Knot Groups and Lolorings

A Knot Gf‘ou,ﬂj
recall o haot K 1 ¢tee z'maje of an eméédfa/th7
fis'— R’
(0/ 53 ”(30{003 rela [/ SfE/cfajmﬁh(C coofoft/la#_s-
show st fpt}= 1)

j«'ven a haot K we can conside a ﬁtb&” about K

G- @
0, ©)

18, thmk 07[ kol as a /J/ece oF Sffmj hen
the tube (s a -fézzcﬁemy "of the 514/11//:4

note: g = S’ p* (= K<D%)

Rema/)'(: 50651 Y‘uées ofon’f a/c./ayf enrst ’
but F £ s ﬂ/(#eaoﬂf'zézéle 1'/19}/ Ao
I tube doesnt exist the kaot (s calleo W(‘la/
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let Xk: s3I "//< (vse s° becavse we like tompe+ *{*h/}uff
but not wiportant fo~ most of-

what s be@u/)
Yxertse: |
/) XK 15 @ wmpacf 3'/%0/1/7%/5/ wtY éow/m{a//
2) Xy < T*

recall we are urterested o haots Up'fo 13’07‘0,7)/

Fact: for tame knots: K, (sofopid fo K,
=

dan isotopy ¢ : $*fo]—=5"
such that ¢, =dgs and & (K )=K,
note ﬂta{jlll*en an amélérff zkofv/af 4’, and a /aa/amw@.aﬁw
V595 of K, then 27 is on wofogy Fom K o &

50 (&) is casy
&) s much more o((#f&u/‘é', bt HPvE

NoE: 45(-'[5}—/<,) "9(53’ /<z) 5 a homeamo/p/lé'm

[emma L:

Remark: by abope discussion of K, s isofopec fo K,
thea X, = Xk,_
50 1F we can show )éﬂ ¢/X/<~. theu k, anol K,
are ddfeent /

ﬁ/bof: Dz" E,df'j = SI
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exercse: foj:{&lf« and jof:‘:w/Dz_prj
now My -KE(D%pt) x5! = stesl = T°F
s0 S K= X, U o (4 -K) = Xy Upn (7%)= X,
Xy 13 called the hnot Com',a/fme«zf of X
we want o tompute the furdamenta ! grouy of X «

for ‘(’ﬁtj we. Consider kot a/zc:z/q/amj
recall | we discussed these at start of e course.
{%ey are p/pj' Ecfuons fo xfap/ane w1 R 3 (and
/emembe/\ over a/m/ under, Cf0551r7/ a ]Q )
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nofte: /76 ~P{1€ o{zéfram ')Cor K hﬂj n (n 70) C/OSSM/osl%‘ten t
alto has n arcs aq,...a, (labl Crossmgs ¢ - c,,,)

()Cj ve /aéle a, wdfecu'f!i/élf s we
<, QC'

Z; around K and C, (s '(7,.9
6?1'
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Th92 ((/c'/fmje/ Prcsen{zrhbm):
If D,( 5 aQ d(djmm of K with arcs Q.. a,

and CF0451hj5 Cyyln, thea
/771/[)(/(,7(0)?5 <qlz--'lan l '/l[ =e) fn—l>

where for each C/ogsf,qj ¢ we geta relation r,
as Hollows




. ""(__ | =
A a?‘ﬁ - a1+ a, Y% Yy

;-
__l—f—a

| k

ar (X)) =L Y=z

(k)= al Y&

T ELE,% ) aaa e,

~ -1 _
6«‘2 a, 4" =€
aa ' =€

Q =49,

o /ﬂ,'(xu)’:_“-' {a | > =z

’N,’(XT) = <qu,qz,q3 , q;'q,qzq“
q:‘az q,a}”}
note: a, = Qg"ql"a}
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T (Xr) /:V<Qn‘?3, q'—‘as'(“f_lqs 4 q3>
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M: j‘;V"e"‘ Q kwo{ d/?z7/uM v the xy-—p/ane
>3

2 lﬂ} we can take a(mas%- al/ o-f: K 1‘05@ % fz= I]
w 0/!(7 uno/ercfoxlhf; w1 { ZrO)7
(and orcs comwecﬁh7 then)
i yov [ook from aboye

M,eraw; Sam €&
: — f2=1f
A
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note: {222 €} wfersects

M( nea, crossu @
a oisk /0

let B:{(X,Y,?)élﬂsf/t//{ .z €4
Az iy e R>-pf, - &7 -€}
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//en‘hjg/ B: /7C wve o not remove /% -,CDM B we wou(/ /1011/‘6
an open ball B°=§z<c}

for each C/D55lhj we (emoye
{Q
S —remore this
So B= 53' [U Lq//s as aéotre)
exevise: BER?
o T (B)=fe€]
Ia(em"/}[’y AnB: wm R’ we see

AnB = (R x(£6) - (U (b (¢, 0)
= (k- (/DZ) x(-£,€) =M° (/1)

one 7L°" cac 4

cross ”7}
/\ % weolje o7c n cicles W, ,,
[/

So T (ANB) = T (W) =<¢, | > ’c’*’eimﬁ o

jeme/mbrs

ldemﬁ'vSr A e i not remove My from A we would Qaye
a 0,4?/1 loa [l 33—7{27'{3

3
for each arc a; 1~ o/(d/a/am we remove a tube 74'01»4 5

(1€ make o wovm hole ")
So A= BYwith n worm holes
note : each worm bole has a Aish mde, o+ et 1;
dis jOlt;hL Fron sthe~ worm loles (and o(if/tﬁ)



56 /‘cmowi/nf a worm Llo/e s Hhe Sdme as the 149/(01,«/1:}1}:
'/’ﬂ/ie dé’/binf arcsg ou fE='€§/ pa;A jateriorss
w o §g>-£;,aaw/ /‘eMo;/l'nj & nbhd 07[ s
Gxerise: /7£ you isotop the ars on {@=—{} and then

,0(/514 mterors vp and remeve nbhs taean You
fm‘ homeomeorphié spaces

B I

SIGLEV
= = (D*- JD)x(o,r)

o~ Dglzpz 7/ 1 ~ Vw?é of n-ci-cles

/0 o o

7=1 ’//// W %

so M (A)=<La,. . a,|» free groap on Vl/oerze/a'ﬁsfs




tv vse Sertert - Vo /(am/em need +o see
UM (AaB) — T, (B) = {e] trwveal way
M(Aak) — T [A)

let ¢, be one of tae yem?/m‘&/'; of T [AAB)

C: wn T (A) 15
*\/7 “

1
a; ——-—7/ y
€1

Cy
note iy s homofv/mk o

(2 = '71 ‘(H-I o(k ’{1 ‘(}: ?,
= 1], a(t-tl 7Z ”72. O(A 73 73 a(l 27-; 7(“2/( ’7,

-l

" ~1
= Ty Kk X1 ¥n

50 ’7],’(0?7’—/%) =<4,.a,] 7,0y
vhere relafions are as above

@xe/zq'e: Show v, 15 a Consey ven e of the other ry SO 't
1s not needed . .
(you can also do this by -fnklhj a ditrerent dewn}aoS/'/?bn of £’)
We agpliéod Sectert - Van /sz/t?n wiv'on j'{

we wesre aof Ca/eﬁ{/ with bese fom'f‘ need to fake base
/O(ﬁf" Yo C'A /18 ot K, = (0.0, Z) ke we dd

bt 7 be a path from % oy FHe1 wr get lsomorphim
§77 " W;(A.yo) — T (A, x,)



now for yeﬂefa tors C; of T (AL yo) we take

P
2=0

0, L. 2,
kT
L ’ 1:0 ’I let y,= 441 Y,

et % be pata x, fo y;
not€ T,,f,l:{—; are the locf): we used abovre for G

w T (A, %) (coll theun Cz-' voe )
$0 f"? (¢,) = f?(%[r ?;): 771'(77-:7

rxo
i e
Y 1t
let &:=%,7,7 € T(4x)

note: 8,(<:)=(77, BE LVETT) =G, <6,

correct vse o'lL Se(:l%’/f - Van /(ampéﬂ s
(X vo) = &, (T4 ) *{ef/

C// .../C,’>
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50 qT(XK \/0 (l[A /<Cl) )C >
LA, e n

Vi

réca
Uz() has m(K)=Z
T = (@j has FW/XT) E <a,,43 1050,03 ql'(q3"q"'>
ls @ (X,) =T (Xe) 7
as éor/IEr cocld fry to abelanize (2¢. look af H,), Oce+

fo/o”aryS
| H(Xk)"z’f for axz}/k"'ol' K

—

Froof: each cross g s
a, T q

1<
gwes a relafon @,0,07 g " =¢
ofter we abelionize ¢ s a:

50 HI{Xk) ha5 one jeme/n;!‘o/‘ and no /e/af/on_s
$0 ['(,(KK) ?gﬁ

neat 1y
Claw: T (X,) non-abelan
[So not = 7/7[)(0), so T and VU are aof
/’507‘0,01'6)
to show 14, we leok fo- a group G we Rnow (s



non -abelian and f)/y to Pud a how»oruo//h/;;m

(suce 33,,55 EG £ 9,9, %99

and h, h, €T (X7) s+ P(é,-):j{
we Ruow b hy, ¥ b0, aud T (X;) mw—abe[mn)

rEcCa // 53 =7,®qu d?tlﬂgf‘mufy,ﬁbﬂj of $1,2,3]
[S5126 aud S non-abelan
define ¢: T (X)= S, Ly
aQ — L2 1 3]

qak—‘?[_3 2 1]

s gtbej a homomo//ﬂhz'jm sce
A Q a, O‘l"q;' Q, K =1
be comes

(32130233032 302 03] [3 247 L2377
= [23 1103203213773 217 T2 3_]"

:[1313[2.31:]£2.BI]

=[231][312] =[123]= ro
lWlafé 4’ (,ou'('ato.’l.( — [z [ 3]

5k > [321]
Q8 ——2 [3 1 2]

A4y 4 "> [2 31 ]
e | > L1 23]




50 ¢ 15 oD - 77,—/)(7-) non -abelauy
LT (X7) ¥ T(XU)
50 K aud U not /30’/2/04}: /
Hou/yood’ (s T(Ke) et %e‘fefﬂ/l/h/;"j X/< [4

Facts:
0 F mK)EZE, then K 5 the vakuot.

2)/‘75 K, = M

w =0

e ’777()(,(,) Eq(Ky,)
bt K, is uot Gsotpc o K,
3) so T(Ke) 15 a 7@00/ it tant of K
but not perfect

but T (X.) * Ty bt ertra detesmwes K
Aown side is 1t can be hed # determute
when two group presentatcons ae the same
y/z?q,& ,
50 Py Zbof%‘%md"/ move Computable !
mtormation from 77,[X/<)



5. 60/01’1;47 /(VIOI‘S'/PV‘I;VIQ

Recall a /—/aée/riy (or ao/or/}zg) 07[ a énm" a{(djram

(s an asslgnment of an elewment of Zf 70 each etye
of *he o((dj/am so thot

) at least 2 lables are yseof andd

2) at each c/oSS/;rj

x 2 2x = g+Y moa/p
X

Y
We saw you can 0{55'19;!704('5&1 ‘the un/(nm", ﬁj'aure § kaot, aud trefor

us/hy 3 angd 5 CO[O/'(’:"?ﬁ
T O

5'(_0(0;ble not 3‘6010/'4[0[&
What Aoes thic hape +o Ao u/t-m ([7,"[)(() ?

Ty« ‘
() Every p-/abelz»'y 075 a olm/a/‘an/z (7/[ kjur?f a

Safjécﬁi/e hOMOMo/ph (S5m0
(X ) — D

2) 5/6/7 5u//'ec-h've homomo/pltifm T(X)— D,

jti/t’! a P«/abe/w-tﬁ of a dca'j/‘am of K

EBCGH Dp = dhedyal group

= symmetyies of regular n-gom
= <'K,>/l X", y?', )<>/7<>/>

P/bO‘)C: /,F a d/dj/am D/< 747/' k /\as V| 6/055/‘/"-/‘(} G, Cy



and n arcs a, ... a, (labeled as above)
then Th%L says
WI-[XK\) = <Q') "')an } /;/ ) “n- >

%k

where 7+ a el : L =
1 (s qu Qh q1+l l‘I[ Ci (s Py 2.,
-t a -1 .
and U % %0 l'f Cp s —_DG
4 1¢/
%L

a /)~co10/1hj (s a mep

ga’l "'/aﬂ;_ia ZF

satis /'47 /\/aﬁ‘ = Zc[ak)fC[Q,)'f'C[q“_,) MODIP

a, a,

3{v€m ¢ defire
¢c: mw (XK) — DP

c(ay)
C?,l- — )/ x

wr(:fé.’ ¢ = C[01)

thig m'/l ju}e Q Llorhomaf'ﬂél..fm /:/L the /‘e{a[z'onj ry
are respected :

-1 |
6,4, 3, .,
becomes :

(yxc")—l(yxc")(yxc’ﬁ (y 'xc“')-l

?(—Ck Y" Y KC'-)’ XC/( 7('[1-(-1 y -

G~ Ce~Catl  —1
x y x Y

Q\

7('(’-*(1'”-26/!. yy_, - XC1+C1+I—Z'C/?
?(lp:&
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a
élﬁdf{a/‘/y 7£o/' qf\/\ g
> lae

50 C,LL s a LIdJMomor/ohl'SWl
Claim: &, (5 onto

Stnce at last 2 [(abels are vsed there 5 a
crassmﬁ St C % Crey moo/p

/\/ Caer 26,26 %y, mod p

‘1*61-61 Woafp = G 4 o mOdp
0 C"(-C?' (s V‘ep/ﬁsem'('eo/ b}/ an tn’@er bebween
I and p-I
50 (Cogi- (s re/m‘ur'e(f prime fo p (since e F/lu:tg)
3 integers m, m' soch that
m (Cw-(.,) + MIP =1
1e. mC-¢,) = 1 mod p
now fP (( ‘ 1_” ): (yx(‘?'\/ XC?-_H)”": [yzx(ﬁ,-(f)m

and 47(67 ([Oq*_/"’) ) '(1':>,
0 ¢ oo o

/f/au/ j[yew p: Wf()(k) — DP 51//“/[3(,‘{1(/‘“6
then 7%/‘0 o(zdj/QM Dk let the arcs ée a,..,a

) %
pote:  §(a;)= Xy by yxtizy T
Wzleflf =00, | aud Ctefo;-"l(’"}



C[a(Wl.'. £Z:/ 76/\ a[/ z.

+ not, then for fome 1 we have € =0

now (onsiile \/) L

az' ah

- -1 -¢, : _

Lt E4ey

- ? 7
_-7 x':yézi—lx.

Singe this must be €, we wust have £, O
Mducﬂ}/t/a we. see all £,70
Mos y is pot m the M’Aafe of ¢ ?i_/
thes we see ¢(a; )= yxc" Ve
defite c¢:fa, .., a,} — &, a; — C;

emercise: check 1‘5”} /5 a ,o—/aée/u)tj



