JIIN Cohomg/o?g

A Cohomoﬁgly j/bu’pj of o chaw COM/I/O/!%’

Qa 5571/8466 o«f aée /(ah 7va,05 4 * and xm/ps
5"

is called a co-chaw wrmplx F §2°50 for oll 4
Me “AOMOIO?Y 07[ 'f['e @Mf/%’ (-.f 64//60/ f’/te, COAOMO/7)/ 07C (C": g)

H(C*5) = hker 5.%“_‘ -

If ((,3) s @ chaw wmg/\%’ and G any abeliin group then we get

o dual co-chati compley
- p "= Hom(C,, C) = fhomomorphrkm_; C, =6}

N6 omitfed, then
and S,, = ?:., WAt Nand assumed to be F

1. TEeC” so T¢C, 26

th
m S): (g 26 :0— (Y. 0)

note [§,,, 25, (1)) = [S.(T) ] (3 ) = T (0,2 dye @)= Tt0) =0

50 (C:‘,é) s 6 co-chawn &omp/%’ and
Hu(c*,.(’) - he/&/m;gn—l

is called the co/zomel'g;y of (Cu?)

ngsho'n: ls these any more Mﬁr‘ma fon W whom.o[o;y

A_is_h_gg No ... and Yes
we will see the groups HJ(C'/S) contaut same witormation
as ‘7/'06!/)5 Hx{(ﬁ;)

_!a_u;z‘ +he (0&0»«010?)/ ofa fopo/gz&af space ?H"[c*(x))
ha; a w structure that does 7(:76 more ) ‘ermm‘z'on
about X



{rf (/4,,,'9) and [B,,,B') are chaw &o:np‘%'e;
and "(‘-(A.,})"‘) (Bx,d) & a chaii may

then
*: B2 A" 5 a co-cham map (e Sea* = o£*e5’)
g goc
and heate mduces a map «*H"(B,,6) = H'(A;6)
exercise: ) o (A.y) - (Bued)

Bt (BeN=(6,3") chawi maps

then °k)" = o¥o 8’
2) ﬂ_,‘ s ﬂ_ and 0*: (9]

As meationed above M (CD) « determwed by Hy((.,2)
Bt the w nof obvious

Example: e LC.}) G

x (o]
z BBz 2z 2

1" 11} (1)

C) C‘L C| 60 C') 61 C' CO
\U, Lomo[oyy \Uf Coldomo[o7y
LS I TR A

H; Hz Hl l-\o H
ol ol W vl " "

4 0 2, % # 2, 0

50 H" wc mof just Some thing ke Hom(H,, Z)

Note +there is a natural paihg
H"(C 6) X H (¢, 20— 6
(1«1, £6]) +——«)

oescise: Show %(B) 5 ndependent- of rewresentatve. you
teke of §x1 and [B]



thus we et a notural ey

Hn[(x,'b) E" Hom[Hn(&,B), 6)
LI — 11 H,((9) > 6
L[] > x(p)

We want o unde s tanA 7% map better

£ A s an abelan grovp, thea 3 free abelian Frousms Fand R ana
homomw‘,yh[{ms st

OakfaF-‘z)A-aO
(§ exalt
exescis€: MHom(-,6) s left eanet

€. (,,f(a c,f-a 6,— 0 eaact, 1hen

« .(*
O~ bom(6,,6) L5 tom (6, 6) —> Hom(6, &)
s exalt
/éuf F 05 6,5—‘) G, too then Aont nec¢55a/z'4/
get «* surjectwe)
d@-g.{e: Ex-/[/-\l(,) = HOM(R,G)/M”[, [1.2. [olze/‘ac )

50 0= fown (h 6) 25 Homl F, ) E fomal R 6) = Ext (A6)— O

1$ exalt. 5o Ext (A, 6)
W me gsores faclure of

Z: 0—0-2-52-0

Hom (F,6) 2 toa (£6) > O
Et(2,6)7 Vit =0 :

741’0”4 ber?t/a eract

Ext(z,,6)-= Houd, 6) /. [ne)* E S

(1

" pan‘zla[a/: Ext(Z,,2.) = Z, o’=y.c.ol. (m,n)

enescises: 1) Ext(A6) wdependent-of FiR f,g
D) Ext(Hok' o) Ext(H6) ® ExHHle)
3) Ext (l-/,(;)so L U s Pree



4 ExtlZ,6) = %he

5) from the above we can Compate EX:‘[H,&)
for all —me-e[y genereted abelian # and G
6) Ext(G,@Y=0 Y6

Th21 (Universal (oe#cc'ienﬁ Theorem):

0— Ext(H, (Cu), 6) = H'(Cu; 6) = Hom(Halcn), ) — ©

1s ennct and ephtts and is natwel with repects
to chaw maps

be}ry splt means the mdldle groug o the dwect
sum oF the other fuwo.

Proot: purely algebrail (not- foo hard) see Hatchers book g

(or2:
it

Fa= free part of Halc)
7: = b/S(bn pa/"f' 07L Hﬂ[(y)

then |17(c%2)= F0 T,

root: ¢ lear From Th= | and exercises

&
. 4 n=o
Example:
sppose H, /C.,a) = éZ’/L n odd
0 n evén

then & n=0
H"{C,"Z) =10 v old

Z/L 1 ever >0

n Hom (%, &/, ) = &
H(C,2) =?Hm (02,%,)@Exetodrs] = 2
L e Cxe(24,,%,) < Y

= #



Lor3:
F a chaw wap wdu ces aq Ejomorptwm o a// homo/g/ 9/009@’

then t+ induces an Somorplism on all cohomology grvups

Eroof: § «: ( C..D) = /4',2) widuce s am fsomo/ph&m on hpmo/ojy

Wen s Gt H,.(6),6) — H(C;6) = Hom (H,45),6) —50
T, )" Tt %)
0= Ext( Hal), 6)—2H(C,, 6) — Homl(H,1C)), 6) —3 0

b maygs on eud ore ZJOowo/‘phism.s so &% s omor/olu'/m
W(A)’a) Y4

b) lohOmolo/q;, of a space

et X be a fopo/yEwZS/u(e
(C.(¥0,3) be the jln]u(af chavi complex of X
the cohomolsgy of this tomp lex s the co/nowzal%g of X (fweff 1x 6)
H'(x;6)
5/;&;/'/a//y for the pai- (X A),
H'(xA; 6)

Is #he Lolwmo/lyr of (Ca(xA),3)

From lom//ary 3 e know tat-F X 4 o C 'n/co»rybx tHhen we et~ the
same cobomology  groups F we vse (CX,9%),

F FiX= a contiuous map then we pet- a chain map
£, C )=, tr)
awdd s a homomophism
5 UM 6) > HY(X; 6)
it —f,j (XY are bomotp then 4,9, oe choi homofoou

€ 3B LI lon) sty 00,3, g,



a'uall%lhj wejaf’
P*s +5P‘=—F"-;"
preruse: Wis wighes {%=9% on HI(1;6)
'ﬂws &ohomv[?y s q /,on‘f/‘am/‘m;«f ‘Fw\cfb/‘ 7%’0‘1/\
ﬂ)/ = ca{c;yy a?c'-fo/oo/?dof soa s and Lzomof&//
asses oF comtmuous waps
ILU
_,&f = Cafcféqo' a?L y/&/ep/ aée(za'n y/bap;
Exaa‘[y s we did o /'temoéy/ | WE Can Yrove

1) Exact seguene of a pac-

.. —H"(x,A) % H"/x)’:a a S H" (o a)— ...

1:A-2X wielvson map 3

WO(/)-?(X,A)
and & Fi(%A)—=(7/8) then

0a < H* (X A)
3 A
H(B) = 4@
?) Exciston: Z €2 ClLatACACX then the mclusion (X-TA-2)=2(XA)
wmdwes an c}omor/ﬂ/u‘sm
H(x,4) = H' (X~ 4-2)

3) Awiensiohi:

\ 6 a=
H{,)f,-@;ga ‘;

9) MQ\!@/‘-— Vlé‘(D/('j: X=Avp A B open Sets
.= H) > H (R H"(B) - H'(AaB) = H**'(9)— ...




Exescese: From  above show dt/'ea‘//(/ that

ez (6 47°

R, n G R=o,n
Hrs-éfs‘*w.:g '
/ ) H(D,DDJ>~ 0 k#o,q

C. f voducts

we will defpe a
Cross .,o/bdacfﬂ HP{)() x Hf[}’) — H,v[X"Y)

&, p)—> otxp

that- is  bilvear: (4+% )xp = G xBt+ &xrf
oL x (B tp.)= Kp + Kxfs

and ng fural: F o FixsX 441//5 Yo are 403
then (Fu)x(5%8)= fFr9)" otx )

cup product:  HE(x)x 1700 — HPF(x)
/,(‘(3) — « vy

that- (s bilviear: (44 Jup = g+ Ky
oKV (B +8,) = HUp + KYS

and ng fural: F f XX s a map, then
Filavg)= £7(«) v £*(g)
the cup P/bo(ucf' (s more Ufeicu/ and makes 60/»04-40/07}/ 07‘ fa(g

G 5#on7e/- wivarant- of Pats, but the Cross p/odazz‘ ($
Suh e fo de e and study

5_&;_!‘ the cup and crvss p,@daa‘; are @jz&a{é @70(74/@42‘

fo see fhis let o Xx7—= X ond
Pt Xkl DY be the p/b/écﬁér/ maps
avnd AL X— Xx X : pr— (p,f) be the 0470&44[ mag)



suppose e Dave a tup prodecct dobed wih above propeviry
ve debie: x,: H O xHHT) — o P icx#)
(«, 6) — p'x vpe
exerces€: X, is bilvear and natural

suppose ve have a cross prodect dehned with above propeid

wve defue: Y: HI)xH¥(x)—= 4 Fix)
(«,) — A" («xg)

exerces€: U, s bilwear and natural
note: qwea v +Hhea U, = U

l/'deeo( a((/xdp= A*("“‘uﬂ)—’ A*(ﬂ‘!dvﬂﬁp)

where [ XxX—=2X ,o/q/ecz"zoy}
o 7Y fartor

= ApTx v A”ﬁ: £ =(pa)'n u@,"A)*ﬁ
=KV g [ 5mce ,a,oA=fi/X)
oxerces€: Show x, = X

50 if we can defvie eter the CUp or cross product they
we get- the othe, one ard

gz Kleg)

wof/&t'/lj w w%mo@;/

note: ¥ kcy we are

Xxﬁ z Pl*x v P:'é nof AOMOIO?;/ or Aoné

(
Cross products: Ohfojjtﬁ abowe would

12‘

we needd 0 “recall” the tensor product of groufs ( "‘061“165,...>
let G ord H be Z abelws Froups

let FUGxH) be e o abelas group genesated by
CrH (e fuire forwal Sums Z % (4, hy) )



le¢ S+ Sd‘éymup Wm‘éd by
((9+9),h) - (9,0)- (5", 4)
(9, [h*lil)) - {jlh) - [?/b')

Vg,6' €6
lov from ?’7
0 ot Z((ngl Nt bl H
nee 1‘?."“"‘ [9, I’lhx' W(?, h) ne &
wr//zccf

e teusor prodlecct of G and M ﬂte/omaf G®H = F[GXH)/.S

the (oset of Cy,[,) s deaoted 3@&,
K
so clements ofF GO H ave Z Q; ?,@’lf,' a ¢ Z
1=l
ad we have {§+9‘)®L’ = 9@ +j’®A
g@(Lel') = gk ook’
ng®h = g@ uh = nlyoh)

exerises: ) GOH = ol
2) (8 6,)e H¥ @ (c,oH
5) (LOH)OK T CO(HOK)
4) Z®GC ¢ 6
D%, ®6% Y%
6) 5w~'m homm//édmj AN and g H-H'

en ,cmg.- 6ol 5 Golf 5 a lfomom/‘phz}n/l
x®y 2 ft)®ylk)

key 'Mr‘@tfyl ) o bilviear way P CrHD K iduwes a hm{amofphl'jm
furns é/'/Mea/‘ Mz}ag GC®H— K
o l/bomowlo/;ahémg 90U $4,h)

more. /aene/a/4/ F K G a commutative riirg it v
and A and b are ﬂ-mw&dgj (tavik peld but witbiont

(m"fh vectvr W VL R) Wlt/lhp/&dcfu& lrlmj
cq ebelum groups are -modules = Z



Hen you can ana/yous;/ Aehie A @ B

e Can also fahke tevsor producs of complexes
lee (C, ) aad (C,I b) be tuwo chan &o@o/%j
e fevsor ﬁ/bﬂfu{f ¢ the chaw Gow;a/%
(coc’) - @ (G®C)

n 'H-):n

wath Iﬂoum//ary mays
Y8 (aob)=Oa) oL + (1) a®db  F @€y aud /ac.:,.'

z -
exe/ise: (3®) =0 So this (s a c¢haut wm,a/&x

we now ﬁe,f- an aéfeé/azé cross Maa‘
Xy Ho(C)® Wy (E) — ,;é?(ccpc:')
[2] @ Lv] > [z@W]
note: F 2= Z+ 3T, theu
2OW= ZOW + QT® W
2 ZOW+ —a@((@u)

so [2ew]-[LZ ®w]

< Stee 9 -p

exerise: check W, G a wl(—de‘ﬁuezy homomo//oh&m that
U natwal with Gpecr fo chany mals

Th =% (% Kinpeth Se?ueme)(l—//’c):
0",5%(”/5) U (C) — H(coc) & enmct

Rewert: Proof & pdfﬁ/)/ a{feé/az& and we dpat veally
need thy so we will shp the poof (see book

of you e mv‘&/z%kcf)



now for fqp&/&vq('&a'z pales:
F Xand U are. CW-tomplexes  then we get- a CQW- structue
on Xx' by 'fu/(t;y prodects of- cells
re. € an g-cell of X
el an 1tcellof F
then €138), an @u1’)-cell of Xef

and & a]:3¢] > X" atlacliiy map oF €]
and &1 58] — Y& attaduirg map of €,
then
e <2 )r 0)xE)> g (38]) — Ve 0, Pers)
(x.y) + > (@1, y)
(x:y) —

15 the af{nc/t:hj mayp for eJK 25/'

2 (xxy)2 )

ny!
> (K,Q;l (}’))

thus F a e C;?X), bé (zC,V[Y)

az 2 «*kel
_ L A1’
b= p"¢€,
the C
" aeb- Z"kl‘l(e/:‘g P, : :
s think about u/Ay G

v 4 A 41!
dlaxb)= Z o(k(s (@e/:)x ¢, +[‘1)1 f,fx 93;)
=(3a)x b +(1) ax 5b

s e et a chaw may

v (4% b cv
P*?&zn y 00@57. (r)— C.7 (xx¥)

$tn?»r‘/a//y we fez‘ a chawi map
(A A Cw W
Lo Xet) =, 8 0,710 ®L 1Y)



where A(Z aVefixeli): I aYefe e
fi1, = J fit?, = J
! 7./ n 1 1} n

013“/‘/ AeB(a)=a , g‘A(a@é) = a®b
50 we 72!— a natuwal z’somor‘phz';m
Ho(Xxp) > H (S0 @CCtsl) ¥ om
§I‘M(‘(a/[y WA SiAgu lor meo/oaz we have
B: Col ® Cplr) — Cpeglx<¥)

@
{O"AP—JX l‘f:A?"??’) 2 o«xT: Apr}-—axxV
S

Ve can break 4_% tnfo Union
of P 5m;,p/r&tej

. 4
guwen o D' X set O Al t) > 0, 54..,0)
g1 AT —Xilh,.4) (008, -4, )

o
9

defe A:(, (xxH) ———»m@ Co(X®C(0)

o> L [pe0)® (pro),
prqzn’
where p,: xer—X

fy' X — 7 A ﬂ’?)e(ﬁm_s

Th=S (Eile, berg - 2ilber TH®):

A,@ moluce natual chapn maﬁ; and 1iduce 1‘5omor/1/u'sm;
on Aoma[oy/ (ﬂ,ey ae W‘t’/Sé.s)




Rema/‘/(: /1‘ (s é’asy fo see ﬂva ase Vtw{‘u/‘a/ Gham' wmy;
e rest U much wore com/)/cbq,fed. We well see some of

the des violred lotes, but we skip the proof.

the I«omo/?lqccal Cross product 15
Ho(X® Hy (1) 73 ., (G100 G, (1) = Hpog (Xx£)

\/’

Th=2Y% and 5 =
0-—-9 (&) (HF()C)®H?[Y) ""9H [XKY) 15 et

n=peg
Mot rohorology
Ce, C  chai comAenes
debie Xyt C°(C.; 6,)® CT(E 60— Pt ®c, [ 6, 06.)
X@®F H— > K xp
where oXxp C,,®C’7_' — (,® 6,

T z@u — Z«iz) ®pcy)

note: f 6, 6.7 ringR then 6,% G, TR
(eg RZ then X, meps o Same
b coeffs)
Casy fo check X oly well-detvied ond wduces hommo%/_rm
on Llom:o[@y

L c‘ohomo/ayy Cross p/‘odua" s
oo 6) @ HH(r;6,) =5 4, (x)o@c,[r),awa)—*H”(X*?’ 6,®@6,)

\

always vse /u«'y coett so debved with same weﬁr

X

as we meatined erler this also gues the cup product
HP/X)X HE(x) — 4P%(x) @, p) A*("("ﬂ



Alternate Cup Product defnition

gwen X € cfix; R)
ge Ctx;R)

d@‘ﬁlﬂ? O(Uﬂ-' CP(‘?_(X) - R ér

ol ) = o a—) (0’) evaluale % on ﬁ"on;‘ p- face
vg (o ¢ evaluate b on back ?,A‘e
and on Co/wmo/07y [uJUE‘GJ (xpd

orerusé: check v well-depned , bilwear, ramral map on cohomology
notg: this 47/865 th above Jeﬁhli‘ro’n

(otu{;)(d') = A Al [“"A,?) () = (%= I’F)[(A°A)x 0']

o a(d” = (v £(2)) ® (p,°A(2),
d Crxaly 1) ( IE_’;U) (04l
= 2 (,0) g (ap)

0’

rote: can vse this defmi{w'n fo detiie Cross lorbo(an‘—
xxp=(p"*)v(p'8)

ThZ¢:
) let ALEH(GR) be the element represented by the tocycle
1: ¢ (V=R o> Lot R
Then Lve=wvdl =«
) v makes C*(X;RY and H'(X;R) a ruig with vat that 5 nafuwal

(1e. v s bilvear, assouative, and has o)

3) In
) COhOMDZO?Y W U@ =(—|)"ﬂ vol

F o e HPt;R) and g€ HF(x;R)

S0 H(X) is a shew- commutative fmded ring
(note f ¢ has odd 7mdin7,f'hen A v = - vl
0 dvex=0 F char R #12)

Proof: ) 1va: C,,[X)—? R:or 1(,) a(o7) = 1-a[$-)='alf)

50 1vaza lyou can check 0%9‘/2/



2) X 15 bilviear ad natwul so U & foo
Xely clearly associatwe smece ® 7
erere: check X, and hewe v, (s assodatine
Hut: just need to consier map A" above.
3 Is more complicated !
quen a permutation W of fo,..,p03 we get a lnear map

AP T 0P
el. t
that send's e., 14 e‘ﬁ'lf) &xam,o/e-' ii a=(12) ¢
—
l1(' g5 a p—SlM,ﬂI%( we 7e€ a new swf/% €, e, 5 e,

Or" Af = x by wn}ﬂo.s}h_y o with above map
this debnes o homamo/‘phl'sm C,,(X)"‘a(,a(x)

now let 9,,(«')=f—i be perwhh'oq serding (0, ,0) o (p, ..., 0)

de-FuAe-' e "Cf [X) "‘3[,,()()
2 - (-l)*ﬂﬁ')E"e‘, (can dothis ‘ﬁ/al/f)

Clawad: @ is a cham map G°d=3°6
Claw 2: O 1% chaii homofopii to the wlentrt,.

we prove these later:

Clawmi L = 9’-’ C“(X)‘a C'()O o a cochain map
ClawiZ & 0" = ey’ H* () = 4x)

note: r(U° 9(,*1) 2 Ge§
(T Gpuq)y= 176
now if ce (PIx;R), de CFlXR), then
(o%(c vd)) [6‘?/: (cv A)()@{r)) . (-:)é(mxﬁﬂ) c (p(‘”eff?))”(((”"erw)q)
:(") L("q)(pl'?ﬂC (0;,0 6,,)0{ (70" 97_)
] (-I)HM)(‘""") *2PEN* £99) ¢ (109) d (O()
N7 (@) () (') (,2)
()7 (0% v 0 ) (6 = C1)7T (B (due) o)



caponent is 5| pupgep +ppepter« fep gl
= Ft..-??' *I"f “ptq = Lﬁ,;{) 4 Z(?.H) -{-f?

= P9 mod 2 gg/\

2 0 (cvd- (-l)r7o‘vc) =0
(3] lsomorphém = (vd =C'f)P}a(uc_/

‘/reca” tais sy @-1)E

——— face map

Prook of Claw i 0 a p-}mﬁ,p/%
20(0) =D 3(500,) < 1) T ) oruse,, . B, e

ond

galc)=-6 L (-r)"o—.[e,...é‘, ~e] =)’ ey oole, %, . e,]

but considder &x/onem‘::

(é plpeD +f-f) - (é@-/)/-rq) = _:ﬁﬁz%ﬂtig— -2¢ = z.(p—z') eveq
o pqn‘ér of exrponents same ard 06 :=6 _?_/

Froof of Llawn 2:
need to construct

st lol-9=3,,.,° JP+ ‘z_'o;p
we conspuct %’ by wiductzon on P
for pto, set Jpz0  [note (d-6)(*)=0)

to Mducﬁuely tonbiue weneed a itHe wore set up

let To, 1y be (?(-l) nonbers betveen 0 and p [dont need 1o be

P o iS'/’M.&f‘)

lest (1.,...,1,): A"—aA be the map

Fre sl

o .
example: (1,2) : [o0,1] —

gived a p-swiplex o AP - x
0 th,.,1) will be g-swiglex oo (s, wnly)
let [(0')7_ be 5ulpymu70 (module) of C7(X) 7ene/afea/ by
g_ﬁ of the O, ..., 1)



note: (01,1, = f ' o ,)) ]
€y
= Zc_‘)" 0'110-- 11 i 1’) é C[o—)?"l
q=!

50 (C(0),,d) is a chaw complox.
note: Hy. (Clo),3)=0 V2>0 sycha comp/w is called
deed dehie B C(0)— (), by acyelic
Bloy,.4) = 0(e1,.1)
for any 2 € C[(f)?, # >0
2(B2)=2-B(32)
so f 22=0, then 2= 3(82)
Back to construction of J,
assume J, detied for kep s0 that

) ld- 0 = Jo+3J and
2) Ve C,lX),7<P,fheu J(T) €C('t’)7,+a

=
1]
Lo

now yl-VGM J a p—;m&p/&x
\795‘ ¢ ,(,J Ccflzeoa el,]> = :} C[o’(ol?)"'P)> - C(O’)P

Qalso
(14-0)(@) € (),

/ 3[(14—949) o] = [W](Qa’) =JIddo =0
=J 9 by idductzon
but ((0), acycle 50 I e ((0),, st Y2z (Id-6-37)(s)

50 set J() =2 and we are doneﬁ

Now for a wmpm‘aﬁon

n Z k=0,
and o 1F e get 2B for k=
noow h, . - Z k=0’"0"7 ntm Cant comoute USm (V"S?‘f
5 = 4 = 4 /0 /
H"{( (5) H (%™ ; othe wige e’ 8 cells A~ S"
f’ (,el[: ﬁ/ 5

e, % M o e'"

for S



I(Gnnefh 7“}{;:
0 H (5N )OH(S") = K, (5%5"

us ug us

2z ® % P
}wf"] le"ce"] (look back a¢ def
gen a®b F— axb of cross ,a/‘oa(.)

F Aual 01[ a 1A HDM(H,‘{.{')} &’)"5 Hnlsq)
dual oF bt Hom(H (s™;&) = 4™(5")

then (Xxp)low)= wapd =1  so Xxp gen H*"(5"cs™)

| R|

oW fer pt § kg™ 55" _
pi STes™ 5™ be prejctions
ond 2 =p "%, =P B
then o 9enemtes HY(s% S™5 %) and § fe"‘%ej /{m(’q‘ks’:' Z)
[t see ths let l,-'S"—'BSM“ -'*Hﬁf,Pj_\;"‘e'/
4 (7 (R) = (po1)'% = ' T =
50 ptel is the gewerater of HYS"xs”‘)
(f not & then fake vse -2 iigtead of 7)
ddone. f a%u
Crercge: thiik about azwm cage )

tow  xvpspldvplf cRef geaesator of H(5'k5")
note, fogethe, with Lvg=g we knov all cup prodects!

example:  X= 5°xs’
Y= s*vsivss

H“[x) = H"{X")g {Z ﬂ—'-o/zl315 5‘? Hn(‘{) - Hn[Y)

O otherwe
a (X) ={L = T (¥
o all preveous i tanfs seme

but of v p geas 1 A 2,3 14 H¥(X) Hen g+ 0O



now ctonsifer
. T
558" dbuous maps

U o 7' = (6'15;
so 1% HS(r) - H g(5;) 15 s0cjechre - an Fsomo/,ahim
“s us
& F 4

V x € Hz(r) any 75H7Y>
1°(xvy)= 1M v1"ty) = 0

. ?(uy=0

s §5'x 5* not homofa,@/ @yuﬁ/a/em" 147 52"5"’5; {

_QMQO(MULS and_Relafire Johomolozy
recall f AcX, then CalXA)= C"(X)/Cn )
so ("(x,Aa;R) = Hom (Y ) R)
we note 0—7("(x,A)£C’(X)-"—':) C(A) is eamct

sice 0—96,,(14)1—36,,&)—@ C(XA)— O S exuct
GMJI HDMCIK) o I&)Cf exact

Yhs C”fX.A,'R\ Z Im 7,* = ker 1”*

note of 4 eC(K;R) then 1°(7) & just v resbiited
to Cy(h)
50 wt can theik of (n(X,A;R) Gs Ltomoma/‘/)ht'&w

from C,(x) that vanish on G,(A)
50 with the Adebntion of cup product
(avb) ()= alpe) b;)
bor aeHx;R) and beHP(X;R)
we also get products:  Hffqa;R)x HE(X,R) - H fx A, R)
Hlx, R x HYxa8) = HE?(xA:R)




an
a0 < HHXAR — H Y x 4;R)

wor/zuy a bt more we also get

H AR < HE (x,8;R) — HP¥ (X, AvB; R)
to € this note UV moaps
C'o[x,A,'R)fo[x,lZ,'R) — [P*?[x,-mgjk)
where (" (x4 t8;R) s the tochams that
vanish on elements of C/ﬁf (x) of the form
oLt where aéCf.,7 (A) and ,@65/\.715)

2 Cpeg(X)

Here s an nclusion map

simclor fo our discussion of excision, one can show
Mis ndies an Lomorphusm on honwlgy
. we also get an csomorphisp

H X 4088 = KMo av858)

/emwm /:
§u/po)’e X=UuvV wmrh UV open sers weFh soch U, V ae

A.w)-0w-=0 colleo!
Then wvp=0 Yo,gé H'(x) of posme 0‘?’89 acyclic

&Q‘ZF_’ h the lon7 eadact {efuen(e a-f:— a Pal'/‘ W€ haye
Hf x0) 5 H0 S HT/U) pro

o
so Vo €H?¥), 1*&)=0
~dz €U st )T =4

sunilack Y g€ H¥(x), T B 6N (xV) st )4 = p for 9>0



now Zvg € HTH UV = 40 =0
bat  Yflx) x H1(x) -u—> HP (%)
Tj' T ) ’ 1\ )

v
HfGew) x HFGw) — 12X, uwv)

O(l/ﬁ:\)"’;zv‘)'p’ 3)*[07Uﬁ)zo 7

note: J¥ maps not same $o hwk
about this 1p see argument= OK.

Oxampes:
D) lemma = 5 x5 iy ust the vnon of two acycle sefs !

2) a syspewmsiom ZX-= x’[wjx»tfo;,xx(l} : xx[o.l)/xmj v x;(:,o}/xsm
aliny has trivil cup products 1 pos. clegreas !
3) s0o Sk 57 net 4 suspewston
0 cup products can el os mtnesting Fungs !
orercse: ¥ X the vuon of n contractible open sefs
then n fold cup products are triviak .

D More 'pfaa&/c{'S

recall we have a oy
¢, (R x CTxiR) — R
(ﬁld )/-——-—""‘—) O((p) we write thig <°[/ ﬂ)
this pai/‘inj ; rwno@yene/aff_ s0 we (an lok at the
“odjint " of U wuth respect o Hix paing
that- is, we-defne the cap poduct as the map
A2 Gy (X;R) = Ctx;R) — Co0GR)
ot o w6 CClx;R)



£ Cf*7[x}/@
pae (s the v re. glement A C} (x;R) !aﬁz:r&riy
< pﬂo(l)’>=: <‘&) vy Y YéC?"[X,'ﬁ)
re. f we thiik of XV as a map R - xR
then -N& is the odjont with respect fo  pasrwy
we can Jefwe N as follows
(3N = x(,,p) /37_ € C’[x}-ﬁ)

R GC?[X;/?)

exercise: Check s o he adjoirt of ® U-

owercsz: S0 CTU(X) 2 CT(X) s tue adjorat of
Dt LX) Cuey (X)

/€mma ¥:
| C,,(Xj R) is o wlﬁl/‘y C*{X}R) module uslhj N

Froof: /5/1{00/7/) {VVX){/V#) /g’

(p8) ¥ ((gpp) ¢

"

and

({V"")” ¥ = [“ (f/Q ﬁy-e/‘] ny
= °((Pl5) X(; ({51+/)> fr
—n—’

0 palxvy)= (pak)n¥ 0*71;)}

exercise: chech rest &

/C’MMa ?:
o (€ Cpfy{x/'ﬁ), ol é'(/[)(,'/?) then

d(paet)= c)f(Gpran - g 5x)

Pfoo‘é-’ we. need fo 0ﬁ6€£ 8acA 515./'6 » e?m[zisl Fa‘./_j same
with We/emenﬁ ta &ﬂ-,[xl'k)



0K 36 2%, %) - L gase, 1)
=N (Ko, woBd - (g, (5w nd)
= G{)P((p, stav¥)) - < (S:x)w’»
s € adsotoms + < ,60° duST) - Lprtsarron))
=dp,dvs¥) = {gax, §¥)
= {A(gax), ¥) -
from lemma s clear N deceads o (co)/tamoépjy
N5 Hpeg (6 R) % HxR) — Hy (GR)
exestise: chech well-defired

lewmma 10:
FiX27C a map
ﬂen

f, (Baf*e) = £(B) nx
for (b€ Hpeg(X;R) and o € {°(7R)

exercse,: Bove bwmus ( Just like last /emnm)

we. alsp 7&1' relafive cap products

H,+7[X,AI'R) x H'(x,A;m — Hg(x,- R)  and

Hpeg (6,25 B) x H(x;R) —— Hglx,A;R)
lefs see the hirst one & well-defined

LAY € Hpeo (K, A;R) S0 8 € Cpeg (X,A; R)

[al €U (X A;R) so e ((xmR) 12 X vaniches on G, (A;R)

d(pan):(1)P(pax - g s«) smie B €C,, (AR
note: 1) {pax,¥) = Kp 00 2o Y7 - 2frc=0

2) §o/ vauishes om CN{A,'R) > P*'ﬁ [smce 3,@‘:4)

" A(pnd)= 0 not st i C?.,(A;K)

50 9w eltement 1n H? (X;R)



