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Coveringspacesa
coveringspace of a space X Is a pair ( I. p) where

IIs aspace and
p :X→ X Is a continuous map such that every point xe X

has an

evenly
covered

neighborhoodan open set U Is called evenlycovered it

p
- ' lu) = disjoint union of open sets { Ux } in I

such that ply : Va → U is a homeomorphism Hx

Wes :
i ) a homeomorphism p : I→X is a covering space
2) p

: IR→ S
'

: t 1-7 (cos 2kt
,
sinZtt) Is a covering space

since we showed A :S
'
- I ( i. a} and 13=5

'
- {1-i. o)}

are evenly covered

exercise. if (XTP) is a covering space of X and

(F.g) " ii " " Y

then (FXF
, pxq) Is a covering space

of X×Y

so p ; 1122→ T2 : (x. y)→ ( ( Ws 2T×, sin ZIX) , ( cos ZIY, sin
'

ZIY ))

Is a covering space of
T2

*t.to#Fsi*0Q Q 01

3) pn :S
'
→ S

'
: on no

nD.Ia÷O@wraapnsinnagnes



Bs B

B
,

"
X = Of wedge of

2 circles

" " 0¥:

note: a evenly covered
b evenly covered

Xo has nbhd ¥

evenly covered by
,

x.A

exercise explicitly write out p

similarly another cover of X is

a
,

be
( )

pb
, Ona

,
→

) 7 a b
a
, b

,

5) IRP
'

= 5h points in 5 n to antipode

" '""Ent map

④

similarly S
"

→ IRP
"

a covering map



#

ibeaeuveinspaceofserendentof
1p+()) iscalledthedegree ofthe coveringspace

-roof:for some Xo X, letk=1p- '(x0) /

|e+A =5x tX:(p- (x) =k3 note:A since X.A

if x -Athen letU be a evenlycovered ableof
so p-'(u) =5r,.... Up3

.(p -1(X))) =kf Xtr

:UCAand A open

similarlyX-Aopen so Aclosed

:X =Asince Xconnected

If (x,p) a coveringspace ofX

fi -Xa continuous map F.. . +p
then J.-a liftoff it poI=f Y I X

itf(y0)=x0 and 500 SA.p(50) =xo, then Fisaofbasedat

iii..........................................e
-roof:same as proofof lemmalz for as and b) ifY=(0.1]

for metal case see The23 belowge exercise)



leinmal:-
If 15

,p) is a path connected covering space of X
and Xo E X, To E p

- '

(Xo)

then p* : Talk
,
E) → TIX, xd\ "

in '÷i÷÷¥÷÷::*:*::÷÷:÷÷n:i::
(3) IT, IX. xD :X, II. xo)) = degree of (I,p) it I is path

connected-
examples :
-

i ) p : IR → s
'

p*
: IT

. (IR) → Tics
' ) no non -trivial loop ai s

'
lifts to a loop in IR

( I 511

{e) Z degree = a = LZ : lol ]

4 pm : s
'
→ s

'

(pm )* : Tf Is
' )→ Tics ') so iuilpn )* = aZ

Ils Ils

Zt → Zt degree pn = n
= [ Z : NZ]

11-7 n

⇒ o.

any loop in
' 9 that wraps a

multiple of 3 trines lifts to
a loop

Proof: i suppose p* (CH )
- le]

×.

so 3 a homotopy Is X

÷
To

lemma 20
,
b) ⇒ 3- homotopy 517¥. X

←
why is this r ?

note : ITto, t ) htt of Heo, t ) = Xo so constantly To



similarly Ellett --E -

- Ils
,
D

so 8 - ego by IT and [8) = Eez,

② clearly it G) ECTCX,xd and 8 lifts to a loop J basedat E

then ACCT)) = 8

and it 583 =p* kn ])
,
then 8- poy : by lemma 20, b)

the lift F of 8 based atE is hoouofopci to Y
(rel endpts)

so T a loop
-1

(3) let H =p* (Ttx, xo))

- if [HE ITCX
, xo) and [SIGH , then note×
if F a lift of 8 based at E

5*8 u n 8*8 u c ' To
Ip

gx
then Jul = 8*7 Ci ) since 5 is a loop (and SIT -- 5*5)

"
: weget a map

to:{ right cosets of H}
→p

- '

lxo)

HH)- Jill

that is well- defined
if I e p

- '

Ho) then let T be a path E to XT

r-- post is a loop in' X based at xo

and ol l HH ) - J Ii) = I

so of onto

now suppose lol HEH ) - lolHH )

so if 8,5 are lifts of 8,9 basedat Io

then FCityCl )

: . 5*5 is a loop in X and so p* KJ*ET) c- It

but At LCF* E3 ) = HI * In]
-'
⇒ HEH -

- Hey]

1.e
.

lo is one- to - one
LEFT



"

""¥¥"""+h""⇐d°"%%"°°t×"d×"then
{ p*⇐II.ID)

yep
-

yxo,\gaquga.yuaggofg.ggaupgof.my#
,

Prot : let Io Tx, E p
- '

CXo) and setHi=p*CUTIE, xp) to ,
I

let h : so .it→ I be a path I to I

¥then 8=poh is a loop inX h

it Iy] EH,
then 7 lifts to a loop 5 I

based at X, (by lemma 21 )

so h * 5*5 is a loop based ate.
:
. [D.[y ] . [85

'
= Upon *Lpo5) * ipoh)]

=p* [ h *I* I ] EHo:
. [HHf85'

E Ho

similarly CH
- ' Ho [HEH

,
:
. Ho -- ED H.CH

"

now it H is conjugate to Ho
,
then IIN ETCX, Ho set

.

[a] Hca]
- '
= Ho

it Ia] E Ho then H = Ho and done

if [a ] he Ho then L lifts to a path I starting at To

let I = Ici )

set It ,=p*C ITCEE, ))

from above Ho = Ex]Him
- '

: H -- It ,
EH

Th"§tQ,p)beaweringspaceotX,xoeIandxo=phsuppose f : Yt X is a continuous map with

Y path connected and locally path connected



| YOEY st. fcyo)=xo |
Then F a lift I: Y→x~ 1poF=f) st

.

fT%)=I
.

⇐t.ee#nEmEIemmah..
Y is Locallypathconnected it YYEY and opensetsU containing y , F an open

set V st. y EVCU and V is path connected

=. the comb space C = ({ 'al ×[oil))u({01×191]) v ([on]do}) Is*ample
path connected but not locally path connected @gµf

Prooti (⇒) f* (I, ( Y, %)) =p* I F*tilYydD E p* til FFOI
⇐) for ye Y let 8 be a path yo to y

so for Is a path in
' X based at ×o

F ! lift For :[on]→ I based at Io

define : F(y) = f#( 1 ) note : it well-defined, then clearly poF=f and Fcyo)= To

Claim : I well-defined

y;,@y✓let 8.7 be two path yo toy ↳
8*5 is a loop in Y based at yo
so f*l[8*51 ) E p*( I.IE. ED

i.e. to8) * toy ) lifts to a loop in F based at Io

butorit) =Fyone*EE :#
'T

T
lift based lift based
at E at foT11)

note: 1) foy=(1 ) =To

4 fog = FIT so toy 1 i ) = foT 11 ) and F is well-defined,
Claim : F is continuous



given an open set VCI we show VyEF
- '

tu)
,
3- an open set

V

Set
. yEV c f

- '

Iu)

l : . f-'tu) open)
Fey)

µ Jp idea is on small

-
nbhd of

y ,
I is

I to615
'

Yo
'

To

f- 'Iu)

let W be an evenly covered nbhd of fly)

and W open set in I set. Fly) cutc U

and ply iw→w homeomorphism Imight need
to shrink w)

Y locally path connected ⇒ I V open in Y set. y
EV c f

- '

Iw)

and V path connected

now fix a path 8 from yo toy

for any y
'EY let y be a path y to y

' in V

so 8*7 is a path yo to y
'

: . Fly ' ) = TIM) ( t )

but it toy is lift of fog based at Forli ) = Fly)

then fo¥y) lil = forth )

and we know toy = (plug )
- '

o fo y
-

← since this is a htt
i. Fly ' I e F CV and lift is unique !

re. V c I
- '

(u)
#

lemma2

÷(
I
,p ) a covering space of X

let f
, .fi. Y→ I be two lifts of f : Y-7X¥naIandEagEepouenI

.



Proof :
let A = { ye Y sit. I.HI - Ii'll }

A * 0 by assuption

if yEA then let U be an evenly covered nbhd of fly)

let 0 be an open set in IT set
. Ifyl = Icy) e T

and ply : O→ U is a homeomorphism

since f- is continuous I open nbhd V of y Et. fu) c U

now It
,
= Hot

- '

off = Tah
,

i
. Vc A and A open

it yet A
,
then with U as above , FF.I open in I st.

Ily) c Ei and plug. iv.→ U a homeomorphism
clearly UTn I = or
:
.

if V is as above
,
then Iia) c Th

so X -A open

i. by connectedness of X, A = X #y
Two covering spaces HT ,p. ) , i-- n, of X are isomorphic it 3- a

homeomorphism h : I
,
→I set

. pzoh =p, I
,
¥

P. I 1Pa
note : this is an equivalence relation x

Cortes:#

Suppose Ike , pal , 2=1,2, are path connected, locally path connected
covering spaces of X , Xo EX ,

Ijepi
'
(Xo)

a) it (p. )* Itch.H) c (pi* (thanx))f. *::::i÷÷÷÷÷÷:÷÷÷÷÷÷÷÷÷::::⇒

(p. )* itch,H) = (pi* (TICK, I,))

I



| c)K, ,p, ) and II.p. ) are Isomorphic covering spaces of X
\

⇒Interdonatocp.wt.hn#.Proof:
a) by Tha 23 we get a lift p :# → XT taking I to E,
~ we now show p a covering mapX
, p

\×n xe I
,
let U be a nbhd of pfx) in X that Is

P' \%,

2

evenly covered by P, and Pz
×

so F a unique J in XI st. xe 0 and

pdg :O→ U is a homeomorphism
let p

' ' (E) =!I , clearly YUICPTIU) so p.IQ :uI→U a homeo
.

so plus Pi
'

luaopilu
.

Is a homeomorphism VI → T

: . each point in p has an evenly covered nbtrd,
b) (⇒ ) clear

⇐) let F, :* → I. be lift of p,
I# FEE

Fz :* → I be httotp,
Xtxpkp.

note : p, opz :#→ I takes I. to F, and Is a lift of p. to E

F,#
I
.

xieixtn
but so Is idxn;l%→I.

:
. by lemma 24 ,FoE=id*

similarly peptide
: . A and Fu are homeomorphismsf

c) clear from lemma 22 and b)
#



Aspace Xis locallysimplyconnected iteach pointxtX
has a neighborhood US.t. M(V,x) T(X,x) is trivial

example: induced byinclusion

X =⑧ES1,0) note:the cone Xm
->circle of radius Iabout(h,0) is notlocally

is notsemi-locallysimplyconnected simply connected
but itis semilocally

but(W-complexes and manifolds are

letXbe a path connected,
locallypath connected, and

*

mop
semilocallysimplyconnected space

YoeX, Then there isa one-to-onecorrespondence

base pointpreservingisomorphism3 classes of coverings (X,p,50) of (x,x0) 3 <> subgroups ofM.(X,x0)3
(X,p,5)-Px(π,(X,j0)) =π,(X,50)

(XH,PH,XH) -H

such thatis ifHK, then (H,Pria) is also a cover of(XRPX,FR)

2) ifp, in(X,p,5.) lifts to a cover of (x2,p2,2) taking I to1 3) (π,(X,x):H] =n =>(XH,PH,*H) is a cover ofdegree n

then (P.)x(π(X,x,) <(P2)x (T.(Y2,yr)

inaddition, we have the one-to-one correspondence

isomorphism classes of

-Shoverings (Aipo-xSccSosnguanyclasesoiset
and a "lattice"ofcovering spaces ofX
These lattices arethe same ↓

-

we will see there is more tothis correspondance
later



The unique simply connected cover
of X is called the universalcover

example : - IR
Z d I t I

ZZ 3ft 5ft 7ft iftp.T!!? ⇒ e. :

* :
"

a

iii. 0*9%71.
O s

'

P¥ote i) and 2) follow from Cor 25 once we have the one- to -one Corresp .

3) follows from lemma 21

also
,
once we have a well-defined map Hh Tick

,
xo) '→ IXH, Pa ,

such that p* C T.CI#nTHD=H
the fact that the It correspondence is one - to -one follows from her 25

,
b)

and the 2nd correspondence from her 25
,
c )

so we are left to construct (X µ , p. given H a TilX.xd

to this end we call two paths 8
, Milo ,D → X based at Xo

, Hequivalent
it i) 814=74) and

418*5 ] e H

exercise: i) This is an equivalence relation

2) if H = {e } then this is just homotopy relendpoints

let 187 denote the equivalence class of 8

Set I
µ
= { 487 I 8 a path in X based at xo}

Ithis is just a set , but we put a topology on it later)

pit : Iµ → X : 58) to ya,

Iµ = Sexo )

note: pH is ontosince any point x EX is connected to xo by a path

We want to define a topology on IH ,
but first we need to understand

something about the topology on X



Claim: U = { VCX : U open , path .connected and t.lu,x)→ Th(x.× ) trivial
,
some × EU}

Is a basis for the topology on X

( recall
,
a collection of open sets in X Is a

totaltothetopology
on X it VXEX and open set U with XEU

F an open set 0 In the collection st
. xe OCU

1.e. any open set Is a union
of sets in the collection)

PI: note : if IT, IV.×)→ I.IX.×) trivial

then TEN
, y
)→ I.(X.y) trivial ty EU since

t.LU
,
x)→ Th(X.x)

Iontfo = ton h path y to ×

Th (U, y)→ IT, IX.y)

also
,
it U EU and VCU is open and path connected

then Tl
,
N,x)→ I.(V.x)→ Th(X.x)

÷vial
:. VEU

now X semilocally simply connected says for any xeX
and open set U containing x , F. open set V st.

x EV and t.LV, x)→ FCX.x) trivial

so UN open set containing x and

I. (UN,x)→ThCX.x) trivial

X locally path connected ⇒ F open Wst. XEWCUNV and

W is path connected

from above TEIW,x) → TikiD trivial

so W EU and U Is a basis for topology onI,
for each U EU and 8 a path xo to a point in U

set Uy={ w*y> I y a path In Us.t. Motrin}

note VycX~µ €-5,0



Kalm:SUr3vey forms a basisfor a topologyon
Upath 40 to
p+ inU

I recall, a collectionof sets ina set form a basisfor
#pologyifgiven anytwo sets V.V incollection

and a point xeUNX,W incollection st. xeWOUX

and the setis the unionall elts incollection
If:
note:1) if (U) = (6), then Uz =U (so can write V(r

iideed, ifUrS, then UAG E8xyVypatht
since (8xy)*(5x) =0x7x y+5

~ 2x5-

so [Vxy-54]tH.

2) p:UV isonto(since Upath connected

3) p:U) isone-to-one

indeed, ifp(U*y)) =p(0x33), then (0-3)(1) =(0xy) (i)

so yxyis a loop inv
based atX:yxishomotopicallytrivial

inX
=>y y'rel end points
=> Wxy -5xy'rel and points

=>[(2xy) +(5*y))] =[2x6 H)

so (0xx) =(2x4),
4) If (V' =U/r), then Yr's-5

indeed, byhypothesis 5% a path in U

St. (V') =(2xy)

so we can take Up to representU'by1)

If(8>tV(r), then S =(2x4)x4' =2x(y*y)

so <S> tKv>

similarly(S (r => <S>eV



now if(S)-Up,"Yv'), then V(v) =Vas) and X(vk=VS)

so ifWeH s.t. WCUNX and S()eW

then Wasz < Uss> 1X(5) =V(z)1X(r)

clearly is a union ofall Usui's

sowe have a basisfor a topologyon#
Haim:with above topology(YH,PH) is a coveringspace ofX

If:ote: HV-1,U paths to top in5

Prlv:Virihomeomorphism
indeed, PH is a bijectionby21 and 3)

Plus iscontinuous since anybasicopen setXCU

and any paths from to toptin

(PH)v,y)"(V) =V(s):open
the aboveargument also shows that basicopen sets in

You, map tobasic open sets inU

pilupa homeomorphism/

note this impliesp iscontinuous

now ifXeX, then let UCh be a setcontainingx

p- (r) =union ofU as 8 runs through all paths to toptinU

and Plus- homeomorphism

Haim:(PH)x(π,(X,,y,)) =H

If:if[VJCH, then letUp(s) be the path

V = [0,1]-X ⑮in

>1- U(ts) V

note:E:(0,1] -XHis a loop since U(0) =<ex
+ 1- (u+> and (1) =(V) =(2x0)

since [V]H



moreover p=0

i. [V]C image(PH)*
now if[UJAH, then the path

8:50,1]- YH
+1(V

+7

isclearlythe liftof 5 based atH

and (1) =(5)

but (W) *(2x.) :1since [W]*H

: [UJAimage (PH)Abylemmas, 2) #

letpi-Xbe a coveringspace

a deck ansformation or ering transformation is a coveringspace

isomorphism fix- *

the set6(5) ofdeck transformations clearlyis a group under

the operation ofcomposition

examples:

14.j.x
⑧ ⑯s'-s' is a covering transformation

a. F4F OHIIR

>0.x if f is anydeck transformationthen f(x)=
for some i, but$(x,) =x, too

so bylemma 24, f=0 (since covering
transforms are

so G(X) =Z/nZ lifts ofpn)

2) 9,

"...p Ifwe liftto then itisa loop but
n

ifwe liftto or , itisa path
↓ so no deck trans taking 5 to X, or

6. similarlycan'tsend to or π



so anydeck trans fixes all 51: is identity

..G(X) =513

Acovering space piX-Xiscalled normal ifUxeXand 5,x' cp-'(x)
74tG(X) s.t. P(X) =x'

so example 1) isnormal butexample 2) isnot.

#soniansallparnconnect1) (X,p) isnormal > Itis a normal subgroup of T.(X,x0)
2) G(x) = N(HYH) where N(H) is the "normalizer"

ofH, 1.2. largestsubgroup ofT(X,x0)

containing I as a normal subgroup -

Remark:IfpiX-Xnormal, then 6(x) =π(X.joy
P+(π(X,5))

inparticular, for the universal cover pix-X
6(X) =π(X,X0)

-roof:
1)( =>) (e+(U] ( π,(X,X0)

and & alift of 0 based at10

sex=y(1) (proofofX/

from lemma 22 (2] Px(T,(X,x,)) [v]
"
=px(π(X,J.)

byhypothesis 74t6(X) s.t.P(x) =%.
so0*:T(X,x.) ->π.(X,Y0) an isomorphism

ipx(π(X,X,)) =p-0 4x (π,(X,y,)) =px(π,(X,x,)

and [WJH[V1" =1/

1) letto and 5, be two points inpi(0)

and H1 =Px(π,(X,X)



let h be a path in I from I to I and 8=p oh

by lemma 22, [y] H
,
[85 '= H

:. H=H, since H Is normal

'e. p* (FCXTI )) = p* (Ti(FED
: by That23 F lifts of p to ¢

,
and ¢z

#E) to # E) then
\pjt.PL/p(X. xD

note: 02001, Is a lift of p that fixes I

so is city : . okolo, = city

similarly 0,042=1'd,y

.

'

. 01
,
a deck transform taking I to E

exercise : for any xeX
andI,Iep

' '

(X) show FOEGII)

st
. 101×7=51,

2) from above If [r]H[r)÷ H then to e Gcx) st. 41×1=811)
(F lift basedat To )

so we get a map
I : NCH)→ 61×7

Claim: E a homomorphism

suppose 10
,
= 15([r

,
]) for [8

,
] ENCH) r=i, 2

oh (E)= I; so T
, path E to I

note: F *

Hot
,) Is a path E to 4

,
IE )

to"¥EEjE
. I.

° 9 ( I)

and [p°lF*H,
of,)D=[r, *k]=[r, ] . [r. ]

so 0,042 Is I({r
, ] .[k±

Claim: E is surjective
let of E G (I ) take a path h in I from Fo to I= Ole)

j =poh Is a loop in *



and from above Er] HGI
'
= H so 63 E NCH)

and E (Er] ) = to

Clavin: Ker Te = H

it HIE H
,

then Fut Io so ICED) - id#
:
.
H c her E

if he] C- her E
,
then Jule to and so F a loop
:X] E H

E#

a group action on a topological space X is a pair (G ,p) where
G is a group , and

p : G→ Homeo CX) is a homomorphism
+
group of homeomorphisms

if G acts on X then we can form the quotient space %
where two points x. ,x, are identified if IgEG St. play) Ix? -- xz
this is called the orbit space

Thad:-#
let 6 be a group action on X such that

* "

÷:÷÷÷÷÷÷÷÷÷:÷÷÷÷÷÷÷" I37 G E TilMG)/p*cqµ, if X is path connected and locally
path connected.
--

Boot : fairly easy
exercise or see Hatcher#y

exercise: if G is finite and G acts freely on X ( re
.
has no fixed points)

then the action on X satisfies *

examples :①I → z , s
"

→ Ipp
"

743¥ action ¥12# action


