W Povicare Dua./z',-’&

A. Statement aud [onseguenc_e;;

a mamfa/&/ of dumensiwn n $ a fD/o/?ﬁcla/ space M that
Haus/orﬁF and /om/(y ﬁcc,/,_aie_&g_

L/ A
fe;:zguéf each powit xeM has on

open ne&;lnév/hmd hameazno//luc

| to R” svch o ubhd called a coorduwate
note: we doat regure M to be cecond countable as some chart

debiitrons do.

a mantld woth bowndary of dwenswn r is o space M that- (s
HausclorfF and every pouit has an open ney'l:év/lwod
hameamor/haé o R or ﬁ: = §tx,.. &)l x, zo0f
IM= {x e M ttat don't have nbhd homes to ﬂnj
mt M= §xeM that do have nbhd homeo to N°f

paercse: 3 m) =

wt(Pm)= oM
2 (et MmY= O
IM 5 an t-0) dwmenstonal manidolA

digint open sets

we say M s closed F M G Compact- ond IM= &

erumples:

) Surfoies ore 2-mouctolds

2) 5 "Cﬂ e IS On M—manné/o, .
3) F/b&lcﬁ 015 monh[o[a/,’ aré. ma,qn%//v(: fﬂ 5 F.S
¢) /Rlon _ RAE {(o,...o)j/x_fo] (s a closed - Wlam‘/'&/d

cp” - ™ ;'(o,...o>3/6 fr G5 @ cosed 2m-manitold
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let R be a ring

DM a closed connected mandhplf of dimenston n
M 5 R-orientalle fF H,(m:8) = R

2) M a tompact connected n-manttold wnth éoanda/y
M5 Reorsmtable - Ho(MpmR)ZR

Remarks: 1) wve will Aepie R-onentztrans and prove th% 1 next section
2) all mandolds ase Z/, —orientzble
) the “standord ' defanition of oriewtable /say v
oitferentiil f—o/o/o/e)/ ) s gealent-to & -ortentable
%) a chowe of yene/aﬁ:/‘ for H,, (M/ﬂ) is called a ‘ﬁmdameyzh/
clags of M , s denoted M]) and determvies an ortenta tau

swilody for a geneaator [Mam] of H,(M3m;8)

Th®2 :
E’W_a/é—_.&-ﬂ-”l-aﬁ iF Mis a closed connected R-orented - mapdold witt
fendamentzal class [M], vhen

HTm;R) E“?;, H,.n (MR

5 an 1'5omo//,h13m,

Povicaré -Lefschetz Ofua[lf[ t My a m/q;f connected R- o 1rented
n- manitold bl éoan./a/y and (Mom] is a
fundamental class |, then

ALMom] = [om)

where i Hy (MM R)— H,- (am;R) comes from e

long exact sequence o the par’ (M Im)

moreoves” 5y () — H M) — Himam)— [fim) > .
Limsga. L owa- impma- | tmund)a-

o P Hypel )= Hy_p 2) —> Hy—p(tt) = H,_, (#4) = ..

Commutes (up fo 5@:) and vertical maps ase isomophisms,




we prove this later, for now we wnsak’ some consequences

Cor?:
le+ M be a closed compact oriented n-mantsld
the cap /)m/{cwé ,Omf'inj

(HP/M% ) x(t ""”(%P) — 7

(&, p) ——> «vp(CH])

5 non a%@ne/a{e and {‘f o/ jene/‘a'{a/‘,%en 3 (6
St oA ajenemﬁ/'
of Z = Hn[X)

Froof: (/m‘r/e/sa»Z Coe#(é}ené' Theoresm says

0 —> Tor (Hp-(m),2) = [flm; %) 2, Hom(Hym), &) =2 O
L F—— fr)(0)= (o)

P ¢
50 H (M)/fbf‘ E HOM[HP(M)/ 2) = H’DM[ HP(M)/for/ Z)
Powncare Dcm/iwj/ says

Hr{m)/t@/‘ = Hn—P(M%,.
o —> fm] A«

H P{M)/hr -—L Hom (H ”-'00")4.,J . Z) o isomor/oh/}m

(co tteon of ¢ and
« —— H""’[m)/ﬂ,—-aé) b =)

8 > P ({mIap) =< ((m]AB)
< pwl(LM])
so pudl))=0 ¥ = $()=0 = x=0

now o & a gemeaatol of HP(X%W e, 3 a
baromerphiom $:HIXD - 2 54 $i)= 1
5\/ 'Wm/?m&m,&y 075 v, Ham“‘/P(X),:Z>“=’ H"’p(X)
£ 3,5 st qb(a’):/{u}’[&u]) S0 pud 7&4&@4‘:{ Hﬂfx)ﬁ



ltor Y:
the wﬁomo/?;y of €P" j

I-I*(&fn/.z_,) . Zf[vd/<xn+:> whese o@x-—z

P/aaf-: ga//,g',—we saw - (0—ce//)v(2-cel/)u 7 /Zu—cel/)

h Z k=02 .29
5 LAY &
o H (cr” %) {D other i
we have the wieloscgn 7: €P"'— €P” Py pmt & “
Hhe Ion; exnct- seguence of pa qwe )

H et cP*') — H"(c/")’; H (eP™) = UM (cr” cp*)
50 77 an zBomorplukm o HR ¥ Kk <2a
Statewent n theorem clealy trve for n=1: H'(e”)z z[x%h
now & tre for €7 tHien
xe H(er") stk Fenerates H4€P") ¥ k=12 0
50 1%K)" gevern fes H™(cp*) V¥ ken
s by Lor 3, 1) v 1*)"T most fenesate H(er?) £

lor§:
| any homoﬁyy e7mi/a/e¢t[e CP > < preses/ves orentafion

Proof: Svch on F tuduces an isomorphism  on H(sr™) =2
so £5(x):=*x
. f"{x“) z (f‘[x))u’: (ix)z“ = x

50 ¥ takes a hudaments/ clogs fo (el - presesses o,,ﬂﬁ
("'/ vmwersel 608‘6(
-————-[ofé; ﬂtea/em)

M a closed orvented M-mam:ﬁo/o(
Free H.., (#) = Free H, ()
Tor Hn-x W) = Tor Hk__' (M)

1 n & odd then W//)E“‘Zz.’mm&#é
M)=0

Sfm+2  th
I‘f‘ n= Tm+ en 7([/'4) even




Proof: ke part (5 just Fotucare oim/ti}/ ad Unieysal [oe%&mh{r

rf A M = Zm+|, then

2me! . Iy .
Aim) = 4_Z )’ w 2:(-0 b, + ,.Z..f” b,
b;
- s 1
'Z(-l)b-l-Z(l) z+:1
2 Z  swie Free H, = F/eeH ek

Z ')b +Z(:)'1 )

b dwi m even then same wm/&fnﬁm 91‘/&5
A(m) = by, + even nowmber

L AiM = Gm+2 then YM) even & szﬂ eveq
2m-¢f

(or3 = WM, xH (M/
Yor o
o nan—deyen%fe Skea/—sywma‘ﬂ(; pa«/‘fty
liies, alebra fact:
KV ou k-dwieusional vector soae
2 VxV — R
/s a non-ol\?ja/t'e/nt shew - symmetre )om/"l'@/
then R s even
oxesuse: Frove this hiit: # W sobgpae of V

and W= {vél: 9600 v e W)
then dimV=din, W «dup Wt
(W)t =w
50 fact =2 X(M) eveu. &

Cor 1:

—

le¢ m*'= .szm—/ with V compact, or entable, and M cometed
then f‘ank(l—l"l/h)) (s even and

d".”‘(he" 1¥:HA[M\-’H,4(V))=0(“;‘\{IM( 'H (V)—-’H (M))) J‘dlmH [M)
morgoves any o closses i ;mee 7% cup to Zes0




oot H"(v) s 1 ()25 B M)
pin- [ z|wada by facaré-Lefchete

H, (M) —2— H, (V) Auality

50 [m]n(m 1) = [m] alker §,) = her 1,

and rank 9% = dim(wi 1) = dui (ke 1,) = olwm H,(m) - ranka,
= dim H,(M) - ranh 1*

\ v
Sh@ <176, CY = (1%(e) = & (1,¢) = X, W €D

S dim H,, (M)f-z ranh 4% 50 1% 1, ore aolj'oa;n‘s - have same
rank (12 renh of matric and fmaéoo,(g
a’re e(lc/a I)
now ("" N'ﬁé HA(V) %eﬂ £ .Sl"l.(.e 5‘07'20

§¥ (1"@yor* (8 = §%1*(«up) = 0

but  H*(#) E5 H**(4 @)

)= l‘z

H, (M) 25 Hy(v) and 1, lrfjecﬁ;re ~ & wecwe
50 1’Gv 1%(8)=0 =
Lor8:

If M=9V  comnected and V Compact and orentaple
men X(M) even

Proof: & di M odd hea Xm)=0 v

(F dm M= Ym+2 then YAm) even by Clor b
f dwi M= 4m  then Pmo}l of Cor b =2 (7(//1’)) even & bwevm)
but Cor7 says it is €®n g



Cor 1

&PM s nof the boundery of a ww;mc{—
oriented (4 nel)-manrold.

3. Fundemental classes of manidolds

lete M be o manitold anod R a f‘fnj th :”en*ns/ (usua@ Z o 2/4)
F xeM and U open nbhol of x that is homeo. o R" then by entision

<«
Hn(M‘M~f¥3jR)‘5- Hn ((/, (/’fX}jk) = /./n “R':/R"-—(*J,K) abuse. of
Pt
s M o x e of-x
/////;Q/// ——{—~— uvnden, halaeo_

homﬂo

the bnj enact seguence. of the pav (ﬂ'; R (e3) jt;/t:f

"> | HolR) = B, (AR (54 R) = Hoo (R R) = Hyo (R")
1 sl U
° o (5™ ) 0

s | Ha(m M-3R F RV ceM R

e ca//ayene/*afo/ of H, (M m-8x338) o local R-ori€utation of M at x
and denote F éy Mo

note: & R= & +hen every pont bas fug Il ortentstons
I‘F’ RSZ?/Z_ o ¢/ one “ %

exercise: i You kvows another debnition of orienta fGon at x show
ot és eywﬁaéu-l— to a &-orentation ot x

now i)L B (5 an ofrw éa// "M a coo/‘a(lda%e ohad’ U,ﬁ)em as abowe
Holm, M-6;R)=R
morveover the wiclusion (M, M—{Bl)la (m,m-i3) for xeB

wduies an c',somor/o/uf{m .
Hn[M,M'ij) — Hn[ﬂ,/“l "f’d,'/?)

i—hus a jene/w‘w‘ 76/ e('f/w/‘ ;/‘aap deﬂ/mw‘lef ong 16/‘ the othe -



50 F xy ae wia b/l B ui a coorduiate chart U i M

#
o W m, m=$,R) = Hy(m, m-8;R) = H, (#, m-53; )

and z’samar/h&mj (ndeced by wic luseen

so a local oreitation at x determumes one at y

an R-origatation on M is a chowe of local R-ortentoctions px for all xeM

5t for all open balls (5 1 coordiiate charts ,{—'M,H,ug a /euem;‘or
of H,(MM-BRY st p=1.py) YxeB luhere 1 (M, m—-8)- W4, M-£]))

(2¢ @ consizteat chowe of local A-origato héng)

i on R-orientation exists on M, we say M (s R—orzem‘u&, F+ R=Z, we
say M is onientable.
ereruse: If you know another definchon of orteatmble , show &
is equw'/a/ew{’ b Hir dehunifzon

l[emma (O:

| all mandolds have a vnigue 24~ orientation

Froof: VxeM, u, mut be the umiue/oenemﬁ’r of 2Z4
$imilerly pg for any open Gll 1 a coordinate chart
" 7;{/46)3/4)( Vxé&g

lt.’mma [l
5uf/0$€ M is R- aﬂem‘aé/c and commected
it two R-orpatations agree at some x €M, vhen fley are the same

(12. £ M is £ oreitnble  then an R-orteptation is determuwed
by a choce of local R-oréntation at any poldt o €M)

f/‘i‘lc_’ Jet f/txfﬂM an A fﬁ, fxeM be two R-orienatations on M.
assome Jx €M st p < [
let S= §xeM: py =i}
S*¥Y Singe %K ES



S i open: x €S thea I open ball B st 'xfgc(/(‘oo’d' char
let py be gencrafor of H,(Mm-B,R) st Talptg)= po
51@ 1 Isoma//ah/SM ,and pe: g we have Mg* /&;
now for any yeB ve have My = Telpg) = 1 4] = A

5036’5_/

S t'/ar@ S ¢ ¢ losed
50 S=M smie M connectd, and oriestations agree.

For the W%eﬁ&a/ stzte ment: |
let ;/“ﬂixe,u be an R-orcentation

let i be a chowe of wmremtor for H, (m, M- 3 R)
s50 JreR sf ,24;5 rHpx, o0nd 7 a vact
2 Lo, u 2 R-orcentation on M deterwmed 17 My =

Lor 2

1f M s ovientable and connected, then
M has exactly two orrentations.

Pde‘ff Z /145 fwo (/mi‘:s +]1 and -1 4

Ther3:
let M be a closed comected n-wmantiold
1) f M is R-orentable thea the map 1:(M,0)-3(# M-{x})
mdwes an isomorphim
U Halt;8) = Hu(Mm-03;R) =R
for all x eM

2‘) l'f M s Hnot- R‘O//edﬁé/e the mcluscon above
mduceses on utjedve map

U Hyl#1;R) = Hu(M,m-03; R)
with mage = freR: 2020 for all xeM




» Hi(m;R) =0 Vi>n

an e[emeru‘ [/u]eH,,/M; R) whose lWia76 2 ”n[M,M—fxf}k) s a
genesator for all xeM is called a furdamental clags of M
with coeffzients i K.

pnote: by lewma ll, for comected M, the funda mental classes of M

are vt one-to-oue  Correpoudente with R- or1entations.

ﬁf K~ar(em‘ab/e M.ann[o[/f M a chowce of jemarnfa/ 7%/‘ l'/,, (M,’R\
Is sometmes called an R-orieataton cn M.

lor 1¥:
) F Mis a closed, connedted | origntable n- manifold
h
Huen H, (M Z) = Z
H, (M 2) =2/,
D) if M is a closed, counected n-manitold that & uot-orientable
then H, (M) = O
Hom; 2 =2

Proof: clear from lemma [0 and theorcwr I3 -4

t0 prove theorem we reed some p/elzm mary work
let Mg= {e, | xem, w, €H,(mm-1d,R)}

We put a fopology on My as hollows
For each apen ball B 14 a coordinate chart of M
and each o€ H, (M M-B;R)

le+ Ulx,8)= }' 1 () §xeB where 1% [MM-B) = (M m-§x3) 15 imclusion
OXerUs€: \y Show thy is a basis for a +0)90/07y on Mg

2) MRLM kX (5 A Covering map (Mp wight ée
dt;wnmfd)



N F oMMy s contutuous st Too 1y
fwe call svchh a mop a section of Mg)
and Y&, 019 is a geneatos of Hy (Mm-£; R)
hen o defvies an R-orientation on M

6m"\flar/y an R-orientation on M 7117*65 a 0 as above.
lemmg (5
let M be an n-mancfold  and AcM a compal‘l‘ swbset.
) o 07 M Me s @ section of Mg then 3] class oy € H(mm-A,R)
whose mage HAMM-T,8) &5 a(x) YxeA.
2) H(Mm-A;R) =0 V1>n

Proof o‘F Th=13:
[ A=M 1 lomma IS then Th= 13 part 3) follbus From lem |5 part 2)

for part 1) of Th® (3
let = §sections of Mg}

note: ) sym of two sections s a section
W F o a section and réR then ro a secton
50 g s an R-module
lemwa IS part 1) =5 Ja wel-defired mop of R-miodules
e 2 H, M;R)
Llami: ¢ an isomorphism
mdeed, F X €H,(MR) thea define o ix):1] ()
where {: m— (M M-1x})
exercsé. Uy a section and (03)= o
- b onto,
now F or€l, and $l01=0¢€ H,.(m;R)

then o (%) =0 foM, 2 0=0 F'R
s50 ¢ m)ecﬂvle /



Just as o the prodt of lewmma [, 1F M conneced, hen

two Sectrons of Mg are vhe came they agree
at one pont.
if we Ax 7(36/'/1 vhe mwap
rz—R = %)= H, (M M-f};R)
o 07(%)
5 pryechive
F M 15 R-one/lfable,ﬂ a sectton o, st o (%) a 7&48/&1'0/‘
of H,(M M-%3};R)
- above map onto

and H,m;RN= T, 'EL

for part 2) of Th®Y see Hatcher (or work of out your self!) &

Proot of lowma 15:
Clawit: If lemma trve for A ard B and ANB, then trve for AvB
Clawi2: M lemwa trve for M=R') thén trve B oll mandolds
Clawi3: lemmg s frve for R”

C,t?afly /emma 7%//0&/5 79’0m C/lal;‘lfb’_
Prooct of Claw L: note (M M-(aUR) = (M, M- A M- B))
50 Mayer -Vietoris gwes

H, (M #- (A 18)) > H (M M-(avs) - H, (mm-A)e H. (m,m-8)
o S

so H; (M M-(AuR)=0 1>n
for 1=n 3 g
0~ Hy(MmM-av8) > Y (mu-AoH) (m,m-8)= H (4, 4-(4n6)

where Flwp): k-8 and Fa)= (d,u)

now 5u/pase O 5 a secbon of MR



by o;;uM/ébn et € Hy (M M-A apd
Xy € Hy (M, M-8)
Uy ):otr)= 15 (%) Yxeh or 8
50 f (v,, 0(8) s the clags n } ne M-(4a8)) Lorrespon ":/”

fo fhe section g that i a(mys 0
so It (s O

by exactness 3w, o € H(mm-1408) o $(,,,) - CA)
10 (R, )= 00XV x €408 = (44, %)
to see MAvg vngue , nete that I & was another such
class , tea 15 (lgyp-%)=0 YxehvB

g O(MG' L as a cless 1 H, (M. M-4) o H, (M, m- B)

also bag thic propenty
. by vmgness for A and B MAva'z 20 (n

Hyimm-4A) and Hy(M,M-B)
Hus ehiectinty of €2 %p- =0,

Proof of Clam2: F+ Ac M compat , then we Can write A=A, 0. vA,
where /\1- are Com/a(f' and each s M a coordviate CAan" U,
Him;m-A )= By (4 4 -A,) = H, (R, A2 4,)
te/xa's«'m
s0 - lewma trve for &onpazf' subsetz o R" then trve
for (MA;) and (M, Aan)
_ghll wm B
“ by Clawi L trve for (M AvA,)
since (A,Ukl)nAsc Uy can contivdue Ma&xcﬁlfe{/
50 lewma tHve for( Mf_)_/
Proof of Clam3: 1F A is comyex then B-A and R™- fx both

retract onfo a sphere centered af =«




o HeLRTR™A) = H (R™A) = H, (577) = H,_ (R*{x])
T H,' (”Zj Wﬂ'fx;)
S0 part 2) of lemmnn clear
ewercise: Rg = R xR (R has discrete topology)
50 sections o7£ /?; are (oSt nt and - 1) a/so ree.

by Clawi |, lemma now true for A=fine unions of conver sets

now lee A be any compalt set R"
/&\" 2 be a Ck/c@ tha f ,«g)ﬂ/zggenf-s o€ Hz. (ﬂ’)”?n_/qlk)
thus 22 € C_, (R"-A)

let (= ynion of IM%; of 5""'FI“:‘5 " I
siice C,A are compact 3 some r st Alxyg)>r Vxel any y €A

by compactress of A ve can hid fudtely many closed r-bells 8,..,8,
that Cover A ond (NB,=0
let K= U g
note 2 dehies an elemrent oy € H7'(/K7 R-K) +hat maps
fo o¢ H, (R R"- 4) by l"fC[US{;ﬂ

smce By ae convex, of 1>mn, then o,<0 . w=p

+ 1=0 aud 0 a section of Rg thea Jwy €4,(R" R™-k)
st Xt )= (9 Vxekg

but W RS R-K)E W (R BA) 5 1, (R B4ed)
\_/

17

s9 o=1.( NK) is deswed element



Now Suppose & &' are tvo such 6’8#4?141‘6’
ten 1, (oL-4V=0 VaEA
f yeK thea 3 some B and x€ANB; o ye b

%el/\ Hp,[m':ﬁ"-fﬁ)k) H’, I/K:'ﬁn'f}’},’k)

1¥ (4'

Ha( 8 R B,;R)
50 1) (') = 77 (7)"(0) = 0

1/ («-2) =0 V¥ yek

L from above A-X'=0  aud we lave unipoeness
&

ﬁctMa//A-’ a Wamem‘v/ class [ A, 9/‘1} Can Sim i/a/// be considered
for Cony)a['f manfolds with bmr\a’arf

C. /ﬂgfb/&uc' luntts and Froot of Dualty,

a et L is a Awvected ot F I a parﬁifom(m. 121 dehied
on certam pairs wm L st Yq,0'€¢l, J77e L st 121" and 7'22"
M’am&: ) I = svbsets of a set X
< given é)’ 1l usion
D) L=Z with £ standecd incpualihy,

Now svgpese i, '(:er s o ﬁm‘/}/ of R-modules 1dexed éy a Awvected
et L ot Y121, 4 a hamomorphism
: M,
‘*},'z M=
st 4’1",«'°¢1:¢ - ¢1'}1 £ 12227"

and 451, . ° 1 M;

this i called a dvected system oF modules
the dwect lmit of fM,-f“I s amodule M fp}g{ﬁe/ with homomoz;d/)/,}mg
471 t MM



st ‘f;,"(’,,!‘dz. V1zq'

il sy e 9 s g § 210 sy Yt
3/ homeomorﬂlrdm M= st y;= Yot '

M ony fvo Avect lIM s are z}oma//olu&.
we denote the dvect [t é}/ /3_43 M;;

lemm.aq 16:
| dvect limits exut

Droof: let m*- M,

and ¢*:M— M _
x> I—fu,o/e with 1ﬂ cpt =% others ©

lot J= svbmodule of M* genevated by { et 0O-4(2f VxeM;
+ f and 1,4'¢L
58{ M= /”/‘7
ard € =Tt  where T:MTIM i the guotient map
w: Glﬂﬂok (M, ‘P') is the dt/‘@é?‘ pmM Y4

eXCLCLSES:
D) of /141. are all 5ubmoo(ale; mC/M and 151’ 4’,','«'/441 —M,, i wicluvscon

then gy = Umy
) if Amel st 16m Vel then ‘I’M!MM—-)/'_u_gM,- is G t'samar/oﬁirm
3 suppose V1€I, M =M,8F and &, = G Of, Yase!
bt W= loy 4y, Pelos £ ) M=l M,
then we ge€ P /oM ond p: Po M st
Yet=l, , Pofictlp



and VPP :NSP oM  an [_soma/y‘l(fm
4) a svbset JTCT s called fnal f Vi€l 3 6T <t 12
agplying definition to ¢: M oM  we get-a homomosphism

A: I_@?%-——a/z«‘am
J I

I

Show X is an z}omor;aé&m

) i (A, (8, (0, ae dvected systemy and Y we have

t9e L
A28t @
sf. V121 4; 2 gf’—)(
4’:1 ‘“’M J,d’,, s tommeatnive

g Mg, L0,

then 1 he [wi it we geft LW’"OW/‘/?AGMJ
Ly A, 2> log B, 55 f &
Show of @ iy exack at 8, Vi, thea @ & opuct

lemma 1 7:

let {4 be a diected system of svbsefs of X st any compact
set- KeX is n some U,

Then
)L"% H1[‘4)R3 = H,(X)R)

P/‘oo{; C[ea//y we haye inelision ma s H [v J s R) —2 H (X;R) Ve
L get map |y H(¢4;R\— H,(x;R)
ot Lo EH, (X:R) then wmo cl, some o
50 H (G, R)— U (XiR)  hits [5]
bt W43 R) — H (x;R)
N T/
lws Hy(%iR) 50 map svrjectie

exercsé: chech iyechve [ swiilor) V-4



now oF M s an n-mantold
let I={all compact subsetz of M} dwveded ét/ 1nzusion
wote: K2K' = (mm-K)H@Mm-K)  incusion
=2 WM, -, 5 HT(#m-4 R)
s f HHMm-KR S s a drected system of R-modules
debne  HE(MiR) = Loy HE (M, mk;R)
mote: 1) I M & tompat, when M s fral i T
H¥ ;R = HE (i)
2) you Can thik of elements of H? MIR) as tochains that
vangh oft of some ompact sHyhset of M

S50 we 64// HZ[ M.R) ¢he ?—wlwmoéq,/ wift &owfpam" sul,{pan"

7le an R-oréatatbon on M
recall Wiy means a tectaon M- Mg st O gemesntes
H, (M, M-553)
ket K be a compa (- set i M

then lewma (5 ques a class %, € H (MMK;R)

st W)= oty) where 1%: (M, mK) = (M, m4x})
the cap /)rw&m‘— e
H, (#,m-k;R) x HF (M, M-k ;R) — Hyp (M;R)
50 ¥, N 7(&5 a map

H f (4. R) = H,_ (i)
Y —2 % ¥

iF Kek' vhen
4 -
H (M m-;R) X 5
i >, (M) by Tk
HF{M,M'K'/‘R) ﬁ . /¢  lommulatwe
K

50 we 761‘ a map D
H:[M;m i;’H”_F(M,'R)



Th2 /18 (Porncaré Qm/u'fy Revised )
rf M s an R-ortented n—manrfo/d, then
D HE (M) = H,_, (M)

15 an Bomor/laa?m

Clear ly Th*“ 2 part 1) Bllows From this swce of M compa t- Hf(M;g)_«H’”/ﬂl-R)
and mag & guen one smee o(M:[MJ

Proot:
SteeL: W 6" tve for open sets UV, and Unv 1n m thea trve for VoV
5nglf= let {l/‘} be a system af-o,ﬂe/z sefts {11“2!//[ ordered 57/ /;16/(45(514
set U= v, . lf th® trve for ol U thon t7v€ for U

Sfe,gIﬂ.' H?2 phve 7%/' any open U ¢ wordimte chat o7£ M

one we have established 5/c/51' -IT we are done as Pollows:

recall Zorn'’s lewna: o Pis a parﬁa'/é' ordered et such that every

chaw, has an vpper_bound , thew P has «a
— N some. olt grentes taam lor pua 10)
tota /ly ordered ma )ClMa/ element some. elt Qren “ Gus

( " ;
Sbeet this (s eguunlent-to the all elts w cha
axcom of choice

now Ly 51‘6/21[ aud Zorns /emma. there s a max:Ma/ gklm"* U
i M for Wich 8 s trve
f MU  thea let x M-V
3amapen et V £ xeV cx-U ¢4 Viswm a '-Clta/'z‘?-"ﬂﬂ

- th? bve fo/- JuvV éy 5f€pI o maxlwra.[t?y of U
Uz M aud we ore done

steplll i heart of preof
Proot of Steolll  suHfiies to prve for open set in R”

Case A: ot U be convex open et 1M R"

exerusé. | homébmorphll t R" v w
fat: - %%



50 by vaturality of 3\/&'7%17‘,7 Jjust- neeol to check for R"
let K. be the cosed (Com/un‘) ball of mdius r v R (centered at ©)

[Kriréto‘ao) ¢« fndl wi all &om,ma‘ serfs R”

He (R) = Loy H 8-k, )

ond each HIMRK)SO  Vptn
L HURY =0 for ptn
also H,._P(ﬂ*") =0 VY ptn - th®tne f pta
for psn we get HY (R*)= R and H,(R")= R
now’ condder T H(R) RMK,) = H, (R

recall  Ha (R R™K,) * HUR,R*-K,) = H,(R")

&6 — plx)=p(=)
N ewl on foat n-foce
now w, is a genemtor of H,(RR"K,.)
(or covlint map o Qenesator oy
of H, (R} R £3)

+if5 dual @ i How[H,(RTRYK,); R) = H'(R B2K,)
evaluates fo | on %
50 B generates H(R R"-K, )

ond % N s an Gomorphism = D an Zsomo/}d’éﬂ/
(ose b General open VeR

let | b} be a countable dense et 15 U
let U be balls contred af b; contamed 1 v
50 U= Uy
seb \[= U, and V= Vo vl Vi
th? e for each V,, b\/ ﬁl[omh} cleim
M" th? tre for any hnrfe union of ouvex sets



&2@( o-F Clawm : duct on numle~ of convex sefs
trve for | sef by CaseA
assume e for vnion of ony 1 convexr sets o <k

Now fwv'v\ A'J""Ah
we haow th? te for AV VA by nductien

AL by CaseA
ad A (4,90 )z (4040 - Ay A )

€ach Convex

only R-[ sets
%0 by 1 duction

< Stepl = the tve fr Av.vA,
—
now ¥h® frve for U by Step L ,
Proof of StepXL:

7CYDM lemma [7 Iu'; (U) (U) 14 duced by MC[US/M 5
on fSOM”‘/o/V.?M

9!Mt’a/ly F Ul and Ked, compact , then eacision gives an S om orp hisna
WLy, u-0) — WY, u-K)
the wrene guns maps  H4,4- K) 2 Hly,y-1) = Hely)
< we gef @ map Hcp{U¢) — H: CUJ)
Clawms:  lim Hzlog) = H:CU) and D(/= .l":; DUz

x4
2

note. that- '9tw’n‘ the ¢l smce Dut’ Hf(’/q)"?Hn.’, (9) an
tISOma’ﬁle V?-, D : HP[U)-%H /{/) an ‘30”20//'0['0:/‘1 oo /

Poof of Claws:  as alove we gef WJ H (v,) = H (v
2 we have a magp IIM H, (U)-—fHP[U)

now for asy Lompact et KcU EJ sf. /(CU, Vizj
0 we get a map (V)= JY, 00— HE (1)
— g HE(G)

1



. we have a map Hf[l/)i? !‘_‘:‘9 Hf(f/,)
eaerust: show G and H are wverses of eachother
also check clam about DLJ

F/‘UO'JC 07C §f€p I:
let K be any compact set 1 v
L \{} ¢! V

set B= UVav aud = UvV

pote: (¥ Y- (Kkae))= (V-K)v(ty-1)
(Y- (kve) = (v,r-K) alvy-L)
50 Mayar -Vietoris for (Y,U—K) and (GV-¢) gy

HICY, 26ad) = Hie«le Bty -k) = PGy -(kot)) 3t (1 - (guL))

L* I L=
Hf( B, 8-(ka) = HAv.v0) @ Hivv- 1) K0 UG B (ka0)
‘L ¥yaL A ‘L R0 @ A J, My, O

?
Moo (B) — Hy.p (V) @ Hoptd — Ho (1) = Hypr (B

ererusé: 1) hist tvo Suores lommute [f’ﬂsy smée all moge are inzlysiny
or C4p pmg&mg)
2) last square commuts plo slgn

Hirt: @) recall 3 is defined as follows:
71,:-,1;77 ju/'t’l 2ée Hn_p(‘f) you can wrife 2=ath
fr ac Cn_p(V), éé(u-,o (v)
ten 3 21:=L72a]
é) as lﬂ'//'Ob‘Fo% ﬂ”ﬂ'll can Us€ Lew?UC ”l/mée/' and
bn/ycen.fﬂ& svbowision to Frid chams
MK J Nl. I“Km__ st ‘(kul.. z O(K + °(L + xkru.
you wn now comput€ o (e, )
5m\r(a/ly wmpuz‘ﬁ ("‘,.(,,,_"')"5
nofe any compgit sef 1M B=UaV «# KaL Por lome KEL as above
and 5/»{[/«/[7 For =y



50 above 7ure5 %e'ﬁlbvuy afmfran/l Gommv[f’f U/“v Stgn

He (e)—a H; {u)efiP(v)-g HE cr) WY e) iy
~J,Db ’ A'Lu , lDY ~\LDB [somor Uﬂv‘
(a)ga Hp @ Hy, (v)g H, cr)——a Hyoper (® by assomptaor
Claw: D % Uomof/'a/rwm
M&(eeo{ s O(éH (Y) andd Daz 0
thea 0= Dot - Déu = §d=0
© 3 (aw) st Flab)-w
and ¥'(D2iBb)= D Flas =B =0
L3 ost §Zc)-(1%«. Dv)
and ¢' st DBc' = ¢
Now DU&?Q(f(C'))= f’[%c‘):[pua,Dulo)
and §(c)= (o, b)  smie DUQDV an X
'lciv)a//y w: Pab) = $(EE) =0 ond D‘{f':f/ecﬁv'c
exerasé: Shou DY svjetfive



Next steps i algebraic topology

T) Homotopy Grougps

g homotopy classes of based maps
recall T, (K,%)=[$" X]o

oand FiX=7 wduces a hom«vor/%/,rm L K%)= Tll £t) Vo

o Whitehead Th*: F Fix-Y 5 a map between CW &omp/ewes and
-f.:’?i,',()d—i‘l(,[?) an ZSMo/-/q:}m Y
ten £« a homotyer equvaleace [

e for nza, MI5N) s an abelwav group

e hard +o compute 7eueml
eq n:, l 2 2 ¢t S (4 7 g T 1o
(s 0o & oz 2, %, %, ¥, %, 2 2, -

. Given awy abelian group G and wifeges n,qa smee  K(G,n) svch that
G k=un
T, (K(G,n) =
k( (G, )) go etn

for such a space we have
H"(X/G)g [X; Klé,n)] Brown repesentation th=

o Hurewiz Th%: F T (x)=0 V ken, then B (x)s0 Vhen
and T, (x) ¥ H,(x)
va map piE28 sa Fibration if 1F has the hzmoﬁ;oy /n‘hiy property
12 of ‘F‘_-' X-B i a bomotspy and (:, is o kbt of £,
then 9 o bft £ o all ¢
all fve bwdos are Fbrations
i+ pi€E2EB a ﬁ‘é/aﬁoh, thea there G a /oﬂi oract $equeace
T (F %) T, ZE,&)f; G(8 plted)> T,_ (Fx) ..
where % €E  F=p"(ptx))

L) Spectral seguences

aomfu.ﬁh} the homolayy of a Fbrotion is much harden!




a Group (or modute) i bipradded is a collectron of Groups £ ’({ Esf}
mdexed é/ PRS of M)‘?g/s
a map o EE has Qdelq/‘ee (a.6) F ol[b;'f)c Coeatts Vst
£ d":ol then 1£ s called a dz#&/enhé/

o we can tonsidey (Es homo(oyy

Hy, (€,4)= kerfoli €t = Egra, t46]
, wi folt €= Epu |

a s'peafm/ sepuence, s a seyence [EL7 s¢
) each €7 a bimodule | " a dtferentral of dey/ee (-r, r=1)
2) €7"'=H(E)
£

] z
5 Se—9c— 0c—

Se—t=— oo

=" @< o9 :Q.\\::
i - NN

Lffa'y-—HthL) Tﬁi’ F P EB a £brataon
B swigy comected (W compler
then 9 a Specbfa/.sefumce with E:,f = H,(8; 4,(F))
and “E¥" mose or less qing  H, (€)

Se—~foo*
o Q=—eg=e
* P
eG—ef~e c—e

Can vse yecfm/ sequences for many other f'hliay.s foo
IL Obstyuction 7Z;¢’a/’y (and characte/iste c/a;fe,z)_
3(?/'04 Qa 6I:Mﬁ5n '05—98

there ore many problems that can be ph/a;e/ cs the existence

of a section (e.y. does a wontld have a smooth structwe..)
FB i a a"/aowyo/ex Men here s a sys)?nu/ﬁ[wa/ to try to

nstruct a sectron skefetn by skeletn

Obstruction theory says : qwen a sectron + &5 6 thee i o

cocycle o(F)e C*(g; T _(F) st otf|]=0
=)

Chern closses: “prnmiary " obs tru ction £ extenads over g»
foa € n-hel fame over (here F & ptpe)

2k sheleton of B (here € a Cbundle)

thee ae called chancterishi clages (also have Stheted-lhaney, Po;myaj:;r
Classes ...



