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Submanifolds

A.

lmmersionsandsubmanifoldsan
immersion is a smooth map

f : M →N

such that

dfp : TpM → Tfcp)N

is injective for allp eM

a fsmoothembedding of M into N is a smooth map

f : M →N

such that

1) f- is an immersion and

2) f is a homeomorphism
M → f-cm)

where f-Cm ) is given the

subspace topology

examples .

-

D V : IR → M is an immersion if

8
'

(t) t O Vt

where 8
'

let = DECIDE Tye,M



es :

µ. f-
⇒ f : M → MxN

p t (p, 9o )

dtp th -- to, o) c- TpMx Tg.N = ftp.g.CMXN)

so f- is an immersion

"clearly
" f is a homeomorphism onto Mx { Po }

so f is an embedding

3) consider

f : IR → s
'
x s

'

t ↳ (etuiat
,

etuiB t )

where a
, p e IR set

. % irrational

clearly df to so f is an i inmers ion

also f is injective since
f-Ct

,
I = f- Cta) ⇒ act

,

- ta ) E Z

p ft , - ta ) E Z

so t
,
= tax I

and B C tzt I - th = m

so Bk = mln XO



exercise : im (f) is dense in 5×5
'

remarry : we will see later an embedding
of positive codein can't have dense image

so f- is an infective immersion that

is net an embedding

4) another injective immersion that is
not an embedding

IR IR
'

if ± -
(look at sequence in IR going to a)

exercise: if f :M →N is an injective immersion , then

it is an embedding it any one of the

following are true
1) f- an open map

2) f- a closed map

3) M is compact



let M
"

be a manifold

S c M is asubmanifoldotdimensionkiffor each point pts , I a word .
chart

to : U→ V about p for M set.

lol s n u) = V nko) xNh)
÷
Rn
-hunk = N

"

Nk
to

¥+0 .
.

such a chart is called a slicechart for S

(if 2M t0 then allow slice charts

in RIO too )

(n-k ) is called the codimension of S in M

and M is called the ambientman.to/dofS-

exercise
-

:

1) Such an S is a k - dimensional manifold
(possibly 4 boundary)



2) GM ) n 5=25 and 25 is a submanifold

of 3M of the same codimension

3) Sc M inherits a smooth structure from M :

if { old : y → Va ) is part of a smooth

atlas for M that contains slice charts

for S and S c Uy then

{ old snug.
Isaw → oldsnug}

is a smooth atlas for S
.

4) it s is a submanifold for M and

i : S → M is the inclusion map

then i is anembeddings
) it s is a submanifold of M and

f :M →N is a smooth map

then f-Is : s →N is a smooth map

lemmata-

if f :N→Nl is a smooth embeddingthenflvlisasubmanifoldotm~Remarh.is
o submanifolds are the same as the images
of smooth embeddings



Proof: let f : N→M be an embedding
so rank dfp = dim N Fp

so df has maximal rank

now given p e f-(N) EM F ! g. EN s -t. f =p

i
.
Th 'II. 7 part ① F word. charts

4 : U → V. about 9

I :O→ I about p

Sf, too fool " Cx '
, . . . ,
xn) = (x: . . . ,x

"

,
o
,
. . . .
O)

N

f
M

→

to ti
IR
"

v
g Rm

to E¥
so f- (N) n O = f ( u)

§ ( HN) n f) = I (f (u) ) note : f :N→ fin)

a homeomorphism
= Too fool

- '

( ¢ (v) ) n

miplies firsn u
= do fool

"

(V) is lRnx{o ) n T

= Tn (IR " x lol) (after possibly
so OT : J → T is a slice chart

*.
shrinking J )



B. Submersion:

a submersion is a smooth map

f : M →N

such that dfp : Tp Nl → tip, N is serjeeeie.tt p E M

call pe M a regularpoint if dfp is sorjefi 've

u i '
a critical if dfp is net

" "

q e
N is a regularvalue if dfp is surjective Hp c- f

- '

Cg )

and a critical if not

note: f a submersion ⇒ all p EN regular values

lemmata:-

given a smooth map f : M →N

if
g e N is a regular value , then

S - f
- '

Cq )

is a submanifold ofM of deniers ion din M -dinNmo.÷÷:÷÷
Proof : given a point p e f

- '

Cg )

ThaI. 7 part② gives word. charts

to : U → V for p in M

To :b→ I for q=fIp) is N



such that n v

f-
''

cop f n

→

pm
- n fol to

inn
"
n

F-
'

I ToCop) = 4 (f- '(q) n u)

Iof 4- ' (x'. .. ., xm) = ( x: . . . , xn)

so ¢ is a slice chart for f
- '

Cq)

: . f
- '

(g) an m- n manifold

note: if v e Tp Cf
-'

Cg )), then F a path 8 : C- E, c)→ f
-

Yg )

set
.

v = Er]

now dfpcv) = [for] = O E TgN
-

T constant path
so Tp Cf

-

Yg ) ) c Ker dfp

but both are denierscon m - n so they are equal
#

eixample:

i ) f : IR
""
→ IR

att

(x; . . ., x
"') to -2 (Xi)

2

2 = I

dfx = [ 2x' . . . 2x
" "] Ix intD matrix

so if (x
'

,
. . .

,
X
"') t o

,
then rank dfx = I



so any a > O is a regular value

and f
- '

Ca) -- S
"

a manifold (sphere ) of din n

Tx S
"

= her dfx = {v EIR
""

sit
.
Ux: . . .,x43v -- O}

2) recall Mcn; IR ) = nxn matrices = Rn
'

GL (n, IR ) = invertible nxn matrix

earlier we saw this is an open subset of M (n; IR)

so also a smooth n
'
- manifold

now set
, transpose

orthogonal Ocn ) = {A E GL (n, R ) : A AT= I}
group = { linearmaps that preserve standard

inner product on IR
"

}
special
orthogonal SO(n ) = {A E Ocn) : defA = I}
group

exercise:

a) def : Mcn; IR) → IR is smooth

b) it Sym (m ) = {A E Mcn; IR) : A -

- AT } = IR
""

then show
f :M ( n; IR )→ Sym (n )

A T AAT

is smooth

← nxn identity
note : Oln ) = f

- '

CI ) matrix

c) Show I is a regular value of f



so Oln) is a manifold of dim

na - 4¥ = ncn

d) show df± (B) = B + BT

moregenerally : dfa (B) = BTA + ATB

hint: if B c- TAM (n; IR ) then ✗(f) = At C- B

represents B

so TI 0in) = Ker df,
= { A C- Mln; IR) sf

.

A = -AT}
i

shew- symmetric matrices

e) def : 01h) → {-1-1} is onto

so 50in ) = det
- '

(1) is an open subset of 0 In)

( connected component of I )

3) let M In; E) = nxn matricies w/entries in E

z en
2

6L In, e) = innertable elts of Mcn; e)

unitary group Ucn ) = { A C- Gun
,
e) : A A-

T
= I }

special unitary such ) = { A c- Ucnl : defA = 1 }
group

exercise :

a) Show U In) is a manifold of dimension

21h2) - (2@¥ + n ) = n 2

IE
b) TI V Cn) = {A C- Gun

,
e) : A = - A-

T}
skew HerMetron



c) SUCn) is a manifold of dimension n'- I

d) TI SU Cn) = {A C- Gun; E) : A - -IT, try = 03

trace

Hint : show d(def)afB) = def A tr(A'
'

B )

for Ae GL (n; E) and B c-Mln
,
E)

Remake : The above are examples of Lie groups .

A Liegroup is a smooth manifold G equipped with

a group structure such that multiplication

G x G→ G : Cg, h )↳g.h

and in version

G → G :gag
- i

are smooth maps

exercise: show all examples in 2) and 3) are
Liegroups

Renard : H G is a Lie group
then TIG is a

←

identity in G
Lie algebra .

A Liealgebra is a vector space V

and a binary operation

[ i ] : V. x V → V

called the Lie bracket that satisfies

D bi linearity ( au -lbw, u ) = a Cv, u ) t b Ew, u)
[ u, art bw) = a Curr) t b [ u,w)



4 anticommutative (v. u ] = -Euro]

3) Jacobi identity

[ u
,
Er

,
WD t ( w

,
Curt] tCr, Lw, u )) -

- o

later we will see how to give TIG such a structure

we see regular values are useful, but how common are they ?

a subset Ac N
"

is said to have measvrezero_ it for any

8 > 0
,
A can be covered by a countable collection

of open cubes/balls , the sum of whose volumes

is a 8

A c M has measurezero_ if Hcoordinate charts

4 : U→ V
,
lolA) has measure zero in IR

"

exercise

:D a countable union of sets of measure zero

has measure zero

2) if ACM has measure zero then M - A is

dense in M

( if not
,
A contains an open set . . .)

3) Q c IR has measure Zero



Sardinha :
-

if f :M →N is a smooth map, then the setE::÷::i:::::::;e*
we will not prove this since the proof has a

very different
"

flavor " to the rest of the class

( see book it interested)

Remains:
1) Continuous and smooth maps are different

recall 3 a continuous surjection
f : (o , 13→ co

,
i] × [ o. , ] spacefilling

curve

but it f is smooth
,
3 regular value of

c- Co. D x Co. D

and if p E f
- '

Cg ) then

dfp : Tp co, D→ Tq Ko, 1) x co, D)
- -
l l l l

IR IR
Z

is onto *

2) linage of an immersion f :N
"
→ Mm with us m

has measure zero (since im (f) c {critical values } )



C
.Whitneysembeddingthmwe
now prove

Th '3 ( Whitney 's Embedding Tha)
-

#

every compact manifold M embedsinlkkforhsuttccientlylarge.LI
Remains:

i ) don't need compact

c) later we will see , we can take k -
- 2nel

,
n -dinM

3) can actually take h = 2n and can mimers
M in R

" - '
( these results much harder )

4) given a manifold M it is interesting to see
minimal k such that M E Rk

e.g. S4 c Mnt
I

any orientable surface
c IR
'

it n 't 2k then M
" embeds in NZ

" - '

it n = 2h then IRP
"

does not embed

i in IR
Zu - l

Proof : for each p EM let top : Up → Vp be a word chart
about p

recall 3- bump function fp : M → IR



such that I open sets p
e Op c O

'

c Up
and

fp = { 1
on Ep

0 outside Op
'

note { Op}pen a cover of
M

M compact so I a finite subcover { Op. . . . Ope }

note : ftp..CH/0p,.Cx) : M → IR
"

x↳ ftp.lxldpfx
) x c- Opp .

O x # O
Pe

set I : µ → pine
+n

x i-7 ftp.lxldp, CH, . . .

, fpelxtpecx), f-pix), . .
.

, tpecx) )

claim It is inject 've

if I CH - I ly) , then F i set. fp.CH - I

so fp.ly ) -I too and x.y E Op;
also

top
,
.CH -

- Tp.CH/0p.lH--tpfYl4pihD--4pfYl
but 4mi Up; → Vp; a diffeomorphism

'

-
. inject vie and we see x - y.

Claim : I an immersion

given p EM , 3-i S.t. p C- Opi
thus d ftp..gs?p--dC0pilp ← rank n ( inner table )



i. dip which contains lollop;)p has a

rank n factor : its rank z n

but denim =n so ✓and dIp = n

ne. dip is injective
note : ¥ : m → ¥1M) is a continuous map

from a compact space to a Hausdorff space
this implies I a homeomorphism

:
. I an embedding ☒=

Thm-4lstronglerwhitneyembedding-hm-1-i.ee
very compact manifoldMot dimension nembedo.in/R-n-#Proof-:

from That 3 we know M c- IRN as a smooth svbmtd

given a vector ve IRN with u -1-0

let vt = { we /RN : wow = o } E IRN
- '

and

to : IRN → IRN- ' = v1
w ↳ w- YjY-w)v orthogonal projection

onto v1

SO Tlvlm : M → IRN
"

is a smooth map

we will show that if N > zn +1 then we



can find v la dense set of v ! ) sit. Tutu
is an embedding
(this clearly finishes the proof)

first note that Tf = Tlw if v42
-

- WIR

7-e. [ v7 = [w] c- IRPN
- l

so we show there is a dense set of points in IRP
"'

s.t. corresponding Fln is an embedding

tvlmlnjectwé:

to 1×1 = Tu ly) ⇒ Ex - y ) in span of v

⇐ ☒- y ) =Tv

so consider

g:#mho] → Rp
"

+

(✗, y ) 1-7 [✗- y]

where D= { ix.x) : ✗ em }

note :g is smooth , sinie
a composition of

(Mxn) - o→ - {o}
☒ y ) 1-7 ✗ -y

and

IRN- {o} → IRPN
- '

projection

it
p EIRP
"'

is a regular value then



g-
'

Ip) is a submanifold of

dimension = Za - IN- 1)

< 2h - Rn - 1) + I = 0

so g-
'

(p ) =0

i.e. there is no xiyc-M.x-tys.t.la -y] =p
:
.
it [v3 =p , then to In : M → IRN

- '

is injective

by sard's Th
" there is a dense set of

p
's so that p=[v3 then to /µ is injy

Tivlmlmmerscon :

note : Ty : RN→ RN" is a linear map

exercise : d⇒p : Tp IRN → Tarp, IRN
"

is To

(more generally : the derivative of a

linear map is the linear map
)

so Tlv is an trimers ion of M at p

⇒ the to in Tpm , Thr (w) -1-0

⇒ w & span v t w ⇐ 0 in Tpm
⇒ [v1 -1-11 Hw -1-0 in Tpm

let TM = U Tp M
pen

this is called the tangentspaceofm



we will study this later, but it is a
Za -dimensional manifold and we have

the smooth map

h : FM - Z) → Rpn
- i

w 1-3 [ is

where Z = { W ETM : p E M
,
w = o }

P

note : w e TM - Z ⇒ w ETIRN- Z

⇒ w C- Tp IRN- go } some p
⇒ w E IRN- { o)
⇒ Cw) e IR P N

- ' well-def !

if p tRPN
- '

is a regular value ,
then as above h

- '

(p) = or

so there are no vectors in Tn -Z Sf
.

[us =p

thus if ve p we have Cvs * Ew) t w ETM -Z

and there for Tho Im is an immersion

the set of critical values of g & h are both of

measure zero
,
so there is a dense set of

p e IRP
N- '

that are regular values for g & h

this gives a p set
. rep has Kulm is injection

and an immersion

i
.
since M is compact Tolm is an embedding

¥7


