
Knot Groups and Colorings
Knot Groups

recall a knot K is the image of an embedding
f- i s

'
→ 1123

( or53=1173 us -3
,

recall stereographic coordinates

show s '
- Ept } = 1123 )

given a knot K we can consider a

"

tube
"

about K

⇒
N

K

tube

O
,

→

Nu

re
.

think of a knot as a piece of string then

the tube is a

"

thickening
"

of the string
note : Nk I S

'
x D

'

( = K x D
' )

Remark such tubes don't always exist !

but it f is differentiable they do

If tubedoesn't exist the knot is called wild

A - . . . .

' e . repeat

✓ I f. shrinkingeach
time

we will not study wild knots

so for us
' '

knot
"

means

"

non - wild knot
' '

( tame )



let X
,

S
'

- Nk Luse s
' because we like compact things

but not important for most of

what is below )
exercise .

1) Xk is a compact 3 - manifold with boundary
2) 2X µ

= T2

recall we are interested in knots upto isotopy
Fact . For tame knots : K

, isotopic to Kz
⇒

called
ambient

I an isotopy to :53 x [ o , if→ S3

isotopy { such that do - ids3 and to
,

Lk ,
) - Kz

note that given an ambient isotopy to
,

and a parameterization
j : s ' -753 of K

, ,
then off8 is an isotopy from K

,
to Kz

so ⇐ ) is easy
⇐ I is much more difficult ,

but true

note : of:(s
'

- K
,
) → - Kz ) is a homeomorphism

lemma I .

Xk = S3 - k
←

homotopy equivalent

Remark : by above discussion it K
,

is isotopic to Kz

then Xk
.

I X
ka

so if we can show Xk
,

# Xk
,

then K
,

and K2

are different !

Proof DZ - { pt } = s
'



O
"

O ⇒

( r
,

t ) 1-7 t a 1-3 ( hot

exercise . fog -

- id ,
and got = I 'd

pzqptz
now Nk - K = ( D

'
- Ept } ) x s

'
re S

'
x s '

= T
'

so 53 - K = Xk Up ( Nk - K ) = Xk Up ( TY = Xk
L#

Xk is called the knot complement of K

we want to compute the fundamental group of Xk
for this we consider knot diagrams

recall
,

we discussed these at start of the course .

they are projections to Xy - plane in 1123 C and

remember over andunder crossing info
. )

④
not if the diagram for K has n ( n > o ) crossings ,

then it

also has n arcs a
, . . . an ( table crossings c

,
. . . cu )

"

a.,
we table a

, consecutively as we

go around K and c ; is tip
of ai

The 2 ( Wir finger Presentation ) .

If Dk is a diagram of K with arcs a
,

,
. . .

, an

and crossings c. , . . . , Ca
,

then

Tl, ( Xk ,
Xo ) E ( ai , . . . , an I r

, ,
. . . , rn -

Y

where for each crossing c ; we get a relation ri
as follows



÷ . ¥÷ .

an

ahajqi
'

-

- an , ah
' '

ai 9h
= art ,

examples

"
us

a
'

if C Xu ) e-Sail > EZ

2)
us

a
. t ( Xu ) = l a. 1) IZ

"
U=

a
, if ( Xu ) Ita ,

.az/az9ai'--az7az-taza,az-'=e9az-
'

ee

91=92

so tlxu ) Isa ,
1) EZ

"
e : a.

" " " ⇒ "" '
a' I as Ii'÷:÷ ,

note : 92=93- '
a

,

-  '

a
,

SO

Til # Ifa , .az/ai'aj'ai
'

9993 )

A
, 939=939193



Proof . given a knot diagram in the xy - plane

.⇐
u

in IN '
we can take almost all of K to be in { Z = I }
with only under crossings is { z- - o }

( and arcs connecting then )

in
# { z  = o

-

single crossing

look at Nk near one of the under crossings

O O NK
note : ⇐ 

=  IE } intersects

. ⇐ e ,
Naka?;- crossing in

'

I 2-  = - c }

let B = { ( x. ya )ElR3-NI : zc E }

A  = { I X. y, z ) E IR '
- Nk : Z > - E }

a f ¥NK

- I .



Identify : If we did net remove Nk from B we would have

an open ball B '
= I za c }

for each crossing we remove

⇒
Z - e

↳
remove this

so B -

- B
'

- I U balls as above )

exercise : BE B
'

so IT I B ) = f e }

identikit : in IR
'

we see

¥1I
An B = (IN

'

x I - E
.

E ) ) - l U I D
'

x I - e
,

c ) )

= (IR
'

- U D2 ) x C - E. c) = IR
'

- V D
'

T one for each

= wedge anI:3 .

So IT I An B) I IT
, I W

. ) = sq. . . .cnI >
free group on n

generators

Identity : If we did net remove Nk from A we would have

an open ball B '
= I Zs - e }

for each arc ai in decigram we remove a tube from B
'

I re
.

make a

"

worm hole "

)
So A  = B ' with n worm holes

note : each worm hole has a dish under it that is

disjoint from other worm holes l and disks )



a . . a

ldish

so removing a worm hole is the same as the following :

take disjoint arcs on { Z  = - E3
, push interiors

into { Z > - e } ,
and removing a nbhd of it

exercise . it you iso top the arcs on { z  = - E } and then

push interiors up and remove nbhs then you

get homeomorphic spaces

eg ⑧=④
so A =

=
= us - ¥pyx can

a = wedgedes

so Tf ( A) = ( ai
, . . . , an I ) free group on n generators



to use Seifert - Van Kampen need to see

Titan B) → Til B) = I e } trivial map
Th ( AnB) → Th IA )

let C
,

be one of the generators of  IT IA AB )

Ci in IT IA ) is

*
an

ai
a⑦! It l

I Ci

note this is homo topic to 7 ,

-

33cc In → an

4=7 , the ,
d

n 4th 5,
94

-
-2

a

= Haitianiii.ridin '

"  '

hi X
a

= a
it

, and , hi
' t

i e .

Ln

So Til IR
'

- Nk ) = ( a
, ,

. . .

, an I r
, ,

. . .

, rn )

where

relations
are as above

exercise Show rn is a consequence of the other r
,

. so it

is not needed

( you can also do this by taking a different decomposition of AP)

We applied Seifert - Van Kampen wrong
!

we were not careful with base point need to take base

point yo E A n B not Xo -

- 10.0
, 2) like we did

I just did this because easier to visualize
,

and we can fix it ! )

let M be a path from Xo to yo ,
then we get isomorphism

In : Tf IA
, yo ) → IT ( A. xo )



now for generators Cj of  Th I An B
. yo ) we take

"

::
m

.
.

let 8
,

be path Xo to Yi

note me , I are the loops we used above for G .

in Tf LA
,

Xo ) ( call them Cz!now )

so Ez kit = Egl 9.43-1=7%4755
•

X o

nffi ⇐ o

let Bi -

- 8,55 E Th CA
, xo )

net:Ez la ) -

-

197, 7TH4TH 55 ) -

- pic :p ;
herwe

correct use of Seifert - Van Kampen is

Tfl Xy ,yo ) = EI
'

IT ( A " )) * % c
, ,

. . .

, on )

= TH ' "

Yuezhi
,

. . .

, Erykah
= Tilt . " Yip

,
c :p , ,

. . . , In ' im

exercise . 4g , , . . .

, 9h ) = 5h , g. hi
'

, . . . , hhgn hi
'

l
i T

normal subgroups gen by elements



so IT, I Xk
.

Yo ) = % ( A '×%c
,

'

, . . . , ca
'

>

I ( ai ,
. . .

, an I ri , . - . , rn )
T relations given by a

'

¥7

recall
u =D has Kiku F- Tt

T = has Tlc l XT ) I La
,

.az/azaiazai'as- '

ai
' 7

Is Tal Xd ETI Hk ) ?

as earlier
,

could try to abelian ite ( re
.

look at H
,
)

,
but

Corollary 3 .

H
,

I Xk ) I Z for any knot K

Proof : each crossing
Az. 92+1

gives a relation a iana , an
"

-

- e

after we abelian ite this is a
,

= are ,

So H
, I Xk ) has one generator and no relations

so Hfkk ) I #
¥7

next try
Clavin : Tf I Xk ) non - abelian

I so not  E Tf I Xu )
,

so T and U are not

isotopic )

to show this
,

we look for a group G we know is



non - abelian and try to fin 'd a homomorphism

of : Tf I Xk ) → G onto G
.

( since Fg , ,g ,
EG Sf

. 9,92*929 ,

and hi
,
he C- Til XT ) s

.
t .

lol hi )=gi
we know h , he # hah ,

and Til Xt ) non-abelian )

recall S
,

=

group
of permutations of Eli 433

1531=6 and S
, non - abelian

define to : Tic XT ) → Ss by
p recall,

this means

Q,
1-7 [ 2 I 3 ] 1-2 2

2 1-7 I

az 1-7 [ 3 2 I ] 3 1-3 3

this gives a homomorphism since

939939 ,

- '

95
'

ai
'

= I

becomes

[ 32 I ] ( 213 ] [ 3 2 I ] [ 2 I 3 ]
- '

[ 3 2 I ]
- '

C 2 I 3 ]
- '

I
= [ 2 3 I ] [ 321 ] [ 2 13 ]

-  '

( 3 2 I ]
-  '

I 2 I 3 ]
- '

÷
= [ 2 3 I ] ( 2 3 I ] [ 2 3 I ]

-
d

= [ 23 I ] [ 3 I 2 ] =L, 23 ] = id

image of contains a
, 1- → [ 2 I 3 ]

Az 1-7 [ 3 2 I ]
a , Az 1-7 I 3 I 2 ]

9391 IT [ 2 3 I ]

a
, 93 a

,
1-3 [ I 3 2 ]

e 1- [ I 23 ]



so 4 is onto : . Til Xp ) non - abelian

i. IT
,

IX
T ) ¥ IT

, Hu)
soK and U not isotopic !

How good is IT
, I Xx ) at determining Xk ?

Facts :

I ) if Tl, (Xk ) = Z
,

then K is the unknot
.

⇒ it K
, =

KE

then Th l Xk
,

) = Tf ( X
ka )

but K
,

is not isotopic to Ka

3) so IT, ( Xk ) is a good invariant of K

but not perfect
but Th ( Xk ) t tiny bit extra determines K

down side is it can be hard to determine

when two group presentations are the same

group
!

So try to
"

extract
"

more
"

computable
"

information from IT
,

I Xk )



B
. Coloring

knots

prime

Recall a p - labeling I or coloring ) of a knot diagram
is an assignment of an element of Zp to each edge
of the diagram so that

i ) at least 2 tables are used and

2) at each crossing
× Z 2X = -2  + y mod p

We saw you can distinguish the unknot
, figure 8 knot

,
and trefoil

using 3 and 5 colorings

e.g .

! O
3- colorable not 3 - colorable

What does this have to do with Tfl Xk ) ?
Tha 4 .

it Every p - labeling of a diagram of K gives a

surjective homomorphism
Th I Xk ) → Dp

2) Every surjective homomorphism IT l Xk ) → Dp

gives a p
- labeling of a diagram of K

Recall Dp = dihedral group
= symmetries of regular n -

gon
I L x

, y
I xn

, y
'

, xyxy )

Proof If a diagram Dk for K has n crossings a , . . . .cn



and narcs a
, , . .

.

, an ( labeled as above )

then That says

IT
, ( Xk ) E ( a.

,
.  - .

,
ant re,

.  -  '

I rn - I )
an

where ri is ana , ai
'

ai
'

,
if ci is

a a.  + ,

and ai
'

anana it
, if ci is

a are ,

ah

a p - coloring is a map

{ a, . . .

, an } Ep

satisfying '

ath
'

⇒ 2 clan ) = clad -1 dare ,
) mod p

given c define

Ioc : IT lxk ) → Dp

airs yx
" ai ) write c ;

 -

- clan

this will give a homomorphism it the relations ri

are respected :

becomes :

ah
"

999£
'

×y×y=e
l YX

" )
- '

lyxcikyxcn ) ( yxcneij
'

Xy -
-

y
- I

x
-  '

=yx
- '

= x
- Ck

y
-  '

y xciyxck x
- Ceti

y
- '

= X 4 - Ck
y x

Ch -

Catty - I

= xcitczti - 2 Ch
y y

- I
= ×

Gt Gt ,
- Uk

= Xlp = e



similarly for a
"

Art I

so de is a homomorphism
Claim : Ole is onto

since at least 2 labels are used there is a

crossing set
. 4¥ Cat ,

mod p

,
,

! HI 24=-4 t C
, + ,

mod p

4¥ Cat ,
mod p ⇒ cat , -4¥ O mod p

so Cee ,
- Ci is represented by an integer between

I and p
- I

so Kati - 4 ) is relatively prime to p C since p prince )

Algebra Fact . I integers m
, m

' such that

m ( Cee ,

- Cy ) t m
'

p = I

re
.

M ( Cee ,
- Ce ) = I mod p

now of
,

Kaiare ,
)

" ) = ( y x' i
y x

' it ' )
m

= ( y 2×4 ti
- Ci )

m

= ×m( Cul - 4 )
= X1  

= X

and detail l qq.im )
- Ci ) = yxcix - c i

= y

so4
, onto

Now given to : Tt Xk ) → Dp surjective
then for a diagram Dk let the arcs be a

, , . . . , an

note : olla ; ) - xbiyxbzy . . . yxbki= y
Eixci

where E = O
or I and C

,
Elo

, .
. . , p

- I }



Claim : Ez -

- I for all i

it not
,

then for some I we have Ei
.

- O

now consider t I

ai an

to ( ai
'

ai anqii ) = x
- ch

y
En x' i

y
Eh I n x'

'
et '

y
Eiti

= y
2 Ent he I

×
?

 
= y

let I
×

?

since this must be e
,

we must have Eui o

inducting we see all EEO

thus y is not in the coinage of 4 Er
thus we see Kai ) - y

xd i Hi

define c :{ a
, , . . . , an } → Ep : ai t Ci

exercise : check this is a p
- labeling

EH


