
Difterentialtopology

Differential topology is about studying the
"

most general
"

spaces on which you can
" do calculus

"

that is : differentiate functions

integrate functions (and other things)
solve differential equations . . .

We will study manifolds which are roughly spaces that
look locally like Euclidean space
In particular IR

"

is a manifold (R
"

means n -dimensional

so differential topology is in some
Euclidean space)

senee the ultimate generalization of vector calc .

Why study manifolds ?

Manifolds are everywhere

they show up allover mathematics, the sciences, and

engineering
for example

• Solutions to "most
' '

equations
e.g .
It -12 -E -

- t

manik mmati.ua) manifold



• Solutions to P.DE
.

• configuration spaces

e.g , a robots moving on a factory floor

row.
To:÷÷÷÷÷÷÷÷:i:".com.
What is it ?

• mechanical arms ( linkages)
fixed

t possible configurations
⑤

7¥.
are six s '

can
t a 2 - manifold

rotate can

about ⑦ rotate
about •

Fact : Any (nice) manifold can be
realized as configuration space
of some lui kage

• Rigid bodies

e.g . positions of
"airplane

"

in 1ps
*

is a G - manifold IR
'
x 5013)

• Models of the universe
4 - manifold ( Relativity : space - time)

is it 1124 ?

10 -manifold ( string theory . . . )



I Manifolds

A Topologicalmanifoldsa
topological space M is a manifoldotdcinens.co#

(also known as an rrmanifold ) if

a) M is Hausdorff and 2nd countable an,faff .. any
⑦ M is

"

locally Euclidean
"

,
that is 2 distinct pts

can be separatedfor each point p EM there is
by disjoint open

an open nbhd U of p in M ,

sets

2nd Countable
-

:

an open set V in IR ? and countable basis

a homeomorphism lo : u → y

do : U→ V is called a coordinate around p

Remade: Items i ) and M being a topological space can be
replaced by M is a subset of Rk

,
some k

.

( we will prove this later )

this is psychologically satisfying , but make
examples and proofs much harder



exercise: show in item 2) one could say that y = open ball in IR
"

and Gcp) = O and we would have an equivalent
definition (similarly

,
could take V = IR

" )

examples-:

i ) any open subset of IR
"

is an n-manifold (e.g IR
" )

z) S
"
c IR
'
unit sphere is a 2-manifold

let Uzt = { (x, y ,t) c- 5 I z > o }

Vzt = { (x, y) E 11221 x 't y
'
a 1 }

10 : Uzi → Vzt : ( x
, y, Z ) t (x, y)

45
'
: Vz, -7 Uzi : Cx, y ) ↳ (x.y, ffxty)

these are clearly continuous so 4 a homeomorphism
so 4 : Uzt → Vzt is a coordinate chart

similarly get U×± → Vxe
, Uy±→Vy± , Uz - → Vz -

so 52 is a 2- manifold (note : Hausdorff and

2nd countable since IR
'
is and

subsets inherit these property )

can prove 5 a 2-manifold in a different way



Streographiccoordinateslet
N= Co

, o, i) E S2
U = 5- IN}

'

and y = IR
'
-
- xy-plane

Gcp) given PE U let

T l
p
-

- line through N and p
lp

lp A xy -plane in one point, call it Ocp)

this defines a function 4 : U→ V

let 's work out a formula for 10

given p
-

- ( x.y, z ) the line lp is parameterized by
r (t ) = t (o, o, i ) t (t- t) (x, y, Z)

to see where lp n xy-plane we need to fin'd t

such that Z- coordinate of dolt) is O

i.e
. t + (I- t) 2- = O

C- z ) t = - Z

t = ¥,
I- t = ¥,

so r (ET) -- lo, o, + (¥
.

-¥ .¥)

= ¥, I - x. - y , o )

and 4Cx,y,z)=(¥,¥€



exercise: i ) compute (using a param .
of the line

through N and Cx
, y, o) )

that
4- "(x.y) = ,+×¥ ( 2x, Zy , x't y

'
- I)

2) find similar coordinates with

Uz = 5- { (o. o, - D } , VE IR
'

3) find stereographic coordinates on S
"
c IR

" "

so S
"

is an n - manifold

3) IRP
"

-

- { lines in IR
""} realprojectivespac.ee

note: i ) each line is determined by a
non - Zero vector

2) 2 vectors V.
,
ve give same line
⇒

F r to St. V, = r Va

quotient space

=
"
" "

- """ ' ' "% . go, = %

so use quotient
where p - -p

topology denote the equivalence class by [xo: . . . : x "]
( called k¥5 coeds )

let Ui = { Exo : . . .
:X
"] E IRP

" I xi to}

and
lo : Ui → IR

"

[x? .. . : xD t (
"
ki , . . . ,
""

hi
,

"
i
,
.
. . , Thi)

note p
-'

: IR
"
→ Ui

(x
'

, . . . ,
xn) 1-3 ( x ' : . . . :X'

- '
: 1 : Xi :

. . .
:X
"]



exercise: Oli is one- to- one and onto

fi is continuous

Gi
'

is continuous

so Oli is a coordinate chart

so IRP
"

is an n-manifold ( Vo , . . . ,
Un cover IRP")

actually not ! need

exercise : IRP
"

is Hausdorff and 2nd countable

Remake: this is the first example that is not

obviously a subset of Rk , some k .

the above exercise is some what hard

but would be harder toget embedding
exercise : show

I : 5→ 1124 : (x.y. Z ) t (Y Z, X Z, XY, x'* 42+3E)

induces an embedding f : IRP
'

→ IR
"

exercise
-

:

yep
"

=

E
""
- {'Q - - ' ' 0% . go ,complexprojectiiespace.is
a 2n -manifold

2) Show EP
'

is homeomorphic to 5

4) Products of an n -manifold and an m-manifold is an

Ktm) - manifold

exercise : Prove this



SO
,
for example, T 's S

'
x s

'
is a 2-manifold

B
.
Smoothmanifolds

topological manifolds are interesting but to
"

do calculus "

we need more structure

we begin with :

given an n -manifold M and two coordinate charts

01
,
: U

,
→ V

,
and loz : Va→ Ve

Uz

Rn v
, 10,

↳ an

t"
oldvirus

we say they are smoothlycompat.to/e- if
called coordinate µ, of,

"

: lo
,
Cu.nu ) → 4h10 ,nut and

transformation or
transition 4,095

'

: oh lunch ) → ol
,
CU

, nu )

have continuous partial derivatives of all orders at
all points



a smoothatas for M is a collection of coordinate

charts A = { Ola : Ua → Va ) such that
Le A

D { 4)
aea covers M ( i.e

. M = Yeahs ) and

2) all charts are smoothly compatible

Renard : could similarly define

(
k
- atlas ( for olzooli

'
k- tunes continuously diff. )

t- atlas ( for Kool,
" real analytic )

complex atlas ( for Va een and Kooti
'

complex analytic )

co- atlas any topological manifold has this !

we want to say that a smooth atlas gives a smooth structure
on M

,
but this leads to problems

e.g . given to: U→ V in an atlas t for M,

"
"

pick any open U
'
c U then let

t
'
= t u { lol u . : U

'
→ flu 's}

this is also a smooth atlas for M

different from t !

So we would get ni finitely many smooth structures
on M if we just used a smooth atlas to
define them



lemma I .--
M a manifold
1) every smooth atlas for M is contained in a

unique maximal smooth atlas⇒tw%7eth÷¥:a%f%mdetermie
their union is a smooth atlas

Proof: D given an smooth at last for M

let t = { all coordinate charts for M smoothly

compatible with all charts in A }

Claim : E is an atlas for M

Indeed
,
it 19 : U, → V

,
and 1oz : Vz → we are in E

for any pe U, n Uz there is a chart to : U→ V

in A SE
. p E U

M

".

I .
Iv k

fx9:" Kooti ' gem 4204
- '

Gdp)

-
Pioli

'



"
oho ol,

- '
= @ o 4-

') o ( fool,
" )

w w

smooth at smooth at

¢ (p) by lo
,
Ip) by

hypothesis hypothesis

so Gao di
'
is smooth at dip) by the chain rule

since p was any point in U, n Un we see

4204,
' '
is smooth at all points of ol

,
( ynUI,

proof of 2 is an exercise
#y

We define a smoothmanitold to be a manifold M together
with a maximal smooth atlas

we also say a maximal smooth atlas for M is a smooth

1¥e on M

we can easily describe smooth structures by giving
a smooth atlas .

examples :

1) M = IR
n

A- Eid : IR
"

→ Rn }

gives a smooth structure on IR
"

2) 52 can be given a smooth structure with

stereographic coordinates .



exercise: show the transition function between

the two charts is

¢ : IR
'
- { co, o) ) → IR

'
- { Co, o))

(x.y)x ( x¥, ¥54

and similarly S
"

is a smooth manifold via

stereographic coordinates
3) IRP

" has coordinate charts

Qi : Ui→ Vi

i 4pm
{(xo: . . . :xY I x'

'

to}
n
g

means leave out

off Exo: . . . : x.7) = ("hi, . . . .
hi
,
. . .

×
"

ki)

Gi
' ( x', . . . , xn) = [ x

'
:
. . .

: 1 : . . . :X
"]

← ith slot

so lojooj
'

( x '
, . . . ,

X
") = ( "hi

,
. . . Ynlxi)

and 4; ( Van U; ) -
- { (x's . . .

xn) I x'
'

to}

÷ 4; oloj
' is smooth

and IRP
"

has a smooth structure

4) If N is an open subset of a smooth manifold M

it gets a smooth structure

2.e
. given t for M let

An = { flow : UnN→ plurN)

for all 4 : u→ V int }



5) Mat ( n
,
m ; IR) = { nxm matrices 4real coefficients }

note : Mat- ( n , m; IR ) - IR
" ''m

so it is a smooth

manifold

6) Gun, IR ) = { in rentable nxn matrices }
recall GL la, IR)

- dei
'

( IR - {03 )

note : det :Mat (nm; IR) → IR is continuous (smooth)

e.g. det : Mat (2,2; IR)→ M
l l

IR " z la , b. c.d) '→ ad - bc

I T polynomial
c. sat

by induction delete 1strow
II column

det M -

-¥
,
an. Hi det tm , ;

of m

-

T
is smooth polynomial by

induction

so GLln.IR ) is an open subset of Math, n; IR)

i. a smooth manifold (of dimension n
' )

see books) for more examples , but first

worrisomeexample:

consider M -- IR and B - { f : IR→ IR }
X ↳ x

3

note : B is not compatible with A- Eid : IR → IR }
since x tix

"' is not differentiable at O



so A and B are different smooth structures on IR !

but note g : IR→ R : x⇒ x
' takes id et to f. e B

id og
exercise: let E

,
B- be the maximal atlases

associated to t and B , then

{ to : U→ v} Et
⇒

Hoog : g
- ' lol → v} E B

so the smooth structures on IR are really "

isomorphic
"

(that is related by a bijection ) the term we use

for this is
"

diffeomorphic
"

two smooth manifolds (M,A ) and (N, B) are diffeomorphic
it there is a homeomorphism f : M→N such that

¢ e B iff loof E A I wouldn't work
it didn't take

we will come back to this later but first maximal atlas !

lnterestingfacts ( way beyond this course )

n it M is a topological n -manifold , then

a) n E3 ,
M has a smooth structure

( n - l
"

easy
"

n - 2 tha do

n =3 Moise )



b) n z 4
,
some M do not have any
smooth structure !

2) if M is an n-manifold (and compact)

and M has a smooth structure
,
then

a) n E3
,
smooth structure is unique

( upto diffeomorphism)

b) n 25
, there are finitely many smooth
structures on M

e.g. 5 has 28 smooth structures !
(Milnor)

c) n - 4
,
M frequently has infinitely many
smooth structures !

3) IN " has a unique smooth structure (upto diffeo. )
⇒

net ( Stallings )

IR" has un countably many smooth structures
( Donaldson t Freedman )

4) Classification

I- manifold's : S
'

compact
IR

'

mon compact



z - manifolds :

compact : S
'

T
'

⑦
:.

Eg u
-

g - holes

IRP
' ⑦

Nn = Nn . , # IRP
"

← connect sum
( later)

n - manifolds
,
n z 5 :

no classification
,
but if you fix

the
"

fundamental group
"
then the

classification reduces to hard

problems in algebraic topology
3 -manifolds :

hard
,
no classification

,
but

we know a lot
4-manifolds :

no idea !



C. Manifoldswithboundary
an ormanifoldwithboundary is a Hausdorff

,
2nd

countable space M such that for every point
P EM there is

1) a neighborhood U of p in M
2) an open set VC IR?o= { hi, . . . . x") ) x

"

Z o}
3) and a homeomorphism lo : U→ V

ol
m

#
"

'

interior of M
t

let intM = { pen with a chart 4 : U→ V set
.

pep) has positive x
"
- coordinate }

2 M = { p E M with a chart to : U→ V s
.

t
.

T lolp) has x"- coordinate 0 }
boundary of M

exercises: i ) 2M is an Cn - N -manifold

2) int M is an n -manifold

3) 2 (3M ) = O

4) 2 ( intM ) = O



5) int (3M) = 2M
6) (int M ) n 2M = 0

to discuss smooth manifolds with boundary we need:
if A c R " is an arbitrary subset and
f : A → IR

k
is a function

then f is smooth it for each x EA F an open

neighborhood U of x in R
" and a

smooth function F : U→ IRK such that

F tuna - flunA
note: it x e open set CA , then this is the

ordinary def
' of smooth function

now a smooth structure on a manifold with boundary
M is a maximal atlas of smoothly compatible
coordinate charts.

D
. Smoothtlaps
let M and N be smooth manifolds

f : M → N a map

f is smoothatp EM it there is
c) a coordinate chart to : u→ V about p in M

2) a coordinate chart ol
'

: U
'

→ y
'

about fcp) in N



such that
ol
'

of od" :

I Vqg ! is smooth at Kp)

N

arm to hit
'

in

¥7 to"
kmma2_:
-

if f is smooth at p then for any word. chart

4 : I → T about p and Y
'
: O '→ T '

about fcp) we have

.

to
'
'

*
too

,#It
'

o 5
'



4
' of o 4-

'
= 14 'o (ol ')

-1)of ol 'of cool - 1)of pot - t )
-w -

smooth at smooth at smooth at

all points Kp) -- 414
- 'MIND all points

since charts by hypoth . since charts
compatible compatible

so 4
'

of o 4 " smooth at 41p) by the chain rule#y

f- in →N is smoothest VcM if it is

smooth at all points p EV

it is smooth if it is smooth at all p EM

exercise: f : M → N is smooth on M

⇒

for any atlas t for M and B for N

Gofoul " is smooth @here defined)
for GE B and 4 C- A

example: i ) since an atlas for Mk is { it : Rh→ IRK }
a function

f : M
"

→ Nm

is smooth ⇐ it is smooth in the calculus sense !

2) f : M → IRK is smooth

⇒

for every chart of : U → V of M
,

fool
- '

: V→ IRK is smooth .



exercises .
-

y f : M→N a smooth map , then f is continuous

2) compositions of smooth maps are smooth

①to
✓ chain rule

g of

notation : (M,N) = { set of smooth maps M → N}

c- ( M) = (M ,
IR ) I note this is a

vector space
a map f- :M → N is a diffeomorphism if it is a

homeomorphism and both f- and f
- '

are smooth

example : IR with its "standard
"

smooth structure

f : IR → IR : x i→x3

is ① a homeomorphism and

② smooth

but f
"

is not smooth so f not a diffeomorphism

Renard : as mentioned above
, diffeomorphism is the

fundamental equivalence in the study of
smooth manifolds

exercise: show this definition of diffeomorphism agrees
with the one in section B .



eramplesotsmoothmaps:

1) let i : S
'

→ IR
'
: Kitz ) they, z) be the inclusion map

Recall we have to :(5- IN}) → IR
'

(x, y, z ) l→l¥z
,
¥)

and
f : N → f-END
(X.y) 1-7 ¥+yz (2x, Zy, x'ty '- i)

so
joo

- '
: IR
'
→ IR
'

⇐yin (Effi .
,

)

is smooth on IR
'

similarly for the other coordinate chart

so i is smooth

( similarly for S
"
→ 1pm ')

2) IT :(IR "
"
- { lo, . . .,o))) → IRP

"

(x? . . . , x
") 1-7 ( Xo :

. .
.
: xn]

local charts Ui = {Exo : . . . :X "] I xit O }
Vz. = Rn y

leave out

chillxo: . . . :X
"3) = ( %'

,
. . .
,×%i

, . .
.

.

"Gi)

so

OjoT :HR
""
- {co. . . . , o) }) → IR

"

is smooth at on T
- '( Vi ) = { Cx: . . .,x7 I xi to }

SO IT smooth at all points of IR
""
- { lo, . . .,o) }

: . IT is smooth .



3) p :S
"

→ IRP
"

where p - Toi is smooth by composition rule

(but could also check using charts )
4) Beep functions

consider f : IR→ IR : x↳ {Oei,×, ' ' OX > O

it
"
't

exercise: show f- is smooth

f-(x)
set olrlx) =- r>o

f-Cx) t fer - x)

note: text fer -x) > 0 so olrcx) is well-defined

Or

¥ '

set 441=1 - Olrllxl - r)

note: 4. Cx) = I ⇒ IN Er

Yrcx) -- O ⇒ lxlzzr Yr

oetrixi 't



set Ey
, r

: Rm→ IR : x↳ Yr ( H x - y Il )

-
- -

nowgiven p EM let lo : U → V be a coordinate

chart about p and Sey y = Gcp)

there is some ro > O S.t. B Cy) C V
zero

set fp : M → IR : x i→ { Ey, roof (x) xEU

O x # U

note : i ) f is smooth
2) given any open set O containing p

we could have arranged that I
open sets Op and Op

'

s
.

t

p E Op C Op
'

c O and

fpcx) = I ⇒ X E Op and fp 1×1=0 ⇒ x et Op
'

f-
p
is a bumpfunctionatp

so any manifold has lots of non - constant
smooth functions

,
that is CM ) is big !


