! requ/o.» /Lo/uofo;e/ fx/e éonjﬂ/a%é/
Sete,m i ed by a rzuw/ée/
3 by leatma 7 Wcr say

fwo /ejufa/- close’ cwves a~e /‘?/a/ /Lamm‘o/x’
&

ﬂne}/ hape the some fotal st /wze/ curvafue_

(> O

Kor pojn‘we ond alwdy 2
Mfa/ﬁlfc pos Ewe

bt lh'{?fblﬁ %m&,/

Lor 1l
a re;u(a/ closed curve C s p?a,(a/9
howotvps o a smple turve
&

TKCO =t2T

Froot: (=) swmple curve (s ‘”ej“("/ “wa”ﬂ“ o (..
erercise: p/owe_ tis !
Hen't : l-/-a/ol look Uy
so KC C):'il
(&) of T/<(c)_,21r then /asf- Az 9wgf
C regulos bavotopet o C'ppy

broot of T4 (0

(=) ta (s zo/,\/ac-/[;/ /QMMQ/Z_/
(&) 7¢¢;€M C, and € with R(c,)=RCC)

let 072 and E(j be arc én/o% ,aa/‘amerf//f—aﬁows 01[' l, a1 ¢,



below we wz{/éltvu/ thort a—ﬁé/ V‘?u[a/‘ Aomo?‘q?' we

caN aéff/me > ~) -
@ %,0)=Z o) ard &'0)=2! )

@ /em;}% :(,, = /G’vyﬂt i’?
@ 5691 of 5?7'1e/ax/~uu7iffej of (,,C
Same at O

guien the et 0= /an/o‘fh G = /é’nyﬂt ¢
and S("O(o)z [a,é)
recall there enist functzons
G: [o2] > K 2= S, (
such “hat
K, ()= (o5 B,05), 501 ©,(5) 1=al
and since E(’Lfa)=o/<\l'(o) we can asspme ©,(0) =6 (0
and 6-(2)- 8,(0)- 2T Rec,) = 2w Ric) = ©,(8) - © (o)

L o, (2): 9,0
let O:lo 2] x[o]— R
(¢, ¥)—— x 8(s) +(-x)E:(3)

ond H:f{es]x(o]—> R° be olefnaS é/y

ﬁ/5,x)= (2. b) + {Lscos O(tx)olt, j;r;,,,’ Q(G,x),/f)
- f ( So! o5 O (%, At ngfh a(t,xuf)

note: y Z(s) = (@~ S:Cas o,(0dt, & +5°’5M-9°(ﬂ#)
, [2)> X, (e)= (a,t)
so S‘o! tos G, ) M= 0= Soz,sc,/} o, le) At
and swndorly for €€



2) Bl50): & and Hs0=Z (9
3) 7%/' a ‘A/C@/ Ay [0,1)., Z;n(g): ﬁ[s, X)) :[olﬁj -—3/,{'?'
(5 a carv€ and

—L—;a(O): (a:6) g closeod cuve
Ry (9)= @.e)
we row check & i /efu/a/

' - [4 /
B () (cos O, 510 006%)) - 1 (§, 05 Ok, Kb, § seiaemne)
M _——
B

A

”/Z,I/:\ﬁo—sz@[f" ’%)*SMZQ({',YO) = J—l_ = 1_
181 = Il ¢ §5 (s otty), sui 006 D) o]

A

£
g S,, l[cos Ol6x) swm Ot g)l -
=4 M-

get = ui & (s O(t,y,), 550 (&x) 6 a moltsple
of a hked vector
& (15 Olt,x), 51 O %)) s (onstout w £
& Ol X,) constfant 14
but OE%): % GO (- X) BK)
£o (’11' O (£ xo.) constont (v l"/ they
&' () %! &)
—~~ % o~
wn/wfuﬁeﬁof ¢, N awrmtuce of

sice 5‘}”60/ Cuvatuses same near 0 this cant be frve
o TN =12-B12 131-181>0

ond I',xo( s) a /701/;:/ po/ame{er/%a-«%n of a Curve



haa Ily O, x,) - O(o%) = %, 8,02+ (- )6,
~¥ 8,00 - (I- ) &.(2)
= % TR, + (-x)zT R(C)
= 2T R(<)
s0 (o5 O %) = tos O(6%)
417 O (4 %) = 513 B0, %)
anol he/lce

-~

b ()= (05 01w 515 016,%) - £ (51—, {1

=(ws 8105, 504 B(0%) - H(§4, )
= -[,',:(: (o)
$o /77(” 15 & /tyuZO/ closed curve and [’? 5 a
/cyu(a/ mezm‘ofy from K, to X,
we ae lefe o check B, @) and ©
® f X has levgtty L them

1 /
pule) = x4 +(1- %) %

(s 4 rgu(a/' M#D/J/o%o_(; fo /:7,' wrth /erz/%l
(now, reparometen ve by ax /e.«y%)
do some for e2,> © get same /e/lfl%
@ and © swce 5(/146// curvature not O (smee nof a lwie)

anol fotﬁa/ é/}ne.c/ cupture same. there aust be
Q polw(’ ? on (, and ’7" on C, witt  saue 5914 ot
57"@/ cwrvatve pow c&ooge pa/ume‘l&u’tczfz};yz $

St

02,,(0)="p> and &7{0):?
e//\'éf‘cijg: prove you can o ﬂ,;;
$p °7; a/w(:(f /\wefameﬂjﬂ a‘)c&x/‘u‘o)(‘u/‘e et ©



jIV:Cﬂ any powrt P on C,

L(3): 2 () - xP
(7 :

)"/ 5 a /‘cﬁu(ar Ltomofofy #omo?: 4o I’B., ot
G peromeVerites a curye fk/ouyb ")

(smee Ganslation doesnt CLIaly@, @ rature
we bave corvete of Z, ano /:’: 5“"‘3)

@ {Mt'/a//y we can rofete ave o Hat
(;Zo' (6) = [cg ]
(a[500&>€§ rof Caay‘\/e wmm/e)

s0 m&!V /*e}r,u(O/ Llomofgﬂy CaN qssume
Z (0): &, (0)= (o,0)
O’Z’ol(o): ;Z'((a) :[;]

and 57«4@/ curvatwes hape same fn nea- Og



