T Manitoleds
A. Rewollecteon Brom Laleulus:
let f-’/?m—%ﬁ" be a Hunction
F TR vhen the directional derivative of F v #hie directon
7 ot 7 eR™ 5

2 o1 Llpesw)-F@)
0=, h

: - 2 .
potation: - T = 3%; (a wordinate vector)

ten we write %‘S 7€>r 1,:?7.

‘7‘: 3 a/;[fffenﬁéé/e ot p" A there s a /(o'fea/ map
B: R - R"

Such Hat
F7e 7 - FG)-BF
—) O
Al

as >0
if B exist we say e (total ) Dlor vative 07[7[ at 7 s B
and  Aenote ¥ OF). -

Remark: Dfp’ (s the “bast luicar agoroximating " o 7?47‘ D

Caleuwlus Th®:
N F Dﬁ,,» eatst ten for all 7 €R™
ffg): (D;E)p- (7)

o(/'/?(ﬁb/l_a/ N +otal de//i/aﬁu-e
derwehive

b E@ = E@, .. £.(5) where 7£ R™ 5 R, they




i B and R” (s given by
— ;{.
b7, - (5 (v)

of,
7:-‘(,0)

E‘FA >
:a;;‘(p) -

b) 17C' %{7:‘; (P) exet aud are

Q) (:F f (s olc:é[e/&ﬁ&é/e at 7, MW@/‘ mald
Dz enpressed vsing the stondard busis

1“!9 Nt ma f}"(-}c

of,

AN

coarauous ot ,7

bheal o), then ¥ is difteranteile t 7

%awi,y/esz
() y[Y,y)-? leyz
(A
§o0 35 ﬁ ""{R

22 - 2x . \
(st and ore contiquous
23 - S0 9 IS Aderentiable

- (2 2
Dg(x.y) (2x Y)
a |x2 Mmatrix
2) focy) = (¥oy, xTey)
$o ‘F?/Rz—?”?

| ©O
= 0 (
D‘F{x ) 2x 2y




Chaw Rule
g FR - R ared 5:R">RS are diHeertible

ﬁmof’(.am% then
pGA) <|(D5);,, | OF);
N

total derwative foto /__‘o!e/‘(;/afw:e
of§ af ;f(?) of F at p

Th® .
gwen F.R"— R"
FeR” avetor
? «cR” = poz;zf
let &:[ab] 2R be a peth socl that
X(e) =E 7%/ Some ﬁ € (a,8)
7

H - =
“ 0B, @)= £FD]

Chain role gwes
4 (Foq) o = (;r’.;z%m
- p(F2) ()
= (0F,)D2) %
= (0 F, ) (2 (©)
- (Drp.)(ii'lc})
=OF) 7



B Mandolds @ R”

Qe [/‘e/qu(a/} k—mndco/d) or mamj[o/o/ a7£ O/u?'lé’n.ﬁ-oo‘l /?) M s a
5«/[05&1‘ 07[ //Z " ( for some n) soch that- for each porett ;’5 eM

Hhere s _
) an open sef Ui R” abour 2,
2) an open Sef VY in R", and
3) o dHerentable may)
EAVEEYy
{dcll that f

a) £ s :h)'ecﬁ(.re

b) ('maje/f):/ﬂ/l(/

) Rank D= h Ao all 3 €V

o) f—I:[U/)M)-—a\/ IS tonfimuous
—

we will usua/(y not Wor?y

obout this foo mwch
Frequent by automatic

1? 's Ca/lc—'o/ a /oca/ ga/amezé//?oﬁbn or

Loordinate chart around p

ldea: f you e i M then (F seems ke you are V&

(¢ you can® see +oo Fr!)



exercse: g swaple vegular closed curve C o R”
/.5 a /’Manl.76/o/

o 2-~wanitold is also calleod a syrtace

a wandold M R s called closed f the set M (5
closed (12 for every sepuence §5,} i M that
LoNVrges 0 some pocat Ry % ¢4 R" e bare xe/'/l)

we say M s tompact £ i is closed cacd bounded ., B
(this is guivaleat myz;y any sequence M lhas

a wésefaence That Lowtrzes to /bt;fz" in M)
t%’am,p/e§ :

D Jet P be a p/cme ” R

$0 there are vectors 1?:,71?; er”
and «a ,00(«3"6’ ﬁélﬂn such ot
= § peat it abeR
no(ﬁ: N
£ R*— R : (w1 —> Pt ug Ul
s a [oca/ pa/amefefzzaﬁom for ary ot v P
stace: -;E 6160/(}/ :/’»jéd'wtﬁ and oafo E,arzo/
0= (5 0] Aol 2
so Rank D;C; Z
v

n W)

l

—




nofe: 1) P s a clsed surfece
2) Qny k- space im R is a R-wanifold

2) /g-F 9 /Kz—-?ﬁ?' be Smaoo-/'&? ﬁlmcfz'od
G.: { (Fz jfﬁ) ‘?GK?.} j"q,'o/' 0’7Ej7

s a surface in R® because
f{a,rnr): (u, v"jm,zﬁ)

‘gt’uq a [oaz/ Ida/zm. stmce (T 'ts C[ea//y M/é(ﬁ'v@
cnd onto, ¢dud

Df:[clb?] has /‘dmkz.
Ja T

eg. G ey = xtey

agte: RN RYH a smostt Funchoy
jl;@ o /e-manhé;/c/in R
= 7.50) | p e RS
D let 575 §0w®) €R® [ xteytert=1] ¢

Clawa 52/: Q com/mc-{' furﬁcc

fo see tis sugpose P€ S :
aad 2~coord of p >0
thea let B § (w) e R] ubevc 1]
TR =R (00) = (wy; (ot ™)



%@7 7, ﬂ%//%:;'lﬂe/e

71

= ( O
D’Fu‘,,)z[_‘: ‘__g:_] rank 2

—

if o wond P20 then use
Flum) = (5, w,v)

you caa -ﬁhol 6 5ucb [ocal ,oa/'am. thaf Cover ever Y
poirt- 14 S°

enercse: 1) s% s wmfa(:ﬁ

D) 57 (e | T 21

/s a tompact 7- man fold

®) Surtaces of revolvtion

gien a graph £:(a6) AR i the x2-plane

rotute (& about the x-axls
z 2

— )

Lt

x

f_;..— ;[x;-f-(x))[ xé[a‘é)f c R*

or

= {(x,o,{m) | = e/a.e)f <R’

Z#: ; (%, ftxl s 8, 14("))’/'7"0') , X€E (q‘é)l 9‘&[0,21(’33



0(67[7;46 7 : [Q,é)\(ﬁ.—)/fe3
& ) — (% Ftr) cos®, () sz«i-&)

exercise: 55:0«/} restriitecd ro sobsetzs of (a.6)xR
ﬁﬁre Iocaé lga/ume\‘e/'/za'fioné 07€ Z‘F
le€ /V’C/Rn be q é—manr}g/a/ ard
§" M’aﬁm be a ﬁncﬁon
we SCly j (s %#e/fﬂﬁqé/e. [armmﬂ) at 5 €M

F tee s a wordiiate chart

L£:y—U
Al /“/l
R? R
such thef ﬁeUﬂM ( so 3§€V&f 12‘,[?’)='P>)
M -
an jc—FV——-BKm

(s dferentidble af 7
we 5a}/j is dfeontiable F £ & differentiable at
all poiats of M
F mc KW' is a k-maniFold and

3:/’4 M @ Hnctom

we s&y g s ddferenpable j-‘/’/f—-?ﬂ", s

F McR" s a k—mam:l[o/ﬂ(, then we <ay a vector T ER”

s 7‘21”}/48141" to M af p’GM f?L there s a /‘e/qa(a/ CUrire
X [a,6]— R”




SUC& ot l) /M;(’CM
2) A (<) = ﬁ seme. C € (ab)

P, %7
[Ty

The faujlqen(— pace o M at p L5

D L()=T

7%/¢4=§a’-e/e"/q‘?,} fwz/oenf—fo/f/faf-pj

- ] I_

ffulzﬁ:- (u, 7, \/l—az—zr") ju}es wo/oﬁn&(-e C hart
nezr ¥ =1(e,0)



So we see fhat any veufor tn the xy- plame i
* ‘fﬂz/t‘?@vé “© S5* af (0.0,1) !

A

Hax s ?cy—//ang c 7(;") S
lo see ¥he otter wiclvsionm le- T € 7;‘0'()5
by oAehnchon there ¢ Some pait
Yi(-5,6) — $*
svch that- Flo): (0.0,0) and Y70)= 7
7

[A

hi b /'j 51444// €Mb‘(;h,‘/h€/1 1
”£ T ﬂ2)~>ML: /k,}; z) 2 [K,y} 17 /m/acﬁbq

- 2, - . 2
then o = 7'0)’ s a Cu/v€ (a /K 51/64 thar—

\%(e/ccje: |> 1-7L 7_53 V—U (s a LOO/G/IJIQ;FC C[ta/‘f (VC’{/QB
{;/Mc,ﬂ" aéoufp’é/i/l

then T3 M = /ma]e (D?‘%;)
= $pan ;.fj_o_.‘(;), ...,7%(7:)3
where €, ..,8 s a bass br R® and
FEV swch Veat F@E)=p
2) M a k-maniole, the, Ty M a A~y vector soace




