
3
. Convexity and Curvature

we will begin with an
" obvious

"

statement that takes

some time to prove land we will not prove it )

Th ' I Jordan curve theorem ) :

let C be a simple closed plane curve

Then IR
'

- C has two components U
,

and Uz

one
, say 4

,
is bounded and the

other is not

example :

④ ,
,

we say U
,

is the region of R
'

bounded by C

Remarks :

D Jordan curve theorem is easier to prove if C is regular
but still difficult Tapp 's book

2) Schoenfliestheorem says U
,

"

is
"

a 2- desk

I more precisely U
,

is homeomorphic to D
'

this means F f : U
,

→ D
'

a continuous

bijection with continuous inverse )

Definition . a region R in IR
"

is convex if for each pair of

points pig ER the line segment between then

isalso in R



examples :

g. ¥ ④
convex not convex

=

we call a regular plane curve C convex it it lies on one

side of each of its tangent lines

examples .

µ¥#I
convex not convex

given a regular curve C of length l the total curvature is

Kkk ) = I Kcssds = S! lkolsslds

Theorem 12 .

For a simple closed regular curve C in IR
'

The following are equivalent :

D signed curvature of C doesn't change sign omit wise
info

2) T k ( c) = ZIT integral info

3) C is a convex curve tangent lines

4) the region bounded by C is convex region bounded

by curve

Proof.

n⇒ Since Ko has constant sign Kiss = { ,
for all s

thus end -

- Iiis'd?
"

I { s ! koalas it

Kocsis
.

o

- Sf Kolslds it KocoEo
= I TK l c) I = 2T

← corollary 11 I



⇒

za = Th (c) = S! kisses = S! lkocsllds

¥Is ! xocsidsl
ovary 11

⑦ ISabfcxidxl E Sab Ifcxsldx with equality ⇐ f doesn't change sign

: . Kola doesn't change sign

1¥ : by D we know Koco has constant sign

to show 3) we assume it is false and derive a contradiction

so let p be a point on C such that C does not lie

on one side of Tpc

④we can move C by a rigid
motion so p is C o.O ) and

Tp C -

-

x - axis

( recall this follows from an exercise from I. B )

Cso we have

④
now let I :[ o

, e) → IR
'

be an are length
parameterization of C

note : there is some Soe Co,
e ] such that

B- I So ) = I o
.

O )

F '

Iso ) -
- fo ) or to ]

let Tl : IR
'

→ IR : ix. y ) it y be projection to y
- axis



So f  = top :[ o
.

e ] → IR has graph

o

t " " " chain rule

t
'

Iso) -

- LDTaco,
) I '

Iso )

= Co . Dfo') = o

recall : since f is continuous if takes on a

a maximum at some point M and

a minimum i I I ' M

and f
'

I M ) = o = f '

( on )

exercise : if m ,
M are on interior of [ o

,
e ] this

last statement clear from calculus
it not

,
then show this isstilltrue

hint : J
'

to ) = J
'
Ce )

also note f C m ) LOL f ( M ) or else C would be

above or below the x-axis = Tpc

so Tsim ,
C * To C F Tam ,

C

⇒ Hei:#minimus . .

be the same

( only 2 unit vectors on x-axis )

suppose film) =p?
'

IM ) ( you can check other cases work the same )

recall there is a function a : Cal ] → IR

such that
pics , = ( cos old

,
sinful )



note a ) C a simple curve implies (by Corollary ID that

RCC ) -

- IF I Ote ) - o CoD

= I 1

by choice of orientation we can assume +1

( note when you change of you change signed
curvature )

So
0 ( l ) = 010 ) + ZIT

b) We know o
'
Is ) = Hols )

so a ' doesn't change sign I with or I above it will

be non - negative )

a
'

I s ) Z O

c) since we have B
'
Cml = is

'

C M ) we know

0 C m ) = OCM ) th 2T

for some integer n

a) and b) ⇒ a is non - decreasing going from

0 I o ) to t ( o ) t 2T

so for all s E Co, e ] we have OCD E [ a cot
,

eco ) t 2T ]

thus either 0lMm)①ortCM)=oCm)t⑤
for

Owerri -

* . ,

" '

'

m

'

m
'

e

so 01 s ) = 0cm) for all s between m and M



so I
'
Is ) is constant for all s between m and M

that means all points on C
"

between
"

Blm ) and PCM)

lie on a line in 1122
-

and thus Tam,
C = Tpcmyc

contradicting our observation above !

for ④ you can make an argument as above that

the graph of 0 is

-
so still get Tsim ' Trent)

a contradiction

'

m

'

m
'

e

thus 3) must be true

3¥ :

exercise .

1) If I Ra }
, .ca

is a collection of convex regions

indexed by A
,

then death is convex

2) let I be a line in IR
'

and He
,

and He
.

,
the

" half - spaces
"

l divides IR
'

into
Heo Heon Heil

Show He
, , Hei are

He
,

convex e

now let D be the region C bounds in IR
'

for each FEC the hypothesis 3) says C is contained

in one of the half spaces given by Tpc



denote it HE

C

⑦ His

EH toe

not : D C Hp too

indeed it g-
Et HE

then let Tq be the ray C half - line ) through I
and perpendicular to Tsc

Fg givesa

"

path to A
"

for of in the complement
of C so g- is in the unbounded

component of IR
'

- C

thus not in D
'

. . Do Hq

so we see Dc fee His

-

denote this R

note R is convex by exercise D and 4

Claim : R c D ( nose this establishes 4 ) since D= R is convex )

indeed
,

if g- eh D then let

f- (F) = Hq - Ill ! square of distance from I to of

f is a differentiable
function

and hence continuous

thus there is a p E C set .

f-

Cps
) E fir ) for all IC- C



note : Dflp ) I Tpc since if

riotI!
. ,

- Mf is direction of

steepest decent

so if T tan get to C
,

at F then Ff . F to

and f can decree ace as you move along C

in direction of T OX B beinga min

now g-I Hp
thus g-

ERS

4)⇒ It is clear that for some orientation on C

we can are length parameterize C by

I : so
, e) → 1122

such that i I
'

Is ) points into the region
D bounded by °

Ii

Claim : Ko G) 20 for all s ( :
. D is true )

to see this suppose Kol g)a 0 for

some
so

we can move C by a rigid motionso that

Its?-

- lo
.

o ) and I '

( so ) = %)
( note : this does not change curvature or

convexity of  D )
c- prove this !



so we see
D

near coo ) / / NN
-⇒t

C
I' I so )

Clavin : near 10.0 ) C is the graph of a function

f : I - E. fr I → IR

with f lol -

- O
,

f 't o ) - O and

Kolo
) = f "

C So )

given claim we see f is concave down at so

If
'

to
) so )

so C looks like D

Nra-.

and we see D is not convex ! *

:
. Kool

ZOfor all s i.e
.

D true

Proof of Claim :

let g
: lo ,

e) → IR be given by gls ) = Talks ) )

where Tix : IN
'

→ IR : I x
, y ) tsx

then
g

'

Iso ) - D
*so ;D 't so )

= U .
o ] L

'

o ] = I

so the infancytheorem says there

are intervals I -

- C - E
, , Ed c IR E

,
> 0

J -

- ( so - S
,

sots ) c [ o
,

e ] 8 > o

such that 3 an inverse g
- '

: J → I



now set f : J -7112 : Xt > Ty I Icg -  ' Cx ) ))

where Ty : 1132 → IR : Cx
, y ) toy

g-
 ' LH I

so

-
Icg

- yx ) ) = C x. fix ) )'
e

, µ ,

and soc near too )
is the grapf of a* fax

function f
g

- i →
- E

,

y
Ez

t '
Ix ) =D

qq.y.pk/Cg-4xsDCg-t)cxlchacn-rule--loi3K4g-yxDgyg.TI
, mufarseoeretumcton

chair
= Lo 1364g- '

CxD) D€¥¥cxD role

-

- fo, ] It Cg
-  'cxD]f÷zyg]

Pioductf
"

1×7=4013I'  '

I g-
 ' HD $-1 I 'M][qo¥5*I )

Engine

+ doD I '

Ig
-  ' HD ] [yxDxl )

f
"

lol = I lol ] It '

Iso) (5)
'

lol ] o]
+ cool:D L - I

÷
= goI" i song

- ' I lol -

- kocsogiso ,

= Robo )
E#



The 131 Fenichel in IRT :

for any regular simple closed curve in R2

TK ( C ) Z 21T

with equality iff C is convex

Proof "

new c) = Sol Reads = S! I Kocsllds Z IS! Ko G) dsl
= 2T I R (c) I = 2T

and we have equality ⇐ Kola does not change sign

thus we are done by Th ' 12 Etf

Given any function f : Eo. e) → IR is it the signed curvature

function of a closed convex curve ?
-

No ! need D f does not change sign
2) S! fcs ) Is = I 21T

it turns out there is another restriction too

we call a point B on a closed curve C a vertex

if Kj (f) = o

example .

a vertices

THE 14 I Four - Vertex Theorem ) .

Every simple closed regular convex curve

in IN
' has at least 4 vertices

for aproof see any book



4
. Length ,

width
,

and Area

Tha

15
( Iso parametric Inequality) :

let C be a simple closed regular curve in IRZ

D be the region in IR
' bounded by C

Then
Area CD ) I far ( length Cc ) )

'

with equality ⇐ c a circle

Interpretation : If you have a fixed amount of fencing
and you want to enclose as much area as possible
then build a circular fence !

Proof : lots of different proof of this

we give one based on EerierSeries
"

Recall
"

.

. if f : So , e) → IR is a smooth function

( with f
"

co ) -

- f 'm
le ) a = 0,1 , 2)

then set
an = Eeg! fix ) cos

"
x dx Fourier

bn = IS ! fan sin × ex } coefficients

then
fix , = Ez t If

,

Can cos 2 x t bn sin ZITI x )

I )exercise . the coefficients an and bn of f
'

are

a

'

n
= bn and bn

'

= - tent an

it Cn and da are the coefficients of
g ,

then

x

) ! tcxlgcxdx = Iz ( 9¥ t Earnt bndn)
h I I



now suppose I :[ o
, e) → IR

'

is an arc length
parameterization of C ( oriented counterclockwise )

let 21st -

- His)
, gcs ) )

and an .babe the Fourier weft of f

and Cn
,

dn " ' '

g

by translation we can assume ao -

- O = Co

then

lengthy
= S! HI 'csNds=%HcsM#sD'ds

hey , " ,

SottishKostas

= EL
'

NE
,

n' Katebitkid;D )
a

so f÷= In' (
aiebnecftdn)

h = I

now Green 's Tha calc II

Area (D) = SpdA  = SD dxdy EScxdy

= To flog ' odds

=

Effie
inland .

- bncnl ]
= IT I ITin Candu - bacon ) )

since area

is positive

⇐
IT nllanlldnltlbnllcnl )

note : O E ( a - b) 2=92+62 - Zab

so ab E
'
z ( a 't b ' )

with equality ⇒ a - b



thus
Area D e It nlaieebntcntdn )

¥Iz ⇐ n
' Can't bit city )

T
n E n

'

( with = ⇐ n = I )

= It Ear = fat as claimed !

it we have equality then ④
, ,

and * must all

be equalities
t an equality ⇐ an = bn = Cn = da = O t n > I

an equality ⇐ la
,

f- Idol
,

lb
, 1=191

④ an equality ⇐ sgn C a. d.) = - sgn I b. G)

i. either aid ,
and bi - C

,

or a
,

= - d
,

and b
,

= C
,

we consider first case and leave second case as exercise

so f Cs ) = a , cos s t b
,

sin ZI s

g Csl = - b
, 652fts

ta
,

sin IIs

we want to show this parameterize s a circle

note l = Sol1124511 ds = KIT 2 Tait
12

so a Ttb ,

'
= 87T

i . F f St
. a

,
= f÷ sin a b

,

=¥265a

-denoteby K

so tbh K Ginocoset's + us -0- sin He D= K sin C Esto )

and glad = Kfco so cos Ees t Shia sin Ees ) = -KaosLEe to )

so clearly HIGH = flat 561 = K and I para on
.

a circle
Ex



let t be an angle and to the oriented lire through the origin

making an angle 0 with the positive x - axis

T f

⇒ C
.

>

to la

projection to to Is the map

Pai IR
'

→ IR

T two . I where to -

- LYFE) spans to

pole ) ① for a curve C the projection
I pole ) to la is the

" shadow
"

to of L on lo

note : pole ) is some interval on to

THE 16 Kauch
y - Crofton formula ) .

let C be a curve in IR
'

Then

length (c) = ¥ length l Pok )) do

this says the length of a curve is the average

length of its projections onto all lines through
origin X a constant factor

example i ) c

µ

for circle of radius r all projections
have length Zr

but Pol C ) has length 4 r since goes
← ar  → across shadow twice



so length C -

- IS ! do

= I
,

4 r I 2T - O ) = Zar ✓

C
2) ellipse

length = ?

but

notice
all projections have length Z 2b

so length (c) = I §
"

length Pole) do

Z I
, 5! 2b do

= BIT

so we can estimate length !

Corollary 17
.

for any closed curve C

width Cc ) e length
a

the width of C is the minimal distance between

parallel lines that contain C

example

⑥
>

<

Proof : all projections have length Z 2 width
L#

Proof of The 16 .

let I :C o
,
e) → IR

'

be an are length parameterization of C

recall poetics ) = toIts ) where to LYLE) spans to



so length CPok ) ) = length I poet )

= S! H Ff. Ics ))
'

Hds

= S ! Hiro . I ' colds

= S! HEHHI 'IDK

@
s

Ysl
ds

IF
= S! @

s Ys
Ids where Ys is the angle

between to and I '
Cs )

note : for a fixed so as 0 goes from 0 to 21T
,

4
,

varies between 0 and 2T

ToJa ' and

Ics , 4¥ ' -

-

0  + %.

some fixed As
.

so I
"

length Ipo KD do  = So
"

foehosts lot Ids) do

2 IT

= S ! I SoKostya I do ) ds

= S! IS!
lcos@sioHdoIds.sils.Eiogso.iosao.s:÷÷÷ .* aids

= S! ( s in E - sin
- I - sin ' I tsin E) ds

= Sf 4 As = 4h
At


