
II Manifolds

A. Recollection From Calculus :

let I : IRM → IR
" be a function

if T EIR ?then the directional derivative off in the direction

I at p e Rm is

Feast = Lino ftp.hhvt-fl# l it che Icai it
exists )

notation : if I = Fx; ( a coordinate vector )

then we write 3¥
,

for If
I is differentiable at F if there is a linear map

B : IRM → IR "

such that

ftp.T) - Iip ) - B I
- → J

HT It

as I → 8

if B exist we say the ( total ) derivative of I at D is B

and denote it
④E)

§
 = B

Remark Dtp is the
" best linear approximation

"

to I atp

Calculus That

D if Dff exist then for all I C- IRM

If Cps -

- CDI)
p

to )
- -

directional T total derivative
derivative

2) if Icp) = Hip )
, . . .  ifnlp )) where fr : IRM -7 IR

,
then



a) it I is differentiable at p ,
then the linear map

Dtp
expressed using the standard basis

in IR
"

and IR
" is given by the nxm matrix

Http = 13¥;
Ipt )

c÷÷÷÷i÷÷÷÷

b) it 3¥; Cpt exist and are continuous atp

for all a
, j ,

then I is differentiable atp

examples .

I ) g C x
, y) = X 't y2

so g : IR
'

→ IR

2¥ -

- 2X

2£
,

= zy
} et ist and are continuous

so g is differentiable

D 9 ix.  y ,
= ( 2X Zy )

a I x 2 matrix

2) Fix. y ) = ( x
, y ,

x 't yr )

so
f
: 1122 → 1123

Df
ix.  y , =/! !!



Chain Rule

If F. Rn → IR
"

and g-
 '

. IRM → Rk are differentiable

functions
,

then

Deth IfDg ) fi , , ] Dftp.
- -

total derivative total derivative

of g- at Icp) ofI at F

Th ' 1 .

given I : IRM → IR
"

Tr E IRM a vector

To c- IRM a point
let I :C a. b) → IR "

be a path such that

Icc ) =p for some f E Cao 'd
I '

cc ) = I

then
⑦ftp.irl-ddt#oDlt=c

Proof .

Chain rule gives

It FOI ) a ) = FoI ¥4

=D
#2)

date
)

= (D Izu , ) (DID It
= fD Ep ) ( Igf

.

" ' )

= (Dtp ) @
'

cc ) )

= (DIP ) I
¥7



B. Manifolds in IR
"

a I regular ) h - manifold
,

or manifold of dimension k
,

M is a

subset of IR
"

( for some n ) such that for each point I EM

there is

, an open set U in IR
"

about F ,

4 an open set V in Rh
,

and

3) a differentiable map

I :X → u
such that

a) I isinjective
b) image F) = M n u

c) Rank Dfq -

- k for all of EV

d) I
- '

: ( un M ) → V is continuous
-

we will usually not worry
about this too much

frequently automatic

I is called a
local parameterization or a

coordinate chart around I

idea . if you

"

live
"

in M then if seems like you are in 112k

( if you can't see too far ! )



exercise : a simple regular closed curve C in IR
"

is a I - manifold

a 2 - manifold is also called a surface

a manifold M c IR " is called closed if the set M is

closed ( re
.

for every sequence { xn ) in M that

converges to some point Xu → x in IR
"

we have x E m )

we say
M is compact it it is closed and bounded in IR

"

( this is equivalent to saying any sequence in M has

a subsequence that converges to a point in M )

examples .

1) let E be a plane in IR
"

So there are vectors I
,

Foz E CR
"

and a point F E IR
"

such that

I -

- { It at
,

t bird a. be IR }
note :

I: IR
'

→ IR
"

: Curr) t ftUI terra

is a local parameterization for any point in Pe

since : I clearly injective and onto E
,

and

Dig  = EIJI for all of

so Rank DIG = 2

.

i

±

u

→



note D I is a closed surface

2) any k - space in IR "
is a k - manifold

2) let g : R' → IR
'

be smooth function

Pg -

- { IF. gift) I pEIR
'

} graph of
g

is a surface in IR ' because

Flu . v ) -

- ( a
, v

, gcu ,
v1)

gives a local param .

since it is clearly injective
and onto

,
and

Df  = [ joao; ) has rank 2

e.g . guys -

- x' + yr

note . g- : 112k → IN
" - h

a smooth function

gives a k -manifold in IR
"

Pg -

- ftp.gcpD/pElRk }
3) let 57 { C x

, Y ,
Z ) EIR

's I x2 tye 2-2=1 } gz

2- sphere
, .

.
.

- - - - -
- - -

-
-

,Claim: 52 is a compact surface ✓

to see this suppose p E 5

and Z - Gord of p so

then let B' = { Cair ) e IR
'

I u 't we 13

I :B
'

→ 1133 : la , v ) h ( ur ,
Fair )



B
'

I
upper

4/1 → hemisphere

Dfw,
-

- g) rank 2

if x - word F so then use

Fluid
= ( Fut

,
u , v )

you can find 6 such local param .
that cover every

point in 5

exercise : i ) 5 is compact

2) S
"

= { I x
, , . . . ,xn+ ,

) c- IR
" "

I -2×5=1 }
is a compact n - manifold

4) Surfaces of revolution

given a graph f : la . b) → IR in the xz - plane

rotate it about the x-axis

z 7

~ Pf ~
I

f

: :
×

'

x

y

Pf -

- f Ix , to xD I × E I a. b ) } c IR
'

or surface of
= { C x

, o, fix ) I x E C a. s ) } c IR
'

revolution 2
If = { ( x

,
text cost ,

text suit ) I X E la . b)
,

0 E to
,

2K ] }



define
g

: I a. b) x IR → IR
'

⇐a) 1-3 ( x
.

Axl cost ,
f txt suit )

exercise : Show
g restricted to subsets of la

.
b) XLR

give local parameterization s of If

let M CIR
"

be a k - manifold and

g-
: M → Rmbe a function

we say

§
is differentiable ( or smooth ) at To EM

it there is a coordinate chart

I : V → U

11

Rh Nnn

such that p E U A M C so I of EV set
.

I (g) =D )

and

got : y → IRM

is differentiable at g-

we say g-is differentiable it it is differentiable at

all points of M

if m
'

c IR
"

is a k
'

- manifold and

g : M → M
'

a function

we say g
is differentiable if g

: M → IR
"

is

It M c IR
"

is a k - manifold
,

then we say a vector I EIR
"

is tangentto M at FEM it there is a regular curve

I :[ a. b ] → IN
"



such that D Im Ic M

z ) I (c) = 15 some CE Ca , b )

3) I ' (c)= I

nin

The tangent space to M at p is

Tp M = { I EIR
" IT is tangent to Mat F }

example .
52 a

'pi

p = to . on ) f Tps
'

, .
.

.
- - - - -

- - -
-

-
,

-

52

Flair ) = la ,
V

,
FETT gives coordinate chart

near I = Ico
,

o )

Dfs  = too%)
it it = IT

.
) vector in 1122 then

B- HI
-

- to a path in AT

I = ToJ a path in 1123 such that

coinage CI ) c 5

I
'

lol = (Dtzco,
) F' co ) =L !!) =/! )



so we see that any vector in the xy
- plane is

"

tangent to 5 at Coco
.

I )
"

that is xy - plane C too
.

, ,
5

to see the other inclusion let T E To
.
o.gs

'

by definition there is some path

J :C - e. e) → 5

such that
Flo

) = loco
, , ) and F' lol = I

it E is small enough ,
then in J c in F

if T : 1/23 - s IN
'

: Cx
, y,

z ) -17 C x. y ) is projection

then I =
 IT of is a curve in IR

'

such that

J = Io I

thus if I  '
= I '

co ) we see

D.Fao,
IT 's = I

so I tiaiage DfT
, ,

= Xy - plane

and Too
, ,

5 =

"

xy - plane
"

exercise . D it I :X → U is a coordinate chart ( Vc Nk )
for M c IR

"
about FEM

then

Tp M = Image (DIE )

= span I Ieiqs . . . . ,IeigB
where ET

, . . .

, Eh is a basis for Kk and

of EV such that I Cgi ) =p

z ) M ah - manifold
,

then Tp M a h - din 't vector space


