Math 6441 - Spring 2020
Homework 4

Read Chapter 2.1 in Hatcher’s book.
Work all these problems and talk to me if you have any questions on them, but carefully write
up and turn in only problems 1, 2, 4, 8, and 10. Due: In class on March 13.

1.

10.

11.

Let (As,04) and (B, 0p) be two chain complexes and {f,} : (A«,04) — (B, 0p) be a
chain map. Define a new complex M, (f) called the mapping cone of {f,} where M, (f) =
An—l D Bn and

O¢(a,b) = (—0aa,0pb+ fn_1(a)).

Show that this defines a complex and that there is a long exact sequence
.= Hy (AL, 04) = Hy(By,0p)) = Hy(M.(f),07) = Hp—1(As, 04) — ...

Moreover show that in the above long exact sequence the first map is induced by { f,} and
thus {f,} induces an isomorphism on homology if and only if H,,(M.(f),0f) = 0 for all
n. Hint: Note there is a natural inclusion B, — M, (f) that is a chain map and if we let
A be the complex with AT = A, 1 and ds+a = —04a then there is a natural projection
M, (f) — A} that give chain maps. Note that H,(A¥) = H,_1(A,).

Recall if p : Y — X is a covering space the induced map p. on 7 is injective. Show that
the map induced on H; need not be injective. Hint: Consider a wedge of circles.

Let r : X — A be a retract for X onto a subspace A C X. Let i : A — X be the inclusion
map. Show that r, : H,(X) — H,(A) is surjective and i, : H,(A) — H,(X) is injective
for all n and that H,(X) is the direct sum of kerr, and im i,.

Let X = X; U Xy U X3, where each X; is open. If all X;, X; N X, and X; N X, N X3 are
either contractible or empty. Show that H,(X) =0 for all n > 2.

Show that chain homotopy of chain maps is an equivalence relation.

Given an exact sequence A - B — C' — D — E, show that C' = 0 if and only if the map
A — B is surjective and the map D — F is injective.

If X =77 and A is a finite set of points, then compute H, (X, A).

The suspension S(X) of a space X is X x [0,1] with X x {0} collapsed to a point and
X x {1} collapsed to a separate point (that is S(X) is two copies of the cone on X glued
together along X). Show H,,1(S(X)) = H,(X).

Show that S! x S* and SV S'V S? have the same homology groups but their universal
covers do not have the same homology groups.

Use the Mayer-Vietoris sequence to compute the homology of real projective n-space RP?
and RP3.

Use the Mayer-Vietoris sequence to compute the homology of X where X is obtained by
gluing the boundary of the Mobius band to S* x {pt} in S* x S2.



