
C
. Curves in 1173

let I :C o , e) → 1123 be an arc length parameterization of

some curve C

Recall . D HI '

1st If I

2) I  ' '
Cs ) is perpendicular to Its ) I Iemma 2)

3) we set
pig = ftp.s?ys# I it HI "

's ) IHO )

and called it the normal vector

4) Kcs ) = HI " CSN is the curvature of C and

measures how far C is from being a

line segment
5) F' 151=24 s ) and NTS ) span a plane

we call this plane the osculating plane
this plane is the plane C comes

closest to lying in

6) given two vectors
z , fogy ) and 0=14%1

their cross product is

Txt = qq.tw?vqI=thwsvzwIT - this - wish

+ ( V
, wz-Vzw , ) I

where i =L's) I . I :) I .

- E ]
so

Vzwz - Vz Wz
axe

:it



and Exo is perpendicular to I and I

J x I

↳ up

" right hand rule
"

J

and
ltvxw 11=1181111511 sin a

now define
Bcs , = Fls ) x NTS )

this is the binomial vector to C

note : HB call = HIGH 1106711 sin I = I

so Bls ) is a unit vector perpendicular
to Fcs ) and Fcs )

We define the torsion of C at I ( so ) to be

rel s ) = - B- '

Is ) .N' Cs )

examples :

1) Its ) = ( cos s
,

sins
,

o )
^

Tis ) = I ' Cs ) = I - sins
,

cos s
, o )

I  "
l s ) = ( - Cross

,

- sins ,
o ) lyrics)

Tls ) =

I
 = I - cross

,

- sins
,

o )

→
T's '

c

"

Best it sixes ' is
:S

,
II.

.
:?)

= o I - OJ t ( sin 's toss ) I = ( §)
a " d

B '
I s ) = II ] so Tls ) = O



2) Earlier we computed the arc length parameterization
of a helix as

Its = fr cos !⇒s ,
r sin ¥55 , brat )

Fist
-

- trash sin ¥5
, ¥E cos I , ¥+5)

I '

1st = r÷b2 tcosts ,

- sin ¥5
,

O )

so KID = Y¥ constant

and
f I s ) = ( - cos ¥+52

,

- sin ¥+5
,

O )
SO

Bcs ) -

- Flax Fist = ¥¥ sin #p
,

hosts
,
FED

and

B 't s ) = ¥+62 ( cos
,

sin s¥ ,
o )

SO
recs ) = - B '

I s ) . Its ) = 7¥72 constant

exercise . given any two constants kno
,

re there

is
some choice of r and b S.t.

k -

-
I

✓ 2  t b '

and
re = -br2+62



Tha 18 ( Freenet Formula ) :

let I :[o
, e) → IR

'

be an arc length
parameterization of C

assume Kcs ) > O
.

Then

I '
Csl,

= Kcs ) NTS )

it '
Csl = - Kcs ) Fcs ) + T Cs) BTS)

B ' Csl = - Tcs ) NTS )

Proof . the first equation is the definition of Tls ) and Kcs )

note : for each s
,

Fcs)
,

Dcs )
,

Bls ) is an orthonormal basis
for 1123 so any vector is a linear commotion

e. g .
Bio = a Fcs) t b NTS) to DID

by the definition of torsion

- Tls ) = Its ) oils )

= ( a Flsltb NTS) c- CBG) ) . Tcs )

recall B. I = o so

= b

I
'

. I t B. F '

= O

and

a = B
'

. 'T = - B .
I '

=
- I . Kes ) AT Is) = o

also BoB =L so

B '
. It B. B

's
O

and

C = II.I
'

so

thus we see B '

lads - Tcs ) NTS )

similarly I '
1st = a

Icd t bad t CDCs)

F. D= I ⇒ I . I '

so so as above b = O



IF -

- o ⇒ I ' of + Fit 's o

so as TV ! Is - Tv I 's - it . Kcs ) D= - Ks )

B.D= O ⇒ c =D . Tv '
= - B '

. I = Tca

so I '

Csl =
- ked Fcs) t Tcs ) NTS)

L#

The 19 .

If C is a bi regular curve ( re
. Risto )

then C lies in a plane ⇐ Tls ) = o

Proof .

let Ps = plane spanned by Its ) and Test

I osculating plane )

since Bls ) = Flax NTS )
,

Bls ) is perpendicular to Pg

so it Bls ) is constant then the osculating plane
is constant

B ' 1st = - Tls ) N' Cs ) so osculating plane is constant
⇐

767=0

now # if C lies in a plane then Fandi
are always span this fixed plane

so Bcs ) is constant

: .
B-

 '

1st = O and so Tls ) -
- Er

⇐ ) if Tcs ) = o then I' b) = O so the plane spanned

by Tcs ) and Test is constant

exercise . if Tls ) is always in a fixed plane they
so is C

.



Hint : use isometry to make plane xy - plane
Then consider the Z - coordinate of

a parameterization
#

Tha 20 l Fundamental Theorem of space curves ) :

given : i ) I = Lo
,

l ] CIR

2) C : I → IR cc s ) > o and differentiable

3) t '

. I → IR u '  '

4) I ,
I C- 1/23 with = 1

then there exists a unique curve C in 1123

with an are length parameterization

I : I  → 1123

such that i ) I (OFF2) I '
co ) -

- I

3) K CS ) = Ccs )

4) Tls ) = tis )

Proof : uniqueness is an exercise

the existence uses differential equations so

we ship it for now ( see Do Carmo's Book )
L#

Cor 21 :

a bi regular curve in 1123 is a
helix

⇒

T and K are constant

Proof : exercise
#



We know for a bi regular curve K and re essentially
determine the curve

,
but lets see what they

really say about the curve

let I : so .
e ] → IR

' be an arc length parameterization

recall : I
'

Cs ) = Its )

I ' '

Cs ) = Kcs ) NTS ) T '

by That 18

-
I ' '  '

Is ) = ( Kcs ) NTS ))
'

= K' is ) No 1st t Kcs ) f - Kcsi Fcs ) t Tcs ) Bls ))

so the Taylor expansion of Its ) about 5=0 is

ILS ) = I colt Flo ) s t K I 5

+ I [ K' to ) Flo ) - Ico ) )'T colt K Costco ) B-CoD S3 t higher
order

= Ilo ) t ( s - 6607153 ) Flo ) terms

+ (Nfl s
'

+ KII s3 ) Flo )

Bio )
t ( "% 5) Bio ) t hot .

IT 3) t h
.  o .

t
.

^

project to

⇒ µ
"

" ⇒

" )
FB planeC , I

I lo )

project to
Ilo ) t Is - If s3 ) I

µ project to In-plane
+ K¥53 I

✓ TF plane *
fkzs; KI S3) - that

.

Is
, ¥ 5) that

.

[ '
II

.se .in#so..ao .
.

i

F
Ico ) t C ¥5 tks 3) It s

' I
1- hot .



exercise :

D You can think of these projections as shadows

take twigs from a tree or bent up paperclips

and see you can ( almost ) always find these

three projections I shadows

2) think about what this means about curvature and

torsion !

Now for a few global theorems

Fenichel 's Theorem

The total curvature of a regular closed

curve in HP is 221T

it is 2T # it lies in a plane and

is simple and convex

see Tapp 's book for a proof
What about other closed curves

a closed curve C is called a knot if it has an injective
parameterization

D J
knots

not a knot

two knots are isotopic ( or equivalent) if you can get
from one to the other through a continuous

family of knots

K is called the unknot it it is isotopic to O



Far y
- Milnor Th m

:

let K be a knot in 1123

If the total curvature is a 4T

then K is the unknot


