/4 \lie[om ‘(. Eﬁcﬁﬁx

A {?eéf acl YJFU[??)’ builds \ﬁlﬂCch-?nf” [aci‘ua//y Functors )
/ €g. grougs, 7ings,
g%po/ajléa[qoazéj,g = ga?Ebf‘alb ﬁ“/’fé} ve(tr spacss
Contiiuous maps a/yebm[c maps

the maiui pom'fl;f to show two topo[o_j(c',a/ %aa(es are dfteent

cg. MR LR Faxm
'\‘ hOMeomar/Oh(é

/Rz_ @ ¢ /?3- CB)

but can use aly.top. o many ofher thuigs
) maps between spaces

. does a 9(V:€Vl space M embad 1~ /1/7

eg Por what m does RP” embed wi R C
[ answen not known fe/:e/a/ /)

© con you hFt"a maﬁ?
12 giwen f:AOB and TiE2[
does there emst F:ho6€ st woF=F7
L
AL B
this Mc[ao/e_s_' 3 of sections of bunclles

E
7/'?5
(Ui

83



* Fixed powmts of maps
eg. Brower fised porit theorem:
every mag D"= D" has a hxed pt
2) Group actions

€9 Wheeh 'ﬁn'nze 9(00(/% aa'{"#eeC/ on Sn?

3) &mu,o z"/zéoxy
63 Erefy 5d570a/ of a ffee. 3/01,70:3 Hree
[Fn, Fn] l:I not ﬁmf-cl}x ye,qe/a-{-go/ [n>!>
A\ free group raphk 7
4) Algebra
eq prove the ﬁmolamenm/ theorem of a«éeém
ln this course we olevelop
1) Fusrdomental 9/@(4/9 m, [X)
ondl covering soaces
2) Homoloyy groups  Hi (x)  k=01,2,...
3) lohomo/ojy ridg H*(x)= ® HR(x)

but before we start we will o/eve[o,o so mportfant (deas that
will be vsed theolghoud the course



O. Homotopy and CVW (ompleses

A. CW @rtzp}exe!

We o(eve[0p a,{?. Top. for oll mpoloytc'a,/ Faces, but a

éoVIV‘QVII'eﬂf { and VEry /a/‘ye) clqgg 07[— spaces o sﬁ:(o/)/
are CW compleres

let D" cR” be the vt Ask
571> 30" &5 boundlary
given Y a fv,oo/oyzc;a:/ space and

maps vl be assymed to be
contiivous even ¢
F 5 not stated

f’he s/oace Oé'(‘dlﬂé&/ ﬁ'@m Y b\/ aﬁacézi?/g a4y V\'C,e,//
(vida ) (S

7_ Yl D
Y Ua D i /}’XNQ[’C)} n—/
xES

e q SV Y a2 tontiiuous map

YU, D s j{«/@n the ?ud'he}zf
topolegy

An Q"_@M, or /\»olzw"emhong[ Q_V_/wmg/ex s a(efmed
mducfu'/e/y 177

a (1) complex 3 &
an n—&omplpzx Xn ;5 ay 5/9449_ (7bz‘a1riea/ &bm ar
@—I)-(,om,o/&,r Xn 'by aH'ch.h:'nj ,,__w[g



X = A(Z X", where X" & an n-complex obtuined by
a#achmy n-cells £ X"
the we sa; X & on e dessmaal complex.
we say a CW complex s fcle of ot only mvolves a e
Number of- ce lls
the A-skelefon of X, & the vion X of all t-cells for 12k

Remarks:

1) C 14 CW stanlds fof closyre ﬁdtjﬁ_ Ona/()u;f' mMeans the
closure of each cell is contmned (a4 the unon of
A l‘fCly many cells

2D W in (W stands for weak jg@log;a anol means a set S
4 X & open & S x%) open for all k
(+his is automatee F X s fite dwieasiono( )

3 (W compleses are Hausclor{+ soces [see Hotcher)

Exercsé: Show the product of CW wm/%ef s a CW/ cgmp/ex.

Examp/ej:

N I-dwm CW &om/lem‘i’.f are ‘7mph5

) Surfuces are CWcom/o/exej



3) §7=¢e’ve” e an 1-cell

e’ e’

4) ﬂ?P"= Jises 1 R

7 with amh'pooés léfemﬁ‘)‘c(éc/
D" with awh',wo(ej on D" Wleatifed

RP"™" with D" attached

\)

oppe’
ffem:ffilele
(v]
Sinte RFP = [Fﬂ we see Mo(ucﬁi/e/y

-(—/m,‘l- IRP"I: eouefvezd ...Ue'\

5 a CV—con;p/ex

Exe/rlsg' : Show d:/on s a CW com/o/e)c

n
€P = e°ve’v o

5) (Smooth) momdtolds are CW complexes (see Hafdxe/>

a svbcomplex of a CW complex X « a closed svbipace AcX
that s a umion of (ells wn X

note A s a C)/com/oéx 100
(X.A) & calleol a CW par

B H‘UMO'{‘OQ¥

A furdamental  noton 1 a/yeé/azz ﬁPO/ij s homm‘qny
and homotopy 8701'/4/&%8



let X ardd ¥ be topolog iial spaces
two maps 7C,j?X"’Y are IaOMqu’ﬂz&, f"’g,z}c’ there s

a tonfpfuous map
&: Xxlod =¥ (& & called o
st.  F0)= Plxo) VaeX l’wmot‘qpy)
900z 206 1) ¥V xeX

REMa/kS: .
1) § ques a fﬂm[é/ O‘F Maps ¢>{,'X"‘9}/ where 4%()(\=f("-f’)

these maps are. "contrruous 1w +" i the sewe that &
[5 contutous.
s0 maps are homotooe 1f we can conhﬂmé/ deform
one into the other
) iF AcX, then we say the bomotopy from £ ro g i
relatwe o A deaoted £~ 9, F 14 oddition to above

)

Sxt=f(0=960 ¥xeh, ¢ €fo.]
3) if AcX and Be¥ then the nofotion F:(xA) = (f,B)
means fiX=2F G a map and +(A)CB
we say T (s G map of pavs
F f,yi /X,A') "9/5 B), then )%e}/ ae homo'fvpcé (os mags
of ﬂdl/-?) F Ja L@mm‘a/)y st Cach 95{_ 5 a rmafd of ,041‘/3

M’ for aty spac€ X any mMap fiX—Se.l /s homofolotc'
fo the constaut- map j[x)::O

the homotopy 5 &)X xgol] — Jo, (]
() — (-+)



Exerusé; homofaﬂf 15 an e«?uu'/a/gnca relaton on maps X—Y
let C(X.¥) = [ contwiveus maps X213

[xy]= CO60) ) —lomotop,
z fhomofopy classes ot maps X1 J?

E Kamp/_éy

') -ﬁy‘ any X
L X, 5013] = f96a=0]
2) -)cur any X

[{-ﬁ),)(] = ;pa‘/‘A com/onem‘;’ O’F X}

one powt space
We call a space X powtd & ¥ has o “base povit” x,€X
/ )ub" some préohosen fxed pomi‘>

9\(/‘@/? fwo /OOI/I"ffal %QC&S (X Xo), (%Yo)
[X,Yl, = { homotopy classes of maps ot fm)s (X tx}) —9[)(,21,3)}

(e,f' Yo be the north poé v the n——spéefe 54
(re. §"= vnt s/o/'l?./‘e_. ) )RM'
7": [D,O, ...0,!_))
+the Aﬁ Aomofgp;/gmgg ot a [PO"'”'&/) Spac (Xﬂ%) u

Ty (X, x,) = 1:5':K]0

tese qre all ymo}ﬂS aw/ we wz"// ;/en/ some btinme
5"‘“”1}’";7 a( X:’%) which s also c,a/éo( the ﬁ%m@m‘u/ ;ZM,Q_

szgﬁo;\: For what U & Lyx], \\na,{u/‘a”)/"a groug for all X7
Fr what [ s 1X Y]a ‘naturally “a 9roup for all X7




Nnote : jwén a Mmap 7[\: X,-’> X, {«he/e i o nm‘ufa/ 7[;446‘@/1
FoilYx] =200 %]: grodeg

and
,}C"‘.'[X,_)Yj —)[XU r] :9:———35070

(PMF:)QS'(‘ Compese Lzomofb//\/ with 7C)
M Vaturel g 7V6.5ﬁ0’l abore means ff*’ résp 'Ft “ a hOMDmor/oh[{m

We Say F:X=7 3 $he homaz‘o& mvesse of
g Y X F ‘F"j” la/Y andl 7o7['“10"x
F g: Yo X has a homotopy 1nerse then we 27 g &5 Q homm‘vf")/

_equ/ﬁ/a/eme and we sy X and ¥ gre Aomoiv’p'y egua‘uaé»z"

or have the same homvf‘g&:/ Me. and write XV

Exerctse: The & an e?wi/g/gnca relation

/emm i = ‘\
The 'Fo”OWMj are azutva[emf

) X =Y
2) for any space 2 there & a one-to-ode wrméoom(eace
¢,: Lx2]=Lx2]
such ¢hat for a// contrinous meys h:iz—2'
¢
[x2]=3]v,z2]
‘th ° l L\., (oomm'/ﬁ‘—’.f)
[x2] ¥ [ 2]




3) '7[;"' a/:y 5/4(@ 2 'f"le/e 5 g one-to-one @f/@'ﬂ)ﬂcé/lle
9> L2 x]-[2.]

svch Hhat for all contmaous h:zZ 22
e

Z Z,'XJ i‘? L’&’,’y]
‘L'A¥ o J{L\i

4,%
[2X] —[2 v

Proot: Exerase P

Remaféi So two spacgs arse homoﬁ;ﬂy 67«/t}/a/e>n+ i a /wwwfvpf classas
of maps fo and from the spaces are “naturally eguwalnt-”

0) i X and ' are homeomorphil, thea they are homotopy

e?uu/a/ewf.

) X=S" is homofspy equivaleat to Y= 5'xiou]

inoleed : Fi XY : x> X %

9o xi(gs)X Q @
note: gof =y

foj "’f‘/)’ by ¢>{: Y20 (x,s)—> (x,£3)

z) A space X 5 called mﬁé@ oF ot has the Aomm‘a// fype of
a pa/ni‘f

eg. ﬂ?n’—“{*f (exercize)



3) F AcX thea o retractzon S a map r: XA svch that rx)=x '€ A
Qa D(L‘(Ofmaﬁbm retraction of X to /4 S a h0mof-o,0y,/‘e/z4, from
the w‘/em‘n‘y on X to a retraction:

g XIX  telod]
¢, () =% V xeX
$(X)c A

b=x Vxehadt

note: If X deformation retacts o A thea X =A
deed  let
. 47,‘, be Aomm‘o,ay above
. A DX the tneluaston map

thea 1 and ¢ are ham&fbfy NVe/5Es
Siice CPl’Y.=ld.IA and 1o4>':+l~¢lz::lo'lx

j\i/cm spaces K ¥ and i X x[ou]
a map Fix—2Y , £#x)

the mapping _C_;L[t_fldgf Me s @ N
v

M-f - (X x[0,(])_U_Y/N

where (x 1)~ i)

aote: My deformatron retructs to U Y
. ~ b s)eXxlo ] > (x,0- )s+t) € Xx[o]
mddee d (Pé ch —ay ey

molucgs maps & MeoMp  SE 4>o=w'/M€
b (M) cY
4’{, (y)=y vy er



hus /'44. ~

theve are obvious wcluscons 7:X— Mg : =t (%,0)

J! Y"7M;2y+—?y () has homatety

nvesse ¢ )

f oY ,
NnNow X/ 18 .) an,l )of~1

P My

Any map is an icluscon vpto /mmofa@/

examples e s
%“""{rlz:'} et X= 34 {

let Y= purple curves
O—0O
let £:x-=Y yt.}en by fo//awzr)j lines 14 pitfuve
note ¢ ¢ homeomwphz& to M,
so 2%

<o) d

S0 Y, = V,_"‘ 73 cveu ‘l’ﬁlauy[/l ¥ is not clear
what the haMofo/oy e_q(/u/a/e/lée (s l

5Im l'/a//y

Two critera 1o homafo// e?uzi/t?/e,/zce

if (KA) 3 a CW pavr, and Ais contractible

/emma 2 .
then X = X/q e— o /{apfe A to ,oon:n‘ ‘{




€2<an'£/9és
') X a graph . . . jX/Azx
A = any edge connectig dichact verties

%0 any tonnected ym,oh 5 homaz’v//
€7t/!f/a@n7" to a h/Ea/?e of cucles

\5 7 X/A % s'vs'v. vs'

MOX Mal

e
v?

z S/oles

lden “F IC

32’55V5




/emmaz’
lef' @lA) ée a Cl/l/,oatf-‘ {
—Flg A DY homotpecc maps

Then X GY =XgY

example: y A <J .
RSN 7)) e .

F:a-oY ma,o/]--l-oe?uab/'

9t A Y constant— map
exercse fc—.j
o XyrERGY '
xgjf

Xuff

\\]

7o prove bo 1% /emm s we need the Aomafz?pl extentzon p/v,oe/:‘y
(HEP)
A space Kand a svhspace A <X has vhe HEP ¥
whenever we have a map Fo: X Y
and @ laomm‘opy f/‘;‘A-"Y of »fosﬁ/A
thea we can extend the f. to F_f-'Xﬁ '

lemma t: — _
M paw (X.A) has the HEP © (X*{Oz)(’@xfo,l])(:s a re'l‘facfo'f\)(x[‘@

P’W’F (&) we assvme A G closecd (not nec. but wakes proof easter and
gwen the setact i Xxo, -2 (X fo})u («xfod) zogﬁ;:zlmge)s

and any map /';.'X%’V ard homotepy fiAY of ‘E,‘E/A

note his dehres @ map  Fifixfolo(Axfoad) 2 Y



F G ontinuous swme A i closed
now ForiXxfa—¥ 5 the desiped homotopy [
(=) Consither the leatity map F : Xxfojv Axfou) — Xxfo} u A xfo, (]
+hes jtvief fo: K =>XxelolvAxfod by F&

and ,’l'f 'A = Xxfo}v Axfo.l] L/ 1’.'{ = F/A
so HEP= A F 1 X— Kxlo}v Axfad

%[’(’3
the Fe guve @ map  : Xxlou] = XeloJv Axlo,]
(xt) > £ 0

Hhat & clea//y a vetractzon 5

/emma 5 1
[ (KA is a CW par then Xxfo}vAxied) & a loleformation)

retract of X xlou]
ln parfizular, (X A) has the HE P

Mawi pouit: for any dish D thee & a deformation
retracton of D'xfouJ o D fod v 30 xlou(]
P

PLilet D e R'= R'xfo3 < R™
50 D'xlo] c R™ m
le¢ p=(0,0,.,0,2
91«/’&4 x € D"xfo0,t] let L, = lme vaou'yh X andt p
and set 700 = L 1 (D fo3 U I xfou))

Um?lre ,901-47‘ [
clear V& 4 pebraction
a/\d /:é = f'f +a‘+> [Janfaql]

($ a o@cwmah‘om /eb”ad?o-n Y




we debne r on XV xlod—2 (Xxfo))v(Axlol) as follows
F a vertex D°c A, then let rbe e dewirty o D% (o]
F D°& A, then et r send any poit 1 Dxlol] fo
D% Xxfe)

Now Mduchi/e/y assyme we bhove detued r on e (b-1) skelefon
D‘F X, that s X&'l)x[o‘lj._; XX[OJUA)C&),(]

breach k-cell D% of X
d DRc A Hen let r be the dem‘zfy map on Dexlou]
F DR s mot o cell i A then note ID"xivs)— Xk fo,0]
where r 3 already detmed

N 1"
and ve have an nclvsion

] ) F o)
D”;ﬂ X uD”—a/)é ”Dn/(“;oq)wwéxa-o

J
whee a:30'— x4 % te o #rachurg

mag for D7 |
s0 we hove a m9p D" {o] Y5 x x{d)
e r s detired on (D" (o) v(30"<fa ])
50 compoflh7 7 above wibh the above maas ey oot
roover D" x[an]
and gve/tz‘m//y all of X(n)fff/ﬂ -

Proot- o'F lonma 2.: A&fua//\/ wve show for any /)m/"/X,A) satis 6//'/17
HEP with A contruchble, the grotient map

2t X X i a homotey Cguu“/aleme

for this aote there ahmoﬂpy fetA>AcKk st f:d,
nete -{:= f;’é,‘ vhere F =y { = tonstant map



so HEP 7lvéj a Aom.ofp/ay I';.'K—-?K hd‘bwfmj .,ff_

§1Ace F;,(A)C/‘I for 2ll + we ‘761‘ Ma/f I};:X/Q—-i’%
Fe
X ™ X
tl o |F

4* F¢ /A

a/go F, (A)=,af 50 ﬁ also j‘wts a map L,:?% — X

X X

%j/’l

—_— X/A
1

you can 8a517)/ chec k lno;.= F and 7_°la=?‘;

Lut now A"}:Fl- ~F=i X

70’/\: ,”F =£Jx/pf @

P/‘omC 01[ /emma 3:
Recall we have (XA4) and maps 'F,yiA-?Y
that- are homotop.l
let Fi:Ax[ol) 27 be the meoz‘opy
now lee My = Kxfo] Uy

Claim MF detormatzon vebn(ts to Xu and X%V

: Xuf Y Xuy Y
e X=leo!] Y=D
bromr lemma 5 we bave a A=fof ,
detormatspn retrwction of C"% »
XxialIJ fD X"{O]UA)‘ ZO,IJ / Axlo.t] N

EXercese: (X xfoJ v A xfo, lJ) v Y
= b

XU-FY



gwen this we see the above oleformation retraction
woluces a deformation retraction of Mg to x"f r

P/‘om[' o‘F /emm fa[so 5/104/5 X*{aﬂ o(eﬁ)rma‘ﬂon retracs
onfo X xfij v Arjou]

eXercise: (X xf1jvA xfo.tj) UF Y = XVjY

50 as above Mg = X(;}/E



