]I Enqenf 5pac€ aﬂd Lfnéaf‘l%@flb/l
J 14

A. 7:2/!08/11‘ Sﬂace
we u./am(’ 1‘0 je/a eralize {'he 0187[M('?’10Vl a7£ p/e/u/af'wc

to functions T:M—=2N
but def? from calculos vses the liicar

n
structure on (R

(p) = limi 'F((Jflw-)’fff)
DU?C P h20o I

hut M and V/ dont have svch lear structure
and what (s o for a nanifold ./
50 we First {'r7/ fo (//zders*fzmo( a vecto/” U at a ,aomi",a é/ﬂ”

recall fom coleulus 1t was vseful o tonsidler the yace
of vectors based at a pow’:{ pé/ﬂn

02&’\

n

f/zese 7[5r a vector é/Ja @ that we denote KF
we WOMU [ike 'foje/lefa[li—e this to a Ma/lhl;/&l M

smce we dan%— have a /Ihea/‘ ctructure on M we need

aother way fo thinh about vectors
u‘)'u&‘(/oe a vector éy (ts Gctions !



o this end we Aefine

a dervation ot péﬂn s a hiear map
D: C(R"R) — K

such that
D(fj) = (Dwe>j(,o) + HﬁKDj)

/émr"!a i-‘
t) 749/‘ amy v 6”2; the dt/‘ecf'lbnal o(e/‘u'/af'iue

of f at P wn the Jwvection U

e f(,ofla'zr)—-f(p)
D7/7[('0) ~ h»o h

= of% —F(/H-‘(‘ v) '{-‘—'O

(5 a derivaton.
) /7£ D: CM([R?K> "‘7% (5 g ale/l;/afion wf‘/o

fhen there 15 & vecto,r v €lR : ¢st. D= Dv,

Proof: 1) Dv L5 o(eaf*[y liiear and sa+ishes the F/ba(u.Cf

/'Ule 7g”om ca [Cu (u,;

D let % .., x" be the toordimare functions
xT R = R (x X)Xt

cet yl=Dx® ¢R

3(}/5}4 any Functiom JF-'/RA—?HK’ +hen

Flcp)= pip) = §, e Fipeed dt



o

= S & L(prtx) .., plrex”) oAt

i 7 x' 2 (petn) ot
01:1

S xt

ST 5 2E (petm) oft

n

= Z Xijt- (X)

(L

50 f{x+/o)-75(,o)+ ?: Xy(x/
z'f 7

and  £(x) = £(p) + _Z [fx"—p' )z (x-p)

note: Dc = cDbPL = C D(4-1)
=c (P1)-1+1-0D)
= c (WD) = b

So Dc= 0O

fhu5
DFf = D) + D Z(x #*) 9L 7p)

= Zé)x ‘Df)‘)jiéo) # (pp') D g.(xp
= Z v 9 .(0)
it we set o= [ ] then as above

D,”.‘F/f): = v 31-(‘5) = Df



s0 D=0,

le ¢ 7;/Rn = § et of deriations ;d—,of

"
note: 7;,K s a vector 5/456

D,,Dzé'f;ﬂ" thes dehye ®:+Dz,)7C’D,7C*'D,,'F
and (D) f = r(DF)

exercse: these are derivations

TH22:
fhe map

N N
Re — Tk
vi—> D,

(5 an 1'50M0/‘Phi.<m.

M: 7('7"00"'\ CQ/WIU-f we kl/lah./ "ﬂil'j (-g a /,y',ea/ Maf

D f = va+aDw7c

(r+aw)

lemma 1 SoLy5 fhe Ma/a s onto.

to see the map s w jective syppose
D, f=0 for all £feC=(R")

let 1 =[V‘J

. h . )
consider the A= coordwiate functon

%' R = R olx)x") — %



then Ozpvx‘:-Z?f)%ij:’V‘)

so =0

&

no w \7('(/6/\ a maw/fv/a/ M ana/ Q Po[mf ,0 € /N

a dér(vaﬁ'om at p s a [uhea/‘ ma/p
D:c”(M) — R

svch that
D(fj) = (Df) 9> + @ (D9)

set 7; M = § derisations at p}
as above Tp M is a vector space
ToM 5 ca lled +te taag et sgace of M at Y
Vou should think of elements of oM as “Adirectional

Aerivatives " and hence “fam/em" vectors "
(and {’/tey are for M= J?”)

now ¥ we have a smooth map
fi Mo N
then we gef a map
oMy M= Ty

as follows .
F 1f6770/‘4 and jec (/V)



then ‘707[ e C(M)

$0 ’lf(jh'lf) éR

thvs we seft

db,(v) (3) = v (g-F)

note: ) df,(v)(g,+9,) = v (G,t9.) oF)
= u-(j-/o,t-éj;"'F)
= o(gef) * 7 (g0 F)
= M, (1) (g) t Afple) o)

swnilarly  df, () (a9) = @ o, (v) (5)

2) a(fp(zr) th): 4;-((9&,)075) - U‘(@vf-)[t\o—F))
= (gof o of ) +(3516)) (v (hop)
- [, () )] W) + g(fa) [h 6w

%0 0/7[;’ (v) ¢ 7;{/’)/1/

call df, the ddferentiil of £ at p.
exerciie: 1) d’vlr, C LM —%TH’» N s g lnear may

2) fMAN, g N2 W, then
a'{(jo'F)P= (Olj_p(/,)> °(0{'Fp)



D id, MM then
déJM\)P - 1547;/,4

q) 7E/V)"’7/l/ a df#fomofplxtzfmlf’ﬁten
d—F/ an l'fomofplflt'.(m

43
let UsM be an open set, then
7: () M
the ticlvsion map, wdues an (-5om0/phz3m
0(2"0: 7; ) 7; M
For a“ g€ vV

note: from the Theorem we can com/ﬂuﬁf the dimension
of 7;/'4. To see thu let U2V be a
Loordiviate chart For M about 17

~ ~ = — o=
7;/”"7;’(/’7;(/))\/ 74:(,0)m R 4

50

A ension of T, M =»

to prove the theorem we need



/CMMQ Cf:

I ‘F,j € CM(M) and 70.—_? on an open set
00/1+aw‘nh/ P '/{\6/1 -Fa/‘ a” 1}"&7;/1/\

fzroc:f:rj

Proof: le¢ h=1-g
there 1s some open set (st pel and h=0 0 O

From the end of last sectron there (s a “buW,P
Lirction ¥ € C2M soch that

)Y =0 on QWC?QE@/‘WJP
2) ¢ =1 outsdde O

5o Yh=h siice P<| where %O

now

v(u) = w(+h) = ) hip + €ho)erh)
=0

o wt-ug - vlhg)0

Pfooch‘F Th®3: e know 0‘ip s a luear map so0 We )om‘*
need o thow 1+ 15 éij'ecﬁ'ue

[n)ecte: Svppose 067;(/ and 017,}[7/') =0 n 7;/'4

50 0{¢,'9['U') CCPM) 2 R s fhe D map



we wanat to show 7 Ck[U) >R s a/;o adge) mq/o
given F el we need to exted t o M

to do they we vs€ éC/M,O Fenctrons |

/

re. there are open sets qc < CZ cl/
st. p € ﬁf: and there 5 «

Fancbon Y M— R <
¢=1 on Op and 0 owtsgle O

/

Now see Y. f on U
te é 0 outsede U

C/(eafly ;C—e “IMm)

now/

—

vt =vlf] ) =w (Fi) =diw)(F) =0
v

avce £eC(0) was a/éh‘fafy, U=0 /

Sc/fdiecﬁvb let v € 7/;/‘/\
for any f e CM[U) le € ;c— be as above

and dehne vf=of
15 clear T CT(V) 2R G o olervation

and note Jor all 9 3 Caa(/Vl)



A, (7) 9 = 77(7"1')
= 77(3&/) = 1 ‘;’;)
= V9

thus di,(#) = v and d, s swq'emireﬁ

/OCa/ coordinate represéatation oF vectors

/e(,a// 7Z”~42 5ay5 7@/‘ a/\/ 067;”?” there (s a
vector v € //?; st D=2,

thus 9[1/6/' o rdionts (x)...yx") on m”
we get a bass f%;—.) . 5?;,.; for ﬂ?;

and we can wrte =

n
7=

¢ 2 .
,V‘;xz

Nne L, jzife/\ a toordviate chort P U=V for
o wmanifold M

for any ,aéU and 067/;/1/1
—_ 4,0 "
we can consider A CP',["") € Lp@m = IRWP)

g0

for some 'U'. e R



and n .
1 -1 2 .
v = Z;l’lf AG )ep(f)(’ax‘)
\/\/\—/

we will abuse notation and Aenote ths ‘;?,’{'z'

{% we wont ‘o ém/oAdS/%*C f;;{ Qs

- . - D 17,
a vector (n 770/'4 we e 5“;2'

- 2 3 . , -
0 Z’ax') ) ax”é s a basis Tor /pM

V5116 the chart P:(/—V

Now Sc/,Of05€ ‘?‘ 0 — \7 15 another ctoordiiate clhart

for M near p




//’/‘ cau be writfen

v = ?Xz- U.jh},j d’
n )y . ~

rzr:Z'Ij\’z —?—4' uSle‘P
x|

how oo tthese /e/orefeu*&ﬁ'ang relate 7
note: Bo ¥ (K., x) = (04 XD, o, y %y %))

z?acLl yz' Sb[(/n()) — R s
the 7 éoa/b/ma'('f ﬁmcﬁoﬂ

reca [l that to Findd HHee we#/c'&/m"s a7L a vector

Wej“# see Lﬂw L/ aL‘f‘S ,on the aoon/(l/?&'(f
functrons

Ia/(Y) Z “/ 971 (Y)) = L«/')

50 mnjzé/er



40
B8], _z 2 646) 2

thes shows @au +o cha«r/e bases " froms

2. '

exgrese: o v = Z’—W'z'gi;?' (5 ¢ coords)
<

noo. .
then 'If—“.z: V')éa\/'j 6:4' Sbéoo,/vls)

);l

where - A N, g
WJ:?;%U’ B

(u}\ vector notation [w] = [%5][«;] )

Wﬂ

®

/0 A;/S (¢ 9/6751/1:7"10” 07’: -Fam/qe,/r/- f/ace

Qa f‘a/zjgmf' velfor af'/a e M s G Q557?nm€«zf' of
N numbers o each toorcliate clas¢ com‘amz.z;j P
that frans form accoro[z;7 o ®

Wefa&é: Show this o 87’0«4'/&/?.4/’ fo ow 7{&‘76""!7-"104
oF Tan 72.47‘— vectors




now /ef’lf see u/élcu" o/-,LP 5 A /OCa/ Loo/p/w'zajﬁes

j\(/ﬂm
70: /1/(—-9 /1/
@ sSmooth function
let ¢:(/—=>V be a toord chart for M about p
avol «?’0——7’\7 be a word chart for V' about Fp)

M , Y
Y ) — 0
F4o)
/¢ b
R” v "
Ja_ber D
pr 4”‘(;,/A
(¥ ..., x™) $ep))  Ly)yy™)

A, () =d (672 (BeF47) 9] v
=08y A O 87 g T

¢ 4p)

_ a-t . "° o = 1-2'1.'
= d¥ d@#¢%w[§fm)

(167

as aéove jﬁ/e/n a 7[?»«4 CEion 9-’”?‘”'—‘7 /]?A
Ay T "= 7, K

Jer)

is g (e éy the total de ivatre o7£Jo



gy - Dj(f) ;(%’:’)

where 908 XNz (y )y x7), .y ey x7)

df, br) - dsb (D(sb fo sb')(«pm)(Z?f Z)
UI‘PW )) [ 3% (¢(p))) 2: ’V')"')

\)

) n 2 — 3: 7\ D
) ”{%(-Ftp)) %;.(Zz;'(;x V)Dy))
= ; - Z:L)-l'l/" “_2_-. ’
JZ. (ft ) Y
andl
(R T Zwm) s
{’ha'f' I'S

df, = ( 3 e)

A1l

w local coordinates

50 o/f/o (s afe/re/a/réa,ﬁ'on of the fota! derwative
ﬁ"am Ca/cu(cu 122 Mdmfjé/ﬂls ,/



Altenate defiidion of tangent- vectors

o curye m M 13 a Smooth nap
Y (a)—2M

(we can a[wayj repammeft//?e ¥ so that
0 elab) aud Y[O) (s any pre fo}bned
polit n IM7€ of b/)

let &= {vila)—7 M | wo)=p]
set of curyes Mrooy& P

If ¥4 éﬁ we soy an,g' zi[ da coordd Clta/z‘
p: U=V alaam",o

such that
jé(wz’)/t:o '::5‘{:[4“5)/{,0
e ¢ Y

— — yd

) )
et

oKercse: ) this (s fve 1n one coordd cha t abouf/c
B
trve a// 600;/0{ cAa/-ff aéau'(- ,0



2) s 15 an e?uim/eme velation
now dlefine T,; M = P‘%f

vrercse: Use a toordvate chort 1o shoaw T,M & a
vewtvr sace (ard vector space Structure
s ma(e/pazw/em‘— of e toord chart).

T s
The iy
§: T mM—T M
[¥]— Dy

(5 an zgomaf/ﬂlzz;m, where

D, ) — R
'F +— da’—‘?$°)//,e:o

froof:
one cadl eas//y leka D), s &G /@f).l/m"/om a/m’
[uéir‘7 the exerccse alove) § 5 lnear so
we just neeol to check 1t (s b/j’ecﬁ{ré

M)ectwe:

Syppose D= D§
guen a coorolinate chort ¢:U/—=2\/ about P
(wrde @)= (x'(p, ..., x"(p))



/ o'l 1.
4 < x5, .,
i X [,-0 A€ ¢
%(n'az/)L___o
o Z(ew) 7|
€=0 J .
qe 07 20
j{__ (KJOS)[\; . y )/
) d " - d/’(: @GS £=0
de °8) lg=
and W~§/
Su/jecﬁvf:
9[1/6:/\ UE 7;/‘/\
/f:wC ¢$: (/= V be a coordwate chort
about P

set ¥ (o) = Pp) + (A 47/,(0))73

and WO = ¢ o
note: F §:R—F, then

0{70 D%') E_gfoJK =R



50 wt. thuk o‘F OIjO[;%; &ﬂ% éy
g, (38) = G (x9) e = £5 iz

Dt €0, 7 ), Ge)
=d (Fet™F) (2)
- ”M/Mq;('p) (&7 )e=0)
= dt, - 0/35;’(/9) ( a/qépmr)}
= df () e Ty R
= U
50 b ontfo &z

@)

now:ic FM"’/V /s a smooth ﬁ/ac_ﬁbw,d«em

= =
df%;- 7;/1/\/—9 Top?”

[T] = [Fe7]
(s 51M,o/e( (thes can make tomp utatrons

azzsff;”)

eNerUse: 5/wL/ “his aﬁ/‘ef’f (,/c.‘t‘h
dqfo: 7; Mm = T,V
US/J)ﬁ 0.




5 ways {o think of /7,/’/\
® derations on CM)
@ paw"ﬁnﬁ z”&vouyk P
(B toord. charts

there are woay other woys

B. Linearization and [ocal behawior of 74‘”161"[0%5

Key Idea: juxew F Mo smooth
the [(wmearzation 0(7[ 7’/1/l
shovld tell You abou,{- f near P
“Vsya l[y " F Gad o[qfﬂ “look the same ueas o

NV
%rp)

Th < [(tviea/‘(%aﬁbn 7%2):
ju}em F:mM™5 e smooth My
{; G%F 7r>b7—ﬂ /b/ hag udaxvnww’/&ak

(76 ranh Ak, = mi frmn})
then there are toodl. clta/-l‘f
¢:V—=VY about p
$:C%—9 0; aé@uf‘f@ﬂ

guch that
O F m ,n %en

b oFoblx X = (4., % ) ey O

/




@ f mzn, then
$ogco¢—'/xj yx™)= (x) .., x")

This theorem fallows From
747 (Rank Th?):
F £ M /" s a Smocth #3y and

Aot T2 Ty V' has constaut rank k

for all ot p ja Some open st o
then Yor all pe O, 3 wordirate cla <
4): U%\/ aéoqf Ia cz/m/
$: 020 aboet £
such #tat

N -~
4;‘;4:017 ()Cﬁ IXM): [K,'-/X{‘O/ .’0)

Froof 07L T/’)ﬂévgluen The 7 :
ve)'usf need 1 see tat F 0/7% has waximal rank
at p thes these (s a Weﬁééof[\oocl (?of,a s+
dfy has wonstont rank for xe O




This Follows Hom
leuma B:
ket ¥ 5= Mat(a,m;R) be a torbiiuous
7(;“"51‘"0'4 Prom some spae S to Nxm matniies

Theu runh ¥+ S — R p 2 rank (¢(p)
(s lower $€m) -lontri Lous
(12. F ank ) =k thea 3 nbbd O of p
o ranh C)Z kW xeF)

Now SiNeg dﬂc’o wy1ten 1 local coordiiates 5 au
NY M matric that Agponds wﬂﬁw'uaus(y on pp
lewma € and Th'?7 = Th<6 Ve

roof of lemma T
Suppose ) has rank k

so €Up s an vem wmabrix oud there s a A"/i"&/bma,ﬁqj(
with vonh k

lee

f.’ Mat (#m; R) — R
A > Aot [ th5; k- subiatiic)

enerise: chow ¥ 5 onfrauous

50 Pod:SoOA ¢ conbauous and fo?"[p)%D



e 9 an ofen st 0 cS a/wm(f st.
Podix) x0 VYxe O
xe (5 D punk YUx) 5 at least k

to )mpue the yanh theosam we need

lnverse function theorem:

g F M= 5 a smevtte Fanc ot gnd

0/7;:7;//'—37;(/))/1/

(S an g omor/ah (m
then + IS a Zoca/ O/h[rreomo/‘phl}m neas o
(1e. J an open st U c M st f/U!U—avc(V)
(s a dz?c)cf@mo/,ohckm)

more ovér

(4 ")M = ()

YELLisE: prove e uszhj the verse Huncton theoyem

from calcalys

ﬂvmfm[ Th 7(Rank Th*):

assywme  rank a/fx =k Vxe O

for peO et U2V be chort abet p (V<)

9?7 0=V be chort alout ",
[we may assume V_/.o.j. thot 6(p)=0 = & (r l,a)))



Ca

-

Dotog”
/—ﬁ — g
(7
N
nofe  F(o) = 0
write F(x ., x*)= (F't), .. F"(x)

N

where x= (X, s
we can reorder E7 5 and x%'s (12 sechoose word cha/fs)

6-1(—. 2£| N -?‘EI
2x!

2l

SN s rank k
K’ 2xk

now wrde Yhe toordinarts (fX,y) =(X,'---;Xb:)’)'--'))’m’k)

and et Qxy) = (F).,F*%) and
Rexy) = (F**) . F")

50 Flx,y)= (Qtxy), Rixy))



andl (}_g) s rank k ( so e table)

>

/effﬁ US'(TD(;;A*KM out / +he ofommh:

tons dler gV — R (x,y) = (Qxy) y)

50 ?__C_??' D_Q’_t.f
O(f[o 9" ox! 2y 5 ivertable _/
0o fm'k

[Mue/‘5e ‘ﬁ«ﬂéﬁoﬂ Meorem %3 a §/‘VWI/[€/ set
V, €V et gl, = 3W)

(5 a drf-ﬁeomorph (5
note. go @+ (o) = 9(V) 5 a new coordunate

Chart about p
M N
(O
M ¢ )/q; “1
/3 _WV . \7”‘

@\

7 *>d>

R y



wrtke §7(xy) = [A (%), B(%v))

" tay) = 9097 (xy) = 9 (Alxy), B le)

= (Q(Atrs), 805y)) | By
Bl) =y hrall ()
so g r,y) = (ACNY), y)
andl QRIARY), YY) =

- F"j-’(X,Y)’ ( CQ[A[X/Y),)/), K(A(?QY),Y>)

\ .
)
A R (xy)

and o,
A[Foq° )fw) ( 2 2_@,)
>x’

oy’

e g™
drﬁ"[m) 9[’97)

50 o{[F"} ") has same ravh as

~q
thos %\?{/) =0 700/‘ a// (x,y)

50 ﬁz' " Mly a 7{m(,ﬁan of X, not Y I



So set S0) = R(x0) = K (xy)
No¥e s Fog i) = (x, Sx)

W _ /
now we 675”&\(/041‘6” au{-,/am¢e:
7

set f\/}—————fﬁ R”
(U]

((o)..,0") . e ) (W v = 5(u)

\A&../
n v
T Q
AG —k, has rank v so
Jo " 257 _ T
3 Lnn 15 (veatable

thos IFT"’?_? \/) <V such thef
?- —ej (V) ‘s ofr#eom,»p/ufw
note: 0F7 '(%,y) - 7 (7:,5(&))

= (?C/ S6x)-5(9) = (%, 0)



