
C
. Geodesic Coordinates

We now prove a claim used many trines so far

That 0

let I be a surface with Riemannian metric g

any point I E -2 is contained in a coordinate

chart I :X → I

such that

g =p " Y'
g:

moreover the curves Flu , Vo ) are geodesics

To prove this theorem we need a result from OD E 's

Fundamental Theorem of ODES .

given U C IR
"

open set

I c IR open interval containing O

I EU 2=0 ,
. . .

,
h - I and

H : Uh x I → IR
"

a continuous function

that isLipschitzin I note : H differentiable
on compactI re

.
F c such that

set  ⇒

It Htt it ) - HCI ,
All e CHI - Ill H Lipschitz

HI, I E U and t e I )

Then the differential equation
dhani = HAT ,

I
'

,
. . .

,
Ilk -  "

, t )

I lo ) = To
!

Ith -  "
lol = Th . i



has a unique
solution I It ; I ,

. . . , In
. ,

)

defined on sum interval I
'

CI

containing O

if H is differentiable thenIct; Io ,
. . . Txn

. , )

is differentiable in t and Io , .  . , In,
.

for a proof see any good book on ODE

Proof let I :C - E
, e) → I be any curve through F I Ilo ) =p )

idea build words by taking geodesics perpendicular to I

FIFEI
let I

,
II tell - J ( I 'HD ¥ All

g

where J -

- rotation by IL counterclockwise in Tace,
-2

note : I
,

is a unit vector field along I it )

recall the geodesic equations are

a
" I s ) = - fi,

Ca'T t 2b a' b 't Rdb'T )
b

"

Csl = -I r ! Ca'T + 28 ! a' b 't P?.
Cb' )

'

)
-

Hua . b)
,

la :b ' )
, s )

note use variables to avoid
confusion with t from I

so we can use Th '
on ODES to get a sold to



I
"

I s) = H I I
,

I '

,
s )

I fo ) = I CE )

I '
co ) = I

,
CIit ) )

call so I ' Its ; t )

÷ . .

" " " Tessa's?

I I O
, O ) -

- I Co ) =p

DI
, o.o ,

= FITcool IT Cool ]
= fix ,

lol I '
lol ]

=lIEi ,
I '

us )
in

linearly independent
so DI%,

rank 2

So D Ig rank 2 for all g- near loco )

Inverse function theorem says I is inner table near I to
.

o )

so I is injectivenear loco )

: . I gives coordinates near p
( rename ICU , v ) = I la

,
v ) for standard notation )

now consider - -

gu = fu - fu

Fu 9. z
= Ian'Io t Fu ' Iou

but I. Ii 3¥ . 3¥ = I



so Zu Iftu -

- ztuiIn -

- o

'

- . Fug , .
-
- In . In

← tangential component
" "

fault . Eat IN !
lE¥s5'=F¥s Es fo

so Fun . In = O Its
,

to a

geodesic
.

and 39-42=0

thus g iz
cu ,

v ) = g , do ,
v ) = ¥ co , v ) . 3¥ Co

,
v )

=
J I  '

co )

Tw ,
o I '

Iv ) = O

the fact go , only depends on v w has shown is proofof

Theorem I 10
#

note we showed more !

Lor It

let I be a surface with Riemannian metric g

any point F E I is contained in
'

a

coordinate chart with

g -

- togive.us )

Remark : Th ' I
.

I gives

K -
-

- ¥l% In

= - Tru fair



Recall given T E Tok )

I ! geodesic J : l - e. c) → E such that

Flo ) =

PJ'to ) = E

denote it Jlt ; I )

lemma 12 .

if Jlt ; T ) is defined on C - e. e )

then Jlt ; XT )
,

X to
,

is defined on t4x
,

Ela )

and is given by 8 It ; XT ) -

- F I at  it )

Proof
. let ICH -

- J Ht ; I )

I : teh
,

%) → I is a parameterized curve

I cos =p
I'Co ) = XJ '

Co ; T ) = XT

7am I ' HI = f. gyo;oyX8' Coit ) = I g. µ up
'

It :o) = O

so I is ageodesic and by uniqueness in That I. 9

we have J txt ; F) = Ice ) = 8 It ; XT )
EH

now let U be the set of vectors I in Tp I such that

JCI ; I ) is defined

note : lemma says U isstar shaped

0€



the exponential map is defined as

EKE
expp : U → I

Tty { FCI ; T ) I to

F I = o

namie :

-

Fi
.

t !Li
lemma 13 :

for all f C- I there is some E > O such that

expo is defined and differentiable on a

ball of radius e about O in Tp I

Proof : et C be the unit circle in Tp -2

fix some Rs > O

it T E C let ECT ) be the largest E < R such that

J It ; I ) is defined on C - e
.

e)



The 9 ⇒ ECT ) > o FT

Fundamental Tha of ODE  ⇒ E :C → IR is continuous

since C is compact ,
E takes on its global min so

let B -

- Ball of radius Eo in Tp E

I t B it to ⇒ FIT E C
so 8 ( ti Eru) defined on C- Eo

,
Co )

and Hilke
. so 8- ( ath ; YIN ) - 8 C Ii T ) is defined

so expect ) well - defined

expat ) is differentiable by the Fundamental Theorem of ODE

¥7

lemma 14 .

for FEI ,
there is some e > o such that

expp : Be → I

c- ball of radius c

is injective and
in To

-

E

D expptg
is rake 2 for all g- E Be

Proof consider Jlt ; I ) = J l I
; to ) = expp I tr ) =

exppoIHwhere I HI =
to

THE II. I says

D lexppyo.ge) = Eu ( etppo ICH ) It
.

.

o

= dat Jlt ; is ) Ito = I

so Dlexppo), o.o ,
hit it

i.e . D Capp ) = Tp E → Tp -2 is the identity map

i. rank 2

The Inverse Function Theorem says expp is invertase near lo
,

o )



so it is injective

note : The lemma says

app :B
,

→ I

is a coordinate chart about

pit
we fix 15,81 an orthonormal basis for Tp I

,
then

Fcu
.

v ) = expp ( u wi town )

is called a normal coordinate chart

lemma. 15 :

In normal coordinates we have

1) glad = (
'

o? )

2) first derivatives of { gi; lung } at loco ) vanish

3) Tj ( o
,

o ) = O

Proof : Tuco, ol -

- Lu app ( UJ
,

) two - I

Fw ( 0,0 ) = The

so glo ,
o ) = ( '

o Y ) since I
,
Jo orthonormal

note .
F #= expp It fruit SID is a geodesic for fixed is

re . if a HI = rt and b C t ) -

- St

then Fla Itt
,

but ) is a geodesic



J a geodesic it

at a
"

t Mila'I 't 2% a' b 't Rdb't
'

-

- O

a ) b' '

tr ? la ') 't 247 a' b' tri (b't
'

= o

but a
'

= r a
' '

= o

b' = s b
"

-

- o

fr
, s

,
Flo ) =p so we get for s = o and r -

- I
,

Ci ) becomes

ri
,

so

so i ) is Zr
,

'

,
rst Pz ! 5=0

now r=O
, 5=1 ⇒ r ! ,

= O

and r = 1=5 ⇒ ri! so

similarly r ! -

- r ! -

- r ! so using Cz )

finally f lemma I. 2

O =P !
,

= ⑨Dut @a) u

- Gu) u

so § , )u= 0

o -

- ri .
-
- G. Dut (9 " hi I 9.  du

SO ⑨, , )y= O

similarly for other gig.

E#

Ip-2=1122Using app
: Be → E we also get geodesicpolarcoordinates by taking polar words f.of on IR

'

and defining



F trio ) = exp

par
cos

of
I

,
t I r

sinew
)

where { F. Is } is an orthonormalbasis for Tf -2

we call the curve Cr parameterized by

JH = expo ((R cost ) I + (R suit ) Th ) t Elo ,
2T ]

the geodesic circle of radius R

( note CR is not a geodesic and might not

be a circle ! )

lemma 16 :

In geodesic polar coordinates I away from r = o )

we have
I O

g
= ( o Gino)

where

f¥=
r - f- Kip ) r 't RC riot

and
trigo thrift = O

( ie . up to order 3
JG

= r - I Kept r3 )



Proof . Proof of lemma 14 says that

Fits = exppltv ) is a geodesic
so Jin - I Choo) is ageodesic
and Ir -

- J'Irl = ( ( cost )I ,
Hsinchu )

has unit length

so I . Ir =L

since Ila #
,

bitt ) for a CH -

- t
,

blt ) -

- to

is a geodesic ,
the geodesic equations give

a
" Htt ride'T -128ha ' b' trills 't

'
-

- o

b'
 '

Itt t r ?
,

Ca' I 't 28,5 a' b 't P :#
' 12=0

so r ?,
= O

O =P ! = g
" I Kgdr+§")r-G,

°

+

g
" I (C gu ) rt Cg.  

a)
r

-

we know
g

"
to ( if r # o ) so

( ga)
r

= O

and g , only depends on
f

let Irole ) = I 18,0 ) so

g.ir#t-Ir.Io=8Iocrol.IroH
note Iola ) =P to so To

'

cot = O

thus Yoni
, o

9. draft = !  otford . Trofeo ) = 0

So g. z

= O

and g -

- foImo , )



now consider the Taylor expansion of To

note from above we have T.I = o

f

5=15;;)

→( rose ,
r shot

hi .

VE
g = lgij )

from lemma 15 I g-i; co .
d) = (

"

o ? )
note :

ft g f =

g ( f
,

E) = g- ( Dh
,

Dh

= ( DhCFD
'

g- IDh @ I)
= IT Dh Tg Dh I

so g = Dh Tg Dh

and Dh -

- Csis:
-

IT's:)

To = ig = idetg =  f¥TdetgdetDh = r Tdetg

so limo Fr TG = Kiso ( idea er Fridge )
= idgaf = I



and him;
o

¥2 To = fief ( Fr rdetg + Zr dretg + r Er idea )

= rhnio 2 Fridge = o

←
this involves 1st derives
of g-i;

at @. o )

by lemma 15 these = O

by the remark after her 11 we have

Kcr
,

ol =
- tf ,

( Trios )
r r

for r to

So (E)
rr

= - Got Kir
.

o )

I note : also ⇒ tied )rr -
- o )

and
(f) rrr

= - fois )
,

Kira ) - rochet (Korps) r

:
. Kino rrr

=  - Kip )

Thus Taylor 's the gives

TG = Ot I r t
'

zo r
'

t tf I - Kip ) ) r 't h . o
.

t .

= r - I Kip ) r
's

t hot
.

E#

Th a 17 :

let E be a surface with Riemannian metrics
recall for p E -2 the geodesic circle of radius R

is Cp = I ex pp L IR cost ) WTHRsinoh WT ) : OE Co, LIT }
where Tiwa orthonormal basis for Tp -2

let LIR ) -

- length Cr and

A CR) = area of dish CR bounds



Then the Gauss curvature is

kept him ¥( 2K¥46 )

Kept = thing ¥ ftp.A# )

Remark : So if Kept > o
,

then circles of small radius

about isare Erlerand encloselessareathanEuclidean circles

and similar comments apply to Kep ) co

Proof : Dara meteorite CR by

Ir HI -

- etpp ( ( Roost ) WTHR suit ) The )

= I CR
,

t )

t geodesic polar words

so In = Folk ,
t ) lemma 16

and 11 I'pH = toff = TG ¥R - I Kip ) R 't h
. at

so
LCR ) = Il It put Hg It  = I

"

(R - f Kip ) R
'

tho
. f) dt

= (R - I keptB) t to
"

t hat in R

= 21T R - tf Kip ) R
'

2 IT t hot
.

in R

.

'

. Kip ) = If 2-tf-I-th.o.t.gg#
0 as R → o

so kept = hey; ¥ (2×2-341)



exercise .

compute the area of the desk CR

bounds and establish the other formula
#

Tha 18 :

H I I
, g) and ( E

'

, g' ) are two surfaces with Riem
.

metrics

both having constant curvature K

and p E I and of E I
'

Then there are neighborhoods V of B in I and

V
'

of p
' in E

'

and an isometry to ill -7 V
'

taking p top
'

I This says any two Riemannian surfaces with the same

constant Gauss curvature are locally isometric )

Proof . recall in geodesic polar coordinates

K -
-

- Truth )
rr

so ¥ )
rr

t K ig = O

Case I . K = O

SO #
rr

= O

so ¥ ) r
= g Co ) I doesn't depend on r )

bylemma 16 we know

timo Wr -
- I

so g Co ) = I for all t and so (F) r
= 1

thus integrating we find Tu = r t f Co )

but since Keigo Fu
em  
mage see foot -0



so the metric in geodesic normal words is

now given FEE and p
'

E E
'

choose an orthonormal basis Tv, cute for Tp -2

" " Te
, ,

The for To , -2
'

Ea Th
- lo -

u

a →

TE To . E
'

I I I
'

I

✓ I
✓

I
'

let to be the linear map Tp -2 → To ,
I

'

sending it ,
⇒atWT ↳ The

let It

riot
= exppllrcosotw ,

t Crsinew )

be geodesic polar words on I near F on the

set U a Tp -2 to Vc I

similarly for I
'Cr' =exppkrioso

'I I ,
t Cr'sinane)

are geodesic polar words on I
'

near A
'

on

the set U
'

c Tp , -2
'

to V
'

c -2
'

define Y : V → V
'

by
4 C of= I '

o Go I - '

( of )



exercise : this is an isometry taking

to%) in Choi words on -2

to (6%5) in trio ' ) words on E
'

Case 2 K > 0

now (E) rrt K rgzz
= 0

has sold igz = A cot cos Tk r t Bio ) sin rkr

since Lingo Tga = O we see Aca ) -
- o

and since DEI )r= BARK cos of r

and IfIso ( Fu )
r

= 1 we see BE ) = Try

so

g- (o ¥
smirk)

argument now same as in Case 1

Case 3 . K co

we get Tga = A Cot cosh FI rt Bca )sinhfkr

and arguing as above we get

g-  - (o
.isiah'

Fier )
and now finish as in Case I

#


