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We will 5+uoly mMan Jolds wheih are focyhly spaces that
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® Fosrho-n_;{ without wl/z\%co'ﬂf?
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T Manifolds

A 7;'/0/?7/&,0/ Mam';ola(s

(#2 fopo/?jzéa/ 5pace M s a mam‘)co/o/ 07[ Awrension n
(a/so Raown as an n-manh@/o’) :'7[

M Hau;a(oﬁgc avd Zajwum’-aé/e and
) M s \\/oca/ly Euclidean” that (s

for each /001h7‘ ,oé/’/l there (s

an a/eﬂ nbho‘ vV o7£ P ” M
an open set V i R, and
o [me@omorfhtsm b: U—>oV

U=V s called a coordinate chart a/buno/P

Remark: ltems 1) and M beuy a z‘opo/ojuoa’ s,oac& can be
replaced by M is a subset of fk some. k.
(we will prove this later)
thes s losycholc?jz&ally sa't‘z}ﬁ/z}t , but make
Oxamples and ,o/van moch harder



exercise: ShOW n /'ffM 2) one coulol say Chat V = open ball w ”\)n
and @ (P)= 0 and we would have an e?uu'/a/e.d'
Adef iy ik ion (gz'wu//cz//y, could take V-‘-/Rn)

@XOMFIQS’
1) any open subsef cy)C //?A IS an n-—mani?fo(d (e_ﬂ m">
2) §% e ﬂe3 vnit 5ﬂhere (s a 2- maniold

S'L
let U£+ = fxy2)€ st = >0}

Vz-t = g(x'y) GIRL’ x‘+>"<1}

(P: U%-f —d VZ-(- . (‘x,y,é) — (Y:Y)
¢ Vir = U (i) v (my, (- y*)
tAese are c/ea//)z contiiupus so ¢ a L'OMeOMOffh"f’”

s0 ¢ ‘Uz+"’9VZ+ is a toordwate chart

5/0;41'/6‘(/'/)/ j@# Ux,—av,x;’ UY:‘ "‘9V71, sz_—a\/a_
so0 5 s a - mamolA  (note: Hausolor FF and

24 covntable sice /7€3 s and
¢ubsets nherit these ,om,ae/z‘y)

2

can /foue 5 b a - mcml"ﬁ:lcﬂ n a 0’:—#6‘/641‘ way



S fc/‘eo‘}:/‘a'ph 2 Cocro{lt;lafej

| let ~=(0,01) € SZ

/X VER S {/'/_?
— R and /= ﬂz=7q-—//¢me

X

jl'v-en pe U let

’[P = e f'hfoyl« N and p

Ly 4 'Xy-péme 11 on€ ,ﬂon'nﬁ call 45(/)
this defines a function ¢:U- Y

/C‘fé work out a formula tor ¢
jl-w,\ P=(,W‘%) the lne ﬂf s ,oa/aMe‘(f/'l?:ea( by
r (€)= £(0,0,1) + (I-¢) (¥,y,2)
to see where Ly /1 xy—-,o/ane we aeed to fwd +

such that - wordiate of é(¢) s O

1.e.

t+(-t)z~0
(-2)t = -t

2 _ =
t= 21 €= 2

50 r(E) = (00 F)r (&, . E)

= 37 (-x-y.0)

X
and | ¢(x,y,2) = (1—2, %2':'



exercise: 1) tompute (vsing a pacam. of the liae
fé/‘ouyh A and (K,y,o))

that
4’-'(XIY) = 1+ ,?“*Y?’

(27‘/ ?’7’1 xz*yl”)

2) Fid swilar coordwnates with
Uz = 52‘ f(o, o/")} ’ Vz= ,RL

n+l

3) fricl sfcfeoy/‘a/ahc'c tordiates on S” < R
so S" is an n- manifold
3) RP"= § hies 1 ﬂ?”'} real projectwe space

note: ) each lwme is oetermvied 147 a
non-2éro vector

2) 2 vectoss U U, 9We Sawe line

&
Jreo st 4 =rig

o e KOl s
where p~-p

olenote the e7uzi/a1€vtce class bs/ [ ...:x"]
( ca lledd Ltom?/qemeous coorv’s)

let Uz z Z[X°= ax~]eRP"] x‘.#o}

d n
e U — R

1
° -t
X% xX"]) 2 (x/xij ) " /X‘.) x/'zc‘-) -t 'X/‘K.,')

N ¢l

note 4,": m" — U

(%) > [t X Lot x?]



oxerciie. ¢i (s Me-to-on€ and onto
¢, s tonbuous
4{' 15 Contin uous

so & s a worduate cha €

so RC" is an w-manibld (Us, .., U, cover RP)

e encise: RP ! s [‘fausdo/# and ZMoowlfué/e

Remark: this is the Prst %’am/ﬂ/e that s nott
obw‘ously a sybset of Kk, some k.

the above exen (_(:(g s Some what- by A
but would be bharder +o ﬁe'(' Meo(o/:n/

exercise: Show

r; st [R‘f tlxy, ) Py 2, x2, %Y, x"+zy7'.f3t‘)
induces an QMQ«?/JM:'/ f: ”3'07‘__; /R‘f

exercese:

n 4:"“- (o, ..., 0)} ) -
) &_‘0 = { 20 C- fo} wm,p/%’ ,p/‘ov)e_cf‘we space

5 a 2n- man Fold
2) Shoy, CP' s homeomorfl'ti o S°

t) P/‘aa(uc_-(-s c‘F on V"mam-'lg/c/ ana/ an m—maniﬁ[a/ (5 an
€ m) - manifold

exercise: Prove this




50, for example, T 5'xs' &5 a Z-manifolel

B Swmooth Manifolds
fopo[Oj(ta/ mam'-folals arée r,%{efesﬁnj but fo “olo CaICa(uSq

we wneed wore structure
we beju)l with
91’V€w an n-manifold M ard +two wordwmate charts
¢: U =2V, and ¢V, 2V

/@lfk(u,nu) ///?/

¢, (UMe,)

we say they ase smOoﬂr{y Com/aﬁ'é/e f

bot": §(0,a0) = & (0,A0)  and

Bt ¢ (v,04) — ¢ (Ung)

Ltadc continuou s Fa/'ﬁd/ o(e/‘u'/a'ﬁu:'&f of all ordess at
oll po«h‘b



a smooth atlzg -ﬁ,— M s a w{{ea‘/bm of coordiiete
charts /(; sz,(; %(""v,(}o( A svch that

1) f(/J“A covers M (12 M= U U,(> and

K €A

Z) all cherts are 5moo{'417 com,m-ﬁ‘é/e_

Remark: could s(h}/a/(k/ define
Choatles (for ¢Lo4>'-‘ k-twies  confmuously At )
(*-atlas (for b,04" real dna(yﬁ'c>
Complex atles (for \[6C" amd 68" complex analytc)
(" atles  any topological wanihld hos this |

we want $a7/ that a smooth atlas ‘?u}ej a smoedtlh structu/e
on M, bot tacs leads +o p/oblem;

es. 9iv/en ¢: V=V w an atlas A 4or N

¢ k"
M //7\/

L

Flck a.47 opew UICU {/tze/g /ef—
U= 4 UEPl, U )]

thies s a[50 a spooth d‘f/aj fo~ M

ﬂ(rf'[’efen?‘ from A [

%0 we would 76'(‘ Mﬁbc{e/y Aany spmooth sV uLtures
on M i we )'asf' used o smooth atlas o
Aefie them



lemma | :

M Qa Ma/”'%ld
t) eve/y smooth a*f/ag 7%/ /VI 7 éom‘/‘all/-leo( m a
unigve maxeial smooth ottas

2) two smosth atlases - M determme the
samé€ Max)(lw‘)a{ a?l'/aj

&
ther union (s a smooth atlas

Froof: 1 gwen an swmocth atlas A for M

let 4 = { all cwordate charts $r M swoothly
tompatible wdh all charts 1 A §

Clawm: A (5 an atlas 7o M

a—

Indeed, F €:0, =V atd ¢,:U, =V, are m A
for ary pPE G AV, there s a chort ¢ UV
wm A st PGU




% 4,2043-!:(%04,-!)0(4)“#{-')
"

W
5”\00‘(’6‘ a+ Smogth aT
$ () by 9 (P) by

hypottesss  hypotthisis

s0 $.od (s swmooth ot & (p) éy the hain e
s1ace P was any Pom'f’ l/‘l (/,/)U—L we see
¢z°+¢-( (s smiooth ot all fo:«'rt‘s a‘f‘ ‘E[({/ldﬁ/

promc oF 2 5 an exgicise

V224
l/e o(e7£u'4<=_ a smoof'A mgm'7[u// to be a Man('FOIOI M 1‘0‘761"45/

with a maximal smocth atlas
\A/@ a[50 56‘\/ Qa MaXI/"’\a[ 5/‘4007%1 a‘Has 7%//]/1 l—S Qa ;moo{’bl

structure on M

We can eas[/y decc ribe smooth structures I”Y J ‘Wj

Q 5M00‘HA atlas.

e)CC(m,o/e}.-

y M= R A= d R > RS

7(./65 a smooth ¢bucture on R

2z :
2) 5 cay be e a smoothr stucture  with
5fﬂfeajfaphaé toordwates.



exescse: show the travsition Tuactzon befueew
the two charfz s
¢: R=f00)] — R*- {(00)]
(ry) > [ 5oy Roeye)

ond 5/»&:‘(&/17 5" (s G 5}1460% Mamifolél VIG-
5#/8%/&/0&:6 coord inates
) RP” has coordiiate chats

qy’i : Uq. — V

FAS
O(Lx% iD= (Fhs | % XA)

¢ (x) . x7) = [ i x]

50 o (x,..,x") = ("'/x;l )
ad #0007 £ (2. x) [ x* %0}
Go 7 15 smooth

and [RP g Lmﬁ Q smoof‘h structure

€) [Ff N is an opes subset of a smogth manitold M
it gefs aq smooth structurse
1.€ 7\!7&4 /‘{ 'ICO/‘/VI let

A, = {MUM: VaN— ¢ (vad)
bor all $:0-V w'u‘()?



5) Mat (n’,«,jﬂ): anm wmatriciés 7 real coeﬁflétéﬂfs}

note: Mﬂf'(”:""//]z) = [RMM s0 (F (s a Smocth
wmonitold

6) GL(n,R) = f:.& vertable nxn mm‘r{czesj
recall GL (1, R) = det (R-{o3)
note: et :Mat (7n;R) 7 R 15 tontuivous (Smooth)

e.g olet : /Waf(zz, R — M

ﬂ?“a{abcd)'———*aa’ be
z

b
(2 %)
bu/ imiduction
p .
Aet M= 2 a . () et M.
=

s <mooth

50 GL["'/R) IS an open svbsef o7£ Mm"(/',n,'m)
. Smam”h Man(.')Cb/&/ (0‘[‘ 0{(.M944$I'OI4 nz)

s@e bookls) for more Wamp’ff, but Lirst

Wor/(Some € mm,p/e'

vonsider M=R  and B = fv“K—?Rj

x - X3

note: D (s pot com/aaﬁ'é/e with A ={d:R=R}
smee X X 3 is noft dfferertiable ot 0



50 /‘( W/ ﬁ G6re o/(f7[€/64'f' smoptl ,c*ﬁ*ucﬂt/e; o« [‘\7(
but note 9:/’2_9“%'-%—9 x> ta hes té’éfé o feB

. S — :}“
exercise: /ef /{, B Le e Mﬂ,er'uq( atleses 7

ascocioted to A and (5, theu
fo:UnV] €A

& B
{6eg: 97N >VS € B

\ . "
50 the SMOOf/\ structues onN /ﬂ are rea[/y £50m0/‘FLu'C

(that s relnted 67/ a é:ij'ec-h'on) the ferm we use
Jor thes s \;/,'ﬁeomoyf‘phz'c”

two swooth mandolds (/’4,/() and (/1/, 03) are p{,-'/y[eomoflph,g
F there s a Aom&?mor/h{}m FMoN such ot
be b Hf ofeAd

we will come back to tuis later but 7%’57‘

n fC/€5ﬁn\'/q Facts ( way beyon/ this course )

1) l‘f’ //1 (5 a fbpa/o?('cc«/ n—mamiﬁ/&{, ¢he

a) ne3, M has a spmooth structure



b) VIZ‘f, come M do not have any
smooth  stru cfu/e!

2) I:)C M 5 an /l‘-mamiyélo/ [anol wm/oac-F)
and M has a smoeoth structure, thes

a) n¢ 3/ {moof(’l 5T‘rucf‘br/€ c'5 Uﬂ}?ue
( up fo o(r:FfeOmof/OhtkM)

b) n25,  wuere are Hn nzely Ma/t/ smooth
sfructures on M

() n=4%, M 1Cre7u&41‘/y has ﬂwn‘eé/ meny
smooth ¢tructures |

3) R has a uni7ue smooth stuctuwre (ypfo Affes.)
&
nxe

fK" has un caum‘ably Man/ SMoofbl structures

) Classitication
|- Mam‘FoloQ ! §’ zom/%cf

|
62 non compczc-f'



2- maniFolde :
wmpac(‘ . 5
T

O
=)

Zg
RP"
Moz Wy ¥ RP”

V- mar\(‘\COIc/SI nzg:
no classification, but o you fix
the “ﬁma/a,wemb/ PoUP " theu the
class Feation reduces o hard
problems a/jebmzi fvpob/oy

3-monitolds
hard, o cla ss[ﬁca fon but
we know @ //Ot

L{-Maur‘ﬁ?ldﬁ: /

no lé/ea .



C. Man ,}é//; witl éouﬂ/a//y

an n-mapifold witth éouma/av/y 5 a fausdortt, 72
Lountable space M svch thet Hor every ,Oo«'/zr

peM there (s
) a neyhéofﬂzooo/ (/07[ /0 m M
2) an open sef \/Cﬂ_:oz f(x,'---,X")l x" 2 0}7
3) and o /zowueomorflvdm p:(/—=>V
¢
@

i N

et wmtM = Z(,Dé/’/l with a chart ¢:U—=>V st
¢p) bhas Fosz"l‘l'lle x™ Loora/tu'm,fej

IM = EP‘"M with a chart ¢:U—V s~
¢(p) has X wordwiate O}

exercesgs: 1) oM s am n-1) ’Wla/lt#ola{
2) (V;*F/’/l (5 au M—Maﬂ/?@/ﬂ(

HNIYM) =0
“f') P (lVlfM):O




5) wit (M) = I
) (it M) pIM = I

to olcs cuss 5/'/'007‘/1 marzf%/o/f W th éouno/ar7 wé ne-ea/:

I.)CA C K " (5 an arb{i"m/y Sc/bSeF— and
Fih = RR s q Function

theu ’F (s 5,44001‘4 (%L 7%/~ Cach ?cé/] 3 an o/oe/l
rze[fhbor%w( U of 5 R andd «
s mpoth function F: () — ﬂ?k such that

- f1

/UnA " una

note: F xe open set C/\/ then thes 15 the
ord i ary Aef % of spooth Finction

now a smooth structure ol o manifold wth bowno/a//v
/'/l t-s Qa quzMa{ af/as 07[ Smoo‘l‘l"l’)/ &ompxﬁ'é)e
toordmate chark.

D_ Smooth /Ma',y;
et Mand N be smooth manifolds
F M2 q map

f s spooth at P EM # there s
) @ toordiate chat $:00—>\V about P i M
z) q wdro{w'/a,fc chart ¢l-'(/’~’9vlaéou'(' 70(/") (Y /l/




svch that
47,0780 ¢-'.' V—-—7 \/I (s 5/‘400744 art ¢(/)

Aol
R  R"”
M £ v
v — ¢’
R” # % R
/
e v
Lo, ]

lemma 2 :

F ‘F (s smooth at p then 7%/9_47& toord. cha t

N

¢ : 0—-?\? about P andl ‘f/’i (/j”-—? V'
about Flp) we hlave

$ofot™
s smooth ot V()

M



glof o= o (6))(boF s (9ot

so V'ofot™ s,month at ‘(’(f) b\/ the. chan ru/e_ﬁ

FiMoN s smooth on am open set UeMm F ot «

smooth ot all poits PEU
& (s smpoth £ (¥ is smopth at all loé/l/\

erercise: f Mo N s f/moo‘u% on N
&
Jor any atlos A for M auwd B hr N
bofot” s smooth here Adotied)
for e and ¢ €A

%olmfléé-' 1) swmce an atlas for ﬁh 5 E«'/-‘ ”?k_) ,Rk}?
a ‘IL[AMC%VI

7t : //’2"__9 [/?M
(5 smooth & (£ s smooth 1o the (al aulus senfe,]

2) f’M"?/ﬂh (s smooth
=

for every chart ¢: 0=V of M,
fop V5 RR s smooth.



gxercises:
) Fi Mo a smooth map, then £ s conbivous

2) (,omposrhoné 0‘1[ 5m00'(’4 ma/){ are 5/14007"&

gt
notation: CM(M,/l/): f{cf 07£ smooth wop s M-—a/l/}z
(M) = C¥(MR)

& MOP 7[‘/1/1 '—9/1/ ('5 Q /{#@Moflphféﬁﬂ l'7£ F 1:5 a
homeomorph s and both Fand £ arc smoott

axample: R with s “standacd " smooth structure
FIR>R:x—>x’

5 O a homeomo//ahé’m and
@) smooth

but 76‘1 (s ot spvot U so F vot a Jtélv[eomo/‘//wim

Remerk: as mentioned obove, df(#CoMO/‘/Ll o (5 the
funddamenta | 97u¢t?a/ence M the 51‘!40// T
smooth panifolds

e e/a'ge: §Ltou/ +h s o/efm rh-om o‘F d{#éomorldh (}w afreeg
with the ore (n Section B.




%awgp/es 07[' smpoth maps:

1) /e{’ 7: 5L“"> /7?}-' (x92) 2 (x4®) be the wmclvsion w8
Recdl we have ¢ :(5L' {/‘/}) — ”et

<.y, 2)— (P2 =)

and
(p-l, R'z- __9(57_ Z/l/})
(%Y) =7 Tixtey Hx ty® ( Lx, 2y, xt"""’)
R
SN G (i
_zx
G ) — (Toey ,'ﬁzﬁ;— )-,%57,)

. y)
15 Smoo-{'& on //4

51’;1 f'/ar/y 7§/ the o‘fhe/‘ coordviate chart

so 1 5 smooth
(i lacly for 5"—> R"")

2) I ( R fre o) = RP”
(<0 x") > [E% i X7
Ioca,/ charts U,, = 4{[?<°= ]| 0}7
vz' - ﬁ" I~
¢i([xo:___:xq3>‘ ( 7‘/;1.1 N X/K‘, » X/_x1.)

50 n+l!
¢, o R - {to..,93) = R”

is smooth af on U (U;)= §0 x| x'%0]}
so T 5M0m‘tp at all /om‘t‘; g—F [R‘H(- 4{(0/---,0)3

. T s 5moo%.



3 p:s"—RP”
where p=T ©7 15 $moocth by com/osz%‘-/bn role

[ bt tould also check usz'nj charts)
‘f) BUM'p 741/1(,7‘249;45

x>0

et

exércse.: show 7C (s 5moof-[z

: o x<0
tonsider £: K=MK x+— e
e X

69
5£f' 4’,-()() = -f[x) + F(r-x) r2>0

note: F(x+ flr-x) >0 SO 4>,(x) L5 q/eu’deflhea/

- .

set o (x)= |- D (Ixl-r)

note: Y (=1 & ixlsr
t.(0=0 & Ixlzazr ¥

0% ¢t(d 2l e .\#

wr r 4 tr



set fv,f :R™- R:x— ‘f;(llx—yll)

o L FEEN
LS -
-~ -

/\OL/jl-Uft/)P eM /81‘ ¢ 0>V be a coorddwecte
chart aéouf,o and e/ Y:qb(,o)

Heere (s Somée 7,>0 St Bz,fy) cV

& . ed(x xeU

set ﬁ:M———D/R'.p(f———aé
O x& ()

note: 1) £ is {Moow%
Z) 7ivem any open set ﬁcon'l‘aw'\fn/ P
we could have arm.?feo( dl‘m’- 5
open sets (G and O st
pE 0;0 C U;’ol c O ana/
f,00=1 © x e, and 1,020 %44,

70,9 15 o bunﬂlp ﬁmcﬁ'om ot £



