I Homology Theory
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/716/‘6 are Many z"xoej of' [ ora(m‘a/7> hom 0/07 y fhe:m’e;
SWigular, Szwrf\/z&(é/, cubczal, cellular, ...

these all fqi/e e same resvlfs on Cln/—wmﬁ/m

we uwill discuss the “most geners! “ one  sitgular homology

and then derive an easily computable one celluler /loma/Ogg
There ore also genesallze ol égmd:g[g , lihe bordizm theory | K- theory ...

these are dfferent from om(Ma/)/ hbmo@y
we might discuss thewm b/ll??c/y

U’W{e/‘/y[n] these theories s homofc‘a/q,&a/ algg,é/a whiih & a purely
a/ye,é/azi f’ﬁea/}/ of ‘chavi wm,a/%’ej Y

svuch objects show up in wany onftxefs and give even
more “homo(ayy theorésr” J hke Floer ’lwmo/oyy

svch theones ose not- /ea//)/ about a{;e,é/au&' 'fv/o/ﬁj)/
A 5m‘/qu(a/ Homology

the standasd p-swiglex s

P Pti [
AP ’Z_:Zf,-e,. eR: Zt-=l, f,:o}

ico?
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gven v,..0, R denote by [%,.,%] the map
A — R’
@o,.--fp)l'—_-; Z t1 1”1
&x’amg/g:

0 [6,...e,): A% R
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P-l
s e. :
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eg. F:Z

mdéates dun. ot
4 s:uf/)/ex

we call this the 1 face map  and also devote + F = le, &, .e,]

.. P!
nofe: 12) Hhen F : olf = [ 8,,...,«?},...,@,-. e,,]

9. . o €. 4= 2
. F__,' 25 A J =1
e, e, e, & S
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a SIvfyu(a/jp—slM}o{% M a space X 5 a conbauoles ma/
v
o: AP—"’K

the Slnﬁu (ar proup of p- c/tmgg' M X s
C p) (X) = free abelia group yevte/aﬁf&/ b/ smjula/ p-;mr,olz'ces




that 1s au elemeut of Cp[X) J a
fnde ‘ﬁ?fma/z;Um
T A0 whee n,EZ and
B AT I £

exercsé:  There (s an obuious way to add two e/ememff
Show th mahes CP(X) an abelai 7mu,a

we call elements of (ol (Sm‘qua/_) 2-chaing
. / ’ .
jwen a 51»17u/a/ p- 5aiqp{%/ O wé say fﬁe 'Iﬂ ﬁce o»F o«

o™ ooFf

and +the éogﬂda/:: of 0 (s

? .
90’: Z(‘l)’ 0"')
1=0

note: 90" s a Qo—/)—c/tau'y./

me
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o

a

'90’ = O’lo)— O'“)-PO"(Z)

now detne the bounda,y map
9,1 (0= (¥
f noy = 2 (%)

1=t 7=t

1: — ' ) .
/emwmh/#t notation as above Sabxrzpfp “ USUG/( 0m1ﬁ€¢/ 70
_ lewwa then  stated =0
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Ao(.e_ relable back. t‘oj

Y o’-[e E.5.8]- Z(l) ‘role,..é, € .e,]
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note: lemma = lw'taye, 9 < hernel 9

we defwe fhe homdow 9roup of X » be

Hotd= DP/:«; %4

an element of ke/

s colled a (smzuba p- cycle
an elemenl— o-)c Im Bp-rl (s c‘a[/ed a (5“4$st2 P'bﬂmézg!

we say two chaws G, ¢, e G0 ore hom o/ogzus o 3 some
,,ﬁ[x) st ¢ -¢,= Dol we wrile € ~¢,

thy s an dfuu?aé’nce rebtion F C & a p-cyele
let L] be (s qpuumlence clags
Hp(¥) = §ec3] ¢ a pcyclef

Remasrk: These are no 51-3;«;6/ p-—srm/o/:éléj for p<o so C [x) = fol
: HPZX);O 4 p<o
Jewmma 2:

let X = one pouit- space
then .
H ()= { L

p*0

P&f’ for each pzo _ZIM&PO;:AP—QX

. CP{x)= Z fne/afeo({?z o
' .
T Y ger gt zan's,



* p 0;=Z{ Opy  pea p7O
P )

P oJo( o7 F:O
P ode ke 9 C,(
= °r = 4 x) =
I-lp(x) " Y T L0 fol
Pelleﬂ ”0>0
= kes = _..{-2-}— z
H P(’O ‘——-ﬁ”_‘ St - o {0}
=0
_ Rerd, _ C,(X)= Zz .
Holx)= + T zﬁ

z hﬁ 3
Ho(X)= free abelan group generated br—\
path components of X

T 5\92 where X has A path
wm/aonenfs

k
Proot: anelemsrt c e (X i =it b poks ek u e
defre ¢: C (X5 2
Zﬂf“, HZ"!’

¥ Beasy o check £ G a /vmamorplu?m [ofv ot /)

If oo 6 a 51'712{4/ (- 5”“/("’4( then — ’a_; @

D o= x-% (e"dﬂOl'i‘ff O'F d')
50 £(d9)=0
k
i deC(x) then A=Zmey 30 £(3d)=0

te. W9, Cher &

so ¢ tiduces a lxomamaqo/tcm

£.: HO(X)—BZ co lleol a4 &%@ueﬂf‘aflw{ (so & ¢)
[e]— €

(bwi: F X & path commecteo! then £, 5 an t3ama//iwz;

P¥: c/eary £, surjedtive ( &(r=1)=1)

Ffx % €X thea for any xeX we tan fake Axifo, 1] =X sf ;X;T;Z?)%




50 9A,=x%-x,
oy 7w;‘ any C .‘—Z”' 7‘,’ S(/GL tha t £(c)=0
let Ay, be path for %
note C-3Z M= ZAX - Taln-x)=Zam =(Zn)g=0
50 C=‘;Z"1A7<,, Qﬂd[sto I HO[X)—/

exercise: I the faf/: Componen’s o.)CX are X, ,xcA
‘Men C’;[X) =£ Cﬂ [XK)

and Hox): & Hol%)
Note lewmma now tolbows &

Remark: e set =€ and 3, =3 Fu 121 then the proof
thows D230 V120
50 we con defwie H;Od: -k—:-;,%—
e
Clarly Hol¥=H, (9 Vez 1 and
Ho(%) = %[X)@Z

A00) is caled vhe reduced homology o X.

notiee €har F Yife, = X s a /ao,o based at X
vhew X & also @ siigu ar 1~ sploy ond
20z0 so [¥]e H(X
the gues a map
¢ T (XK)D HY  called the Hurewitz map
(we chech 5 well-debred below)

Th™4:

p A

If X path connected, ten the Hurewie map widuces an tsomorphism
&, ()" — H (0

where (w;lx,x,))““ « the abelonization of T (X&)

e aé [ ; Y Gab of a group G s +he /0/755-{’ abéeliay



7Uoﬁénf o‘F 6
Yot rﬁ A o Gy abe/mé groevy ond F:G2A a

homomor//zgm ;/'&@q A 1?( (G %% A <t G -—f—e A
aL /

orerie: G %IG] where [6,6] & the smallt viormal
Subyroulo of G coutauiingy {L3,h]:5.he6 3

M’ we MII/ olenote eqvw. closses n ’/7,'/)94;,) L/ Lr)

ond equiy. closses v H (X by [¥] - cham
~

gote: ) If ¥,Y paths v X wetl =90 then Yr7- 7’7 is a .[rauuafaxy
indeed, plefme o A X by

y Countstant on P“"}o[e /Mﬁf
so on [€,€,] have Try
e, e

mw Jo = ¥ "7*74;2_/

2) [,C Y a /)m‘é tf X -Fbeq T“"D’ s a boaﬂd[a/'-/ (and coSTant
path a bourdery)

I‘dﬂ@ed/ l;’ o A - X a Coustlont map,
then 0= 0% oY% 0¥ - ¢

each a constan?
path ¢

Now given ¥ le,f o' AT K be

22 constant- on pmk lme

So 0’ o4 [el ezj s 1
on L6,,8,] is some constuit /oqflf c

et O be sz/yu&z/ 2-smplex with 90 =L

s0 d(o-0)-= D’+T
3) o ¥ aud Y are homotaocc rel ead po:;lﬁ thea V% s a
bouua’a/)z



Mde@d/ let H:loilxJo.1—>X be the homafoﬁ
then H «Adaces a 5/47u6/ 2- 51,;4/ /% o

q
Y10 1{0) -f~9 X
whertl‘ \ /
Mmap

TU)
{10)
Now 00 7-7 ~+ toagtant path

Since a tonstan pm‘/t & a boun/a/y 50 4 7:_7/

now: 3) D ¢ is wel defired

1)=> ¢ a Lomomo//‘olmm

b(Cx)077) = HI¥D)- Lr<r] = [+19]- $(c0)«$(r)

since Hi(X abelei we get
&, 1 (T (k) ) —> B ¥

we Construct an werse for &,
for cach pomnt xeX /&f ée a path %, to x

y\m a 5//\7(,1,/0»* /’S'I»’o/eﬂ’ o /e{’

A\ —
- ¥
G-y o,

his is oloop i X based at x,

Now debve V(o) =[E] Sswce arrx, ;e.))o‘) i abeldn aud
() a free abelan group his o(efmes

Y. C‘[)() -—9(71}'[&8.))
o constont poth
note Voo, [¥1)=[e»¥=Eg ] = [¥]

i o i a l'S/Mp/\%\’ then let Yo rYur Y be vertecies
L {3

o j o

Yo o) YI



¥ (30) = P00 0™) = ¥(o®) Ha™) o)

[ E 0P, « ¥ v Y 0, =
[ yo " Y TYJ" ’YY;‘ \’Yt* 0'( x KYD]

= ZYY.' D e 5O, T YY.] = [e,]
sice loop bounds disk ol

50 1M ?,_ C Rer g ‘//Malacc"s a MQ,O
¥ H X ——i(n,’[x,x,))“’
From above we clearly baye %, ¢, =

now f [c]]él-l([x) with c=2:n,a;.

wWacatenate ", copres

] 4
¢u © ‘{:(IC])= 4’& ([:‘ (%(of O;k?‘;”)) 'J)
T Couca¥nate

- Z"i I b;;co)*o;”i‘;{‘)]
- Il g oL 51~ L500)
=3 nlo%] - L2, =1
sice 9€=0 foreach o), da; o &, L0) = 05 (o)

50 ¢ 0¥ =il =

Remork: For any N can swmilar ly debne a map
¢, T, (X%) = H, (%)

and can show do- the hit k for whih Hy(X %0
¢, s an c‘;omor‘p/m’rm o k>l

B /nf'f‘o fo laomo(gwéaf a{qeb/a and Maps oA homo! o9

a seqvence of abelan groups Ly and maps

. .
devotes 7@15/&/ 1ndon
‘9,4 :(ﬂ "e(n_l

is called a chau corply F 3,020 for oll 4
the howol. § the complex ¢
€ howmology © e Comp lex (s H, (C.d)- ker?%a

Nne|



%Mo/?f/'cd/ a!ae bra is the 51‘1/4/ of yene/u/ chaw com//éfc’f
when a afeﬁmﬁm or theo/em is pu/e/y aéoaz" homo/of(t a/yg}fa
I'll denote it by (HA) sych sesils are tve for aay Cchan Cp/‘{/ﬂ]&ﬂ

M ,oarlea/a/, -fire}/ M‘// ago}/ to the ,{Myaézr chawi Wu/s.
a/efé[}'lﬁ\: jll/el/f tup C/WM' wm/ij [[*,3) and (C,',a') a chaM M_QA
15 a sepuence of ho:ﬂom/pfié’iﬂj £, ¢, ——?(,,I such that
o, of, = £._°2, Lo, e

\L‘Fu N ' ‘L'Fn-l

1 %a
2l L

/emn/m 5 (HA): —
A cha map §£, 3-’ @,., d)-=2( C,,', ) mduces Aamo;uo//hl:(ﬁfl:‘

Gl (c.3)= H(cl,y)

oot note o [n)e Ho(C, d), then 3,h=0
so 9a(f,(0))= £, (3,W)= f_(o)=0
S0 £a(b) jt}ef ¢ class o H, (¢ )

defne (n, ), H,(c, d) =4, 3)
La) — L4, h)]

note, (), & well-detned siice F [b]=[4'] theu J 4k sf

h-4": et R
50 ve have

) = £, (e ) = £,60) « 3 [Eeik)
so [£m]=L£.(10]

4.4 ),. 5 a éameomoqolqr}»f snce 4, « lerertige) &

oy for 5/4'7a ar hoswm o/oy/
F F X7 s a contiuous wap ,then detmne
£:C,0-C, tr): I ma, — Z m(feq;)



e (s c/ea/éz a éwomo// hl'jm and
"Cn-l /3,4 0'): '7('1-1 {,é(")’. 0'«)) = Z[-’);('f"o’(’))

(t)

- 7 c—o’@ﬁ
= (4, (@)
o f,.,°3, = df,
by lemma we get
() :Ha 60— H (7)

Crercisé: ) [f°9,) (’” -(3.),
) (b ), = 1y g

def® (HA):
5(:/& Cham CMﬂ/%@’ {Cv, B) an/( D')

and chau maps f{' § ond fy,,} From (C,.,)) o (¢ Y,

a chaw homotopy betveen ff,J and (9.5 & a segrenwe of
homegwmeorphis ms
b Co =
Svch that-
Ashrt o3 = .- g,
Vatr
. — 2 """—'94»' -t
i ’-/ (k7 -
L 2C— Ca -——9 Coi = ...
lemma 6 (HA):

If there s a chai homotopy betwean {f,] ond {3
then (‘F,. ).v =(?n)4r: HalCe2) = Ha(Ci )




fut: |
If hWeC, and R h=0,then £ (W-g,(n)= Qe P, (0) £ 6, ,(3,0)

= JualP, (W)
50 [4,,(a)]=[y,(u)]§

let -f,j -'X”Y be homofqm'o maps

Then £, and § 943 are chaw howofppce maps (C..(x),b) o (GuL7),))
and thos ,),(3,), Ho 00 Ko

Dot et H: X xio.] =Y be the homotopy
s0 HMxo)= -F[K) and H{K,l)'—'y()()
7u}em o SIM,a/ox o A" X
we debre Plo) by Helowd, ):A'xfe,J—T
fo wahe AL of ths  we need 1o see A" xS0, (]
as a yncon o (nH)—SI»i/o/zzl:?f

6’.9 n=0
X r Hep.€)

Peo) = Ho (o x5 )= H(o (), t)
2 P() = 3 (H(o@), ) = H(ote,),1) - H(o(€),0)
= goo - fo 0o
(let P..= 0)



n=l
== (D% (B e

fo 4,
“‘ro e A /—ﬁ
> P(o) = Hlo(#) A
é, G
- [&,e,4]

T Le, 4, 4] 0

dehie FloN: Holoxidy, )| = Holoxdl)]

26) = U, )
I a_) [4,4] H ”{‘] 0’ ,[co‘f;] ua- ILC‘;‘J"'% 1"a'l[€ e]

|
= o0 +H — P oo
9 ll&ﬂ] H[ ey "
= 9«»0’-4‘.:0’ - 6[90')

4 9enem/ let e, .. [ b@ the vertizesr o'f An n ﬂ"ﬁ

n+2

thiik of "' <R as
le¢ 'F, be the pomts 11 R above € with Tpey COOrdd =

Xner = ©

s0 Lo @] descrihes A"x§0] gud
[#a_.. 6] . " A‘.x {I/

aud A"xJo, (] s the s of the ("*l)‘SlM//lﬁ(éJ
[e,.ef, . +]

i c‘l. ¢ (:1_ [
S > -
« i
€o \ e, € e, ‘
€ € e,



now defive
E‘)-' C,,[X) "'9(;4+/(V) LY

. > € Hoprred
E{()’) ?:Zo é'* [o.c])[ e f . h]
200V T ' o’ Heleedg)),
SR '

& & Gy by ]

ey, cid 2
+ 1§J él)( ) H [o- l"a)l[e.-"ﬁ*‘q""Fj"'#"]

the 1=) fe/ms cancel except for
Let . 8,3 <[4 8] teru whih & 900

and _
fe,..e 8 ]:le. el term whih g ~Foor

Caercise: the %) terms yt'ue ‘&/DO’)E

(or $:

i £:x=27 s a homotoyy equivalence thea .0 HaO6) 2 H, (1)

(s an lsomr,ahljm for all u.

Eema//cf / 1C K is « COrn‘facf?’é/c’ space ,%en
H,(x) = ;% =0

(o) PE-1o)

C. Relatiye Homo/q/q,v and Excision

let A be a saés,oace_ of X
so C,(A)ccC, (X
note. C, (&) & 14 the kemel of

CalX) 225 ¢, (0 PG Gl

50 9y Mduces a map
O o = " 7 (A)

-



detne G, (XA = ("(X)/C..KA) and
9 Ca (XA = G (,8) as above
clearly 3,.,°9,=0
the relatve (sidgulor) honw/g;ig oF (X A) &

. ker 2,
Halx,A)= BEC s

Note: () an element v H,(xA) & represented by a celofive cycle
9¢ € C(x) £ J e, (4)
2) a relative cycle « is trivil i Ha(,A) of it & a pelative bounolany
1. A€l (X) and ¥ €C,(4) st
x=38+Y

ReCa// a seguence mc homomarphz?m.(
A28t

15 calleod exact at B & im b=ke~ ¥

a /{9‘4‘7e/‘ 567#&%6 /s exact 175 F & exact of el/&y group

/cmmg Q[HA)

\IF (4, 3), (B, 3p), andd (Ce2.) are 3 chai comploxes
and  §8,]: (A, 3 B 3) and {4,]:(8,9)-(0,3)

are chaii maps sych that

o ——?A,,-ﬁv&,-‘/i}'a h—o0

is eract ¥n
then these & a long exa it sepueace

?).
= H,A, ))L‘JH (8, %)(‘C) H, /q,a)-—aH (A, 3)—...

L

; 43‘ ¢ 1. es
Some tues this ;s wntln PRI HBY) L

as an eazlr 7"/(5«7 le 3,_\ Z 2 ¥, reduces
#.(¢,3,) degree by |



before provinp this we note an wiportant- tonseqence
Th2/o:

let Abe a subspace of X
) let 7:A- X be the wmclusion map and
g CulX) > Ci (X A) the guolient mep
Then
0= (, (A5 (00 ¢, (x40

15 exact

2) So 1 a loug cxuct seguence
(& e »
L h WS B (w2 He ().

Cealled |
called [o49 eps (F seguence
&m'& 2) follows from ) aso lemma T of a_pas

1) c/ea/ly 1, Ca(R) 5 Cu(X) 15 lh)ef't'l}fé

and q,,:[,,[x)—> Culx,A) Is svucjective

and ker g, = 1 1, Vo

erercse: yesify that 9, 1 the ewact s&qvence s the map
h €EH,(X,A) | choose wel,(X) st O x€l, (A

arw( g € A
then 3,h= [,%] € Hail4)

PfOO‘F O'p IeMWIq ?-' conslﬂe/

3'11/614 CE€C, with J.c=0
0 o) o

(b) =

\La\l/fa'l/ 9 bebB, s¢ ¢h)=c
.4, ————Ma. ——aAM — ... note: 4., (% b)= (4, (b))
AR -3 (e)=0
7B.n-——"‘3 3_,——‘Lo? oy = - - S50 Db e kst = bay

ob
l% ‘1"(" J,t—z_
‘——’cq ‘——9(:'3'_7641.’—?"'
,L oj/ l note: ?n,_(?a) D(dawla)) "b o
0] 0 0

and T a €A, st B (D=3l

suice &, vijectve 0 @ 7



defe - 1 Ha(G,3) = H,_ (4,.2)
[c] > [a] where a & constructed obove

Clawm: 1] @5 well-defiied
(J? i (.l)/ note: oul;/ 2 choices: @ c€fc] and
£ tb)=c
L @b b
a -
Jea 7 % ] 0 now guen c,c'ele]
Bt :; B, -—29--53 By — ... d e, st o C=c-c’
b ., bj ;ob , —
‘l,‘f,.,, AN A i?"'" choose any b, b € B, and b €B,,, st
( ey Cni"‘acn'ﬁ" "n_ o .
z j:Ml C'cl o‘ %(6)=’C' t(b)-—c,ano( ‘ﬁﬂ[b):c
v
0 o © $0 %(Dsl—b'fb')’ 2, ¥, (B-cec' =0

and heace 3@ €A, st € (@)=04b - b+
as above dlaa €A, st § ()b and 6, ()=3p'
now @, (3&+a-a')z 3, ,(a)+ b -y b
= % (%b-bte)+L-3,8" = 0
$,., ,.,yecﬁ{re = a'= a1y a

and Wenee [2]=[R'] 2. 2fe] wel/v(eﬁ»i_e_{/

exeruse: 1) Show 9 a hamomo/phifm
2) Im (47,4).,, = ke’/'(‘l:r)n
3 (¥ )y = Rer 2,

) wh 2, = Res (8,),

example:  H,(xx)= K00

Qreolweol hoﬂw/oy ¥
indeedd 11 10y sH, () SHE0) D H,(3,)
‘fpr h2e T 1\
5 0

50 | U M'/Z(f‘\b-‘e and ;ugeaﬁ&e
s H,,(X)f- H,-,(X,a;)



and H ()= H(K)— H(X%)2 Hofx) = H X) > H,(xx)—0

é,' S HMXN— H(xx)» Z > @& — Hxx )20

S# path components
BomorpL:?m onto & gwen by Fa'[h LOM/OIM’M'('
of X wountain l'nj %o

v 0 map
s0 H(Xx)= H,(X) and
Ho(%%)= @ Z
exescises:
) I FiXA) (0B s conpauous then
£, 6, (x4 — H,(16)

2) f -F,yi (x4)—>(B) are hamo'fo,w'c ﬂ't/ocyh maps fa/tu'y Amw B
then ‘Fa T n

3) AcCBcKX then you gef Q@ /ch exact seguence
= H, (B, A) = H,(xA) = H, (x,8)— H,_ (8.4 ...

Th=1l (Excisioﬁ’

let 2 cA be .wégoacej of X
assume 2 C 1t A

nen -ﬂte mc/usca'n ma/
7:(X-2,A-2)> (X,A)

wduces an isom'*/éém o homo/of/

B (M Hn (X’ZIA‘Z') — H, (%A
lﬁéyli/&f‘/tc /D/wf/ﬂ____f&'

a pati‘ AcX is ca//eo(g@g’ ,5C A s ﬂ”"'cﬂfé’, closed, and has a
ne‘yééart.m! U X st A i odebormation petract-of U

(1.8. 3 H:Uxfogd—= U s¢ H(X,o\=)<, H(x,) € A VXeU, and
H(x,¢)sx VxéA.)

Cxam/e S l# A‘ & a fﬂémadn@[/ o1£ O an}co{d X, Men [KIA') a ?oao(/dr-/‘
F X s baibt Prom A by a{-{aohc’n; cells, thea (XA) is a yood pacr



Th2le:
If (XA) & a good pair, thea the quotient masp
@+ (X A) > (X4, 44)
ncluces an Z{omof‘fél.ﬂ-h ,.,
9" HalisA) > H, (%, %) = H, (%, o) = H, (%)
Proof: le¢ U be « necyltéa/‘/«ooa( oA that ddef retracts o A

we have o by excision (TuEN)
U, (X A) — H,(X0) e—— H,(x-A,U-A)

lee e | # | 9.

Ha (X, A%) = Ha(%, 94) <—— Ha (%4~ Y%, %- “4)

Ww o

note: ?: (x-A v-A) > (XA - “%4 , % - %) o lqomeoma/,olu'swz ! (ﬂ«c “l&/evthfy ma/")

50 "‘-//”' most 24 l'somO/yA/sm
50 mdle 7= an ixa«ar;ﬂl'l g L-/ extcision

wouw we bave (AR D(UA (AN whee bz HD and

and hoi =il 4 H ¢ det retractai U fo A

t"hl x ly(U,A) b‘, h.‘.

50 1, H,(AA) 9 Ho(v,A) an l'SOMarp/t&M

s the /onyma"sé‘?uencezmc Acl <X ﬁt«}g

H, (VA= H, (X, A= H(x,v) > H, (vA)
(] sl

Hala ) Hu-i(A,A)
ol

(o]
o

and H, (XA > HalX, V) an l'somo/'/a/us'm.

we_ also know U/‘\ deé/mﬁoiy retracts to YA ( H viduces Jeé@ J
re (2
jo the same orgument shouss

H, (%, %) — H,(%, %) s an &omorpnism

o et mat % above 5 an a}om.o//olzé'M as clawmed

V.4



Pop 13—

avdl

sz f& o

O hk#*oun

4 “Np") - Z k=n
(D307 Z'o o

Freof-

n=I1 Ccase: [.97 eract sequenae O'F (D; So)

He(5%)= ¢,
aud Z
Hh(Dn)= é 0

k=0
k%0

k=0
kto

H(8°) = B (D) — H (0} s°) = K, (5)

kz2 o

o

0

(nofe DZ§°§ 5')

so W (SVEH (%%)2H (Dis)=0 H- k=2

s = Hi(0') > H, (D, $°) = Ho(5%) = H,(b')— H,(D) 59

] ]
o (o]

su su
ey — %

= H,(s')5 H,(D s*)=#&

Mduchon: asome P/bp s ve -ﬁ;r 5" (az1)
Lonsider (D 5"):

H, (D) K, (D 5" = H,_, (5"") = H,,(D")

u
o

s
Z

so Ha(S)EH, (D7s*") = 2

ﬁ’/ k#nl Ol’

0

how

"

o

(0]
S0 He(S5") SH,(D}s"™

" us

~

\
v

=0

su

Ars)

(o]

H (0™ = H (0 5™7) 2 Hy (570 = Hy_ 07

0

kxn, i,

Hito")= B (D1 s™)s H,(s™) = A, (D) > H, (075"
1

¥ — % — 0

so H(sM=H,(0"s"')=0

V=4



Cor |4:
D" is nof a retrart of D7 and

any map £: D" D" has a fixed pome.

Broof-

F riD22D" is o retraction thew rof=iyju whers 1:90" D" s wicluwn

ths ryods i H,., .[: ?D") - Hn-:‘ {BD") (§ an 13omo/‘/0h£}w
4 b4 "
but vyt et D") S K, (3D")  the fringl map! stace K. (0°)=0 f
L7 dogs vio-emst |

te second statement ’Fé//owﬁ ‘IC‘OM tae 7‘1‘/31‘ as ,o/bmcof Lor I. /‘fﬁ
lor 15:
If JcR" end VER™ are opén sets that-ae homeomor/ohzé

then n=m 1

Rewwk-. thic s Ca//?c/ “Wvorance of domaw " and lmpée" that any
N mandfold & nof /tomeomorphtl, t an m mandold for nim
Procf: for any x€U, we have M-UeR*-1x}<R’) s0 eacsion says
H (R R 63)= H (R™- (R™0),(R™- 1)~ (R"-0)) = H, (v, u-1x})
the exact sepeace for (R, M§x3)  says
He (R") 2 Ky (R, R ) = H, _, (R §3) = H, (")
r 0
50 B(R R0z Hy( R-5x) ; oot [5™)
. e §& Ren R3S
aud Hy (U,U-fi3) = O rin
smdarl, H (vv-fy))=§ Z 4=
™ rlarly th,VM)-go ks‘: ¥ yev
f h:V=2Va homeowo/',ohism they Hh(U,U-fﬂ)Z‘:'Hh(V, v-faedd) Yk

SLomsEn

24



late, + will be useh to Ruow the generators of Hal$") and Ha(D, 307

PCOE Ié - J
) We can 1dentrfy (D72D) with (&%947)

onder this (dentrtiotion
H,(D"20") = #
is yewamfea( by the deatity map A" p"

2) ke an ca'/em‘rfy ST with Al VAT with a7 9Ivea/ fo A,

by Qa homeomar/ohfjm that- preserves

the order of the vertiies and is
the lHEnt‘ﬁy on ')c!@j

=

F «l;: A:-—a 7 & +he melyton Mmap

then F -+, is the generator of H"(s")5Z

M: ) we viduct on 7

n=0: H,(D°2D°)=H, (D 2)=#
n=o R

H,(D®) i the free abelian group gea. by path components (by Tk £3)
0 geqesator is D°=A°
moluctiod: assume we know H,  [D"7;90") gencrated by the wclusion
f: A" s ATEDM
clearly the wvicluson q: A" A" is a relotwe cycle (3,9 € C,.,(3aM)
0 9920 1 Cuy (O] 307)

let A be the uniou of all but eune of the 64-—/)-0{““4!! ﬁcej of &

tonsder the /oﬂf eaact sequence tfor (&7 DA’; A)



n " ?
Ha (&5 0) = H,(&947) 2 H, (3850 —» H,_ (a%34")

e Il same
(0]

~ n

Hal B4)
n Nraltepr
o]

50 9 is an s omo/'pl:{;m
note 4%= Av &'
GAA) a 9ooo( pa«'r and

n~ )
DA} g A /,a -t wnoluced by 1acluscon 2! &M 244

50 Ho- (287 1) 7‘.‘!}!9 Hoy ( g /?A"") EHa (5", w7)

N~

- n-(
éy maﬂuﬁ‘wn the mc/a;(on o-ﬁ ' mto A

generates H, (877 24 ")
2 wiclusion O o WA generates Hoo o227 A)
now 091 =[29]= [3a"] i H,,_,(w, A)
bat [92"]=£&87T 1a H,_, (34 A)

- 9[9] is a genervtor of H, (287)
and [9] a generator of H.(&" 24" swmce 2 an z_‘;omo//ah-cﬁq/

A L) L)
now ’fW 5% note ‘S/An’_ = A'/;Av:

this homeomorphism comes from
" M‘ % 9"0‘

INE= I RPN
\4:-/7 t

this deceads o h: Aﬂ'/aA'} — 1 /A " o Lomeomor/oﬁém

L we get an (somorphism by HA(A':,3A1) = H, (s &%)
50 A" maps o a 9&/‘9/0'{'0/' [A?J 0; Hu{-sﬂo Ag)
note: (82 H(s") 2 Ha(5780) 2 Hyy(8Y

O Mdfutda’ by ielusion O
i:(512)-(s] 87)

50 Hu(s)ZZ and o s generated by a cycle Ca(5") that
maps by 1 fo A%



now o=A'-A, is a cycle (ewercie o not- obvious)
AN ga Cals™)
and O = A ! /C,,(A';_)

v 1, ([e3)= 0477 € H (574%)
and hence (o] yenerotes H,.(s") &

When waking computations 1t is veeful fo kuow the lony oxuct segvemes “regpect”
Maps between goacer. This ¢ called natwality.

217: —
H f:(x,N=(78) is a map o-Fpm)g, tHhen {%e_ﬂ//om'j oleégram is
commutating

e 2 HN (A B, () = Ha(58) — N, .04) = ...

T AN 5
e 2 8) 2 Hal) = Ha(r.B) 94, (B) = -

SIAI'/a//y for the /onj; extec Selouencc of a Priple.

Breof: note 0 ¢, (a) = ¢, 00 = (, (x50
L4 L& A
0-2L,0)—(,(y) —(. (80— 0O

1 &lea/L/ commutatve so resolt £ llows Prom homoloyzzae
alyebm lewmma ée/ow E

lemma 18 (HA):
lif we have chau wm/bfre; and chavi mags $I1.
0— A58, DG —0
Woole U

.1 .
02 A, — 8. 2¢.—0

s tommutafve and rows ore extct-

%eﬂ v =2 ,'(n Mp)-':'; Hﬁ [Ba) 'J:-—) H" (C"') -2-9 H""(A*)‘_,

|7 VR 4 b %

O H(AYY 2 H, (82 H(h) =D Hy (L) ..

(s lommatatve




E/lof sce {&o{: 1d = ‘g,°1,=1,'a°(,
swiilorly Bor ¥eo)e =i o bu
now recall LclzJal where a €A, st
1a)= b  hor some beB, st lb)=C

5o VIVOI: [w)] smee  F:=FOW) =) (pw) ek
ard ' (a(a) = pl1ta) = B(2b) =240

© 9eF, [l =d,091c] VE&e]
Z

Here is a lony eanct- seguence that gensalives Vour Kompen to homoloyy theory

Th? I? (Maye/—\/:'e-lv/i;):
let A, BcX be wéspacef st X=(utA)olint B)

let /'\
Aa y X be clvsion maos

1\3/

then = LS hwen® ¥ 4,00 21, (a0

is emact where — ®26,),20),
W (ga1,263) = 0u)J123) - 0p), (£63)  and
VI[21=[2a] where 2=a+b for a€C (A and

bec,,(s)g
Waw«g/e: T%=5'%g’ @

A= - (5, Dxs’ H, (A) = H,(8) = fo :*Z'

*5

2 @l -_-O,l
B=T-C \here Hn(A/'B) = Z( ::ko.l

ac I
S c:[g}xS' TS5'vs




H, (A8 H, (B)—> H,(T")- H,(A18) = H, (D@ i) = H,(TY—> H,(AnB)-> H (&) ®H((B)— H(T)-20
u

ns ns s ns w ]
0O —— HJT")-—PZ@ZLZQQ‘:‘L? H'(T‘)-a——) zcea-f?a FA:F —L/'z o
siice path
connected
note ¢°[',O) = (")  each pafl, LomponeArt of AAD
$, (o) = (1) maps iato a path component of A bty and
13 L. 1
s 7B
$ (1,0)=(1,1)
] AnB

¢ (o= (1,1) S i =
3 A:—A',_ Fnsm(g one Ar{o/ O'F H, [A/I&)

aud  H(4)
swndlarly for ofhes Lomponeat of A

S0 kesr & T Z geserared by (I-1)

HitY = Z
ker ¥z i = & gareated by (1)
RN A 'ﬁ: zez/ke/‘l; ~ Z

W D= ker 4’,3’&’ fene/zz-{-a/ éy ((-1)

y ~ T" ~ Hll‘r"
o Frwdz WYy = WY TR

Clam: HIIT‘)?lOZ
o H (75
let atK gencmte & = il )/;< whese K = Z
d e €l (™) theq e+K = natK  some aqc
now e-no €K 5o (f b gencrates K, then

C-naz=mlh Some wmEE
50 each EGM/T‘) s natmb

yav[ tan mjl‘él Q/7h€ %ﬂf‘ M0+mL -'—'h'q-fm'é ?) u=ufm=::,

exercise: H,(t*)=0 Yuzx3

ns 0,2

N\ Z
%o H;.,[T)"‘ 2o n=l

0o otherwise



to establich Maye,-Uetwis we need

/emm.a 20 (HA):

quen fwo long exact sequeaces and mapg betveen Waew as betoo

%0 that- the afca'/am m tommetes

*ﬁ ) hﬂ
Cn+:‘aAn"'95,f""3¢ —A, — B ..

n-{

J,»'.... U. Lf l"" l.s.m

=l ——M,,——ag’-—-f-; G, 1—9/4,,’_,—’ B

I+ the X, are (somorphisms, thea

-—'BA" %A:@B’, -@9 Bn'__(’:aAn_"") es

[s exact here @M ()= (,(a) £,(@)
¥ a0z p,(0)- £,(a), and
[ (60 = heTeg (6)

l

&00:[:' €asy o(mymm chase

for erample lets chech exactness at B,

5
r.. ‘% (a', )= b5 w9) (pale)-£,605)
= L\"OT;'(T“O I Uo)) % lquo?”“p):'O

50 P, Cherl,

now o L' € kes Iy then T”-"’ 9n (b) € ker b,

so Ab€B, st g,(b)=7 09, (b)
12 g,1b'): ¥, 09,(b) =glp, (b

thes g, [ puro)-b')=

and so da'€A, s f,,'(a‘).-(s,,{b)—b'

b'z -£'(a)+g,(0)= ¥, (a}b)
thos 1 $ = ke T,
exercise: che&k othe, ases &

!
O Since 7” -F',:D



Proof o7f h2 19 [Ma'ye/ -Uetoric):
Consider the /on7 exact 63?(/&4&65 of pajfj (A ANB) and (X B

(1 (ha)e
H, (AnBY = H,(A) = H, (4, Anp) — H,. (428)

\L@b)‘ L OA).[ ‘L Iu ‘L
Ha(BY 2 Ha(X — H, (X, —> H,_, [ B)
(e (hee
where ka -ke and I ove obvious m‘c/vslfwg

hote: A/ g = X/B (erercise prove Hiis. almest obvious)
50 (F (A A1B) and (X8 ase good pairs then I, is
H, (A, AnB) = ﬁn (Alaag)

an isomwphlkm 5(/['(,@
9

HA(X' B) = HM(X/G)

1§ paws nof 7«:0( sl eapect & is
an Bomofph:}m, and o+ s (582 book, or Try fo prove atier we
prove. extision)

the sesult uow follws Prom lewma (check F nof obvious) =

E@_a_{é( back to proof-of excision

Froof Th = 1| (Excizion):
recall the set up: let 2 cA be SUé:/actj of X with Z ciit A

wve need 1o show the welusion map
7:(X-2,A-2) 2 (X,A)

Wduces an isomorphism on homo/oj/v
Tt Ky (x-2,4-2) = Ho (& A

r u Calx)
Ma i ,&@g: ‘[vr any n and aq)/ o = Zl""‘.,o; € C,, (X,A): /( (A)
1= “

We can fnd g€ C, (KA svch that
L
® % + 90 54;- m, T
Wher’e (M ’C; c X-& or —
wm Ty €A v




we prove ® later but see how F wiphes theorem

take [ JeH,(x A
@ => I u'el«d s o<'=ZI,'M,z; as m @

le¢ o= Z " T,
1 sf.
m T LA
Vlaﬁf: l) 0(”: d{ l*.l C"(X)/Cn(A) :Cn&IA)
) 94" ¢ CM[A) W Fact 14 (n__' (A’?')
(smce "= d(u'-" -3:5' s0 a.z”cAn(X'Z))
cA cA

e Cp (X-2)
3) x'"é€ G /C,,(A—Z)

‘. d" dehies an element [«"] € H(X-7, A-2)
clearly 2, (fu))= [*]= [T = Lu]
S0 T¢ s onfo
Now suppose [x] € H,(X-2,A-2) aud 1,([«]) =0
50 fox=a=2p some BEC (KA
@ = FBEC (KA st eV = Z MG with G as s @

c[eafy « = ?(ﬁf?)’)

le ¢ p': 'Z‘-ﬁ ™, T;
mGEA

note: 1) a’ e (,(x-2) and
2) 4" = P - terms with whage wi (AN X-T) 7 AT
%0 '){5' =d A Cau (x-%)/c,,ld—?:)

v [2]=0 m H (x-2,A-2)
ond 1, M)ec,ﬁl-/C /

Now fo prove ):




need barycentree svbdivisin of a s1irple x
N §

sobdivision of o -siplea : do rothing
u v 1-5 m‘;,o/\o/x i break Slwiﬂl%’ mto 2 8700/ p/::'ce_;

€o & € £ e,

[€.,e]: [e, +]vite]

subdivision of 2-siwwples:  sobdiide Faces
add ceater pout
a old eo(yes b oll vertives

€, e, € €,
i t ~ -F'_f f'F. ~—~ "L.ﬁ":l ""? 'F._f t‘FI
€o é € 4, € € 4 & € 4, €

[e,ee]=[g9e 4, ]vighe]ulgeflv..

lmo(uc(-n;ely sobdivision o7C V!—'Slvirp/%': subdinde faces

add center pat;ﬂf‘

addd edges to all vertiiies
aold all fuces so you have

broken & u'v*v' a bouch
of n-smplices

é.s.

exercesé: Show vpto boundaries you can sobdinde swa,o//c'té_; !
that & 4 oA —K a sigulor n-swip by
ond 1§ A= Ao vay 05 its beryearri  subdinision
then 3 b+ -cham Sr/ohh that
O+27T = 12;_" t 0

de termuie S(gd

T
(
Az alval ——] let T be/% cock lie of
e e, o
o each e e

hie Ay ° o |
i



0 2T= Tlfeoe«] ] T/ce,ed +’r(l‘<;e.]

SRARRON +°-/AL

note: as you f'?-,ﬂea*e/ﬁf barycenfnaa//y subolivide a swipley
the size of the /esu/hé} 5/Mp/¢a:'e; gogs To Zrp.
Now yl«/t:'n a 5/47u(ar r]—j/'m/o@( o' A"—-a X
nete fm—A, x—'z‘} is an open tover hr X
fa'"[..&f/-t), a—"/X-?)} s an opeA Lover of A
~Jde Leée;7ue numbe, §>0 for the (over st any sef- of
Aemeter £ § & Ma/)peo( by O to mth or X-2
barycenfrzia//y sobdinde N +ill each simiplex bas dam <§

for ereise AT €0, (V) st 0 +2T= Ztof

sebsiimplives
50 we can replace O with 5/M,o/1z/<; satizhying &)

5 we can do thes for any Zrn,o;- € C,(x,A) —



