
#Bundles

A. Fiberbundes

a fiberboard (a.k.a
,
a twistedproduct or a

locallytriuialfibrat.co# is a quadruple

(p. E,
'B
.
F) where :

• E
,
B
,
F are topological spaces

* p : E → B is a continuous surjection
such that

TxEB
,
F- open set U aboutx and a

homeomorphism
fu : Ux F → p

- ' co)

such that
du

U x F → p
- '(u)

Pi ) ° f
U

commutes
,
where p, : Ux F → u is projection

F is called the fiber usually write
E u ' ' totalspace F → E
B " ' ' tasespace L
P ' ' ' ' projection B



lou is called a toucan of E

if F, E, B, p are smooth manifolds/maps and

the fu are all smooth , then we say it is

a smoothfiberb.vn#

example:
i ) E -- B x F and p : E→ B is just projection

2) Moebius bande
let I = Co , ' ] TX

o- I

s - Ix IR te

M = She where (o, t) - (1, - t)

note : f : S → I : Ct , r) tt

induces a map

f : s → s
'
= Ian ,

MTH
tf

0=1

and this induces a map
of

quotient
S→

s
,

space at Lj
M

p



p
:M → s

'
is a bundle with fiber TR

indeed :
for U = ( O, i ) c (ol

' The = S '

we have

p
- ' fu ) = ( O, i ) x IR

(no identifications ! )

if U
'

-

- Eo ,
'k) u C 'la

,DL a Conk = s
'

then

p
- yo, = (

co, "a) x IR) u ( Cle ,Bx NY
,

where lo
,
H - Ch - t)

'

¥¥E¥t÷÷: = i

exercise : a , p
- ' (U ') I C- 'h , "z) x IR

b) so M a bundle
,
but show

M # s
'
x IR

(easier later ! )

3) Klein bottle , ,-
-

I x I I n
K = Ix IL P→ s

' 27

tr
To

exercise: as above show s
'
→ K

*



P

4) 53→ Ep
'

recall Ep ' es '

#E)Htt " : E]

note : if (E)k€471
,
then

p
- ' ( Cz ':#3) = { ( w ; we, I II.

'II -
and 6746471 }

= { iz '

,
AE) I 1×1=1

,
XEE}

Claim :

s
'
→ S3 = s

'

LP
Ep

'

to see this consider

U
,
= { [z '

: E) c- EP
' l Z ' to}

recall g : U, → y, = e

ft ' :E) t Etz '

and pi
'
: V

,
→ U

,

z t [ lit]

now define

Iou
,

: U
,
xs

'

→ p
- ' ( y )

(Cz ' : E3, e) ↳ EI ( " Zhe
,
)



exercise : a) check %
,

is a diffeomorphism
and gives a local trivialization

Hint : hi
,

'

(wifi) = Cui : w -3, argue)
"

o
' where

b) check the analogously defined
w
'
- r

'e'°
'

Qu
,
is also a Loc

. tri .

so s
'
→ S3 is a bundle
t
apt

c) Show s
'

# 5xs
'

(probably easier later ! )

given two bundles E
,

E
'

up and t.pl
B B

'

then a bundtemap is a pair HI) set.
F

E → E '

IP Ip ' commutes
f-

B → B
'

(bundle map is smooth it f. F are smooth and

F on each fiber a diffeomorphism)



if Igp is a fiber bundle
,
then a section is a

map o :B → E such that poo - idB p Eggo
the set of sections is denoted PCE)

ltow-ondershandallbundksgi.ven F → E

Lp
B

take two local trivializations : Ua
, Vp CB and

Vax F¥ p - ' ly ) Ugx F p
- '

Ne )

P gdp p.lv Jp
%

if Van Upto then

(Van F Et p
- Yuan up Hays) x F

p! Jp OJp,
Van Upii.p.g.mnso *j

'

odd ) (pix) pa



where gap : Van up → Hongo CH
is continuous space of homeomorphisms

F-→ F

in the compact - open
topology
-

V open, k compact in F

W (U,K ) = { h if-7F l FCK) cu)

{Wl 414)qµ¥µ basis for topology

H F a metric space then this is

the topology of uniform convergence .

if the bundle is smooth use Diff (F)←
ditteom

.instead of Hom ( F)

the gap is called a transitioning
(or a clutchingfunction )

exercise: it Va
. Up , Uy are as above then their

traition maps satisfy

④(of 9pA
= 9k and

gag = i 'df



So given
F→ E

+
we get a cover

B { Uh } , ⇐ a of
B

by local trivializations and functions
{ gap } satisfying ④

example :

1)Mbig Bend :

÷ :
'iii."on

9pA
" 4.74 → Homeo ( IR )

( 0,42 ) u ( 'k , l)

exercise:
go.ca -1.9¥

.

'II::?,
z) s

'
→ s
'

t
Gp
' ( = 5)

U
,
= { Cz

'

: E) / Z ,
to}

¢ p
'
= U

,
u Uz

y = ( Cz ' : Z ') / Zito}



exercise:

(U, n vz) x s
'

→ (U
, Nz ) x s

'

(Cz 'iz'T , o ) 1-3 (Lz '

: E3
,
ft arg Etz ' )

well -defined

That
-

:
-

it 143
,EA

is an open cover of B and you have

9pA : U2 n Up -3 Hom ( F)

satisfying ④
[disjoint

union

then

e=¥akxF)In:÷:i::÷÷÷÷÷÷÷:÷÷÷÷÷:÷and if B, F are smooth manifolds and

gpa : Van y → Diff CF)

then E is a smooth manifold and

p is a smooth map



Proof :

note : Ua x F ↳ I Up x F -4 E
PEA 7

#
is clearly injective (no identifications)
and onto p

- '( Va )

also i ' : p
- ' (Va ) → y x F can be defined

as follows

T : g-
' ( p

- ' lud ) → Vax F

(n . x) 1-7 { 4. x ) (n. x) Elf x F

(n
,gapln) Cx)) (n

,
x) C- Up x F

T
g-

'

( p
- ' Ik ) )
\
,

for Vax F

p
- ' ( Va ) -

-
-

induced map

easy to see h = z
- '

exercise : i ) show h is continuous
(need to play with compact- open topol .)

2) Show E is smooth manifold it B. F are
and gap : Van U, → Diff CF)

EE



B. Vectorbundles

a vectorbundle is a fiber bundle Fg set
. p

- ' Ix)

is a vector space V xEB and there are local
trivializations

p : u × Rn→ p
- 'w)

that cover B st.

¢ I
× ,pn

: IR
"

→ p
- 'Cx)

is a linear isomorphism the V

lemmata:I

F- → E
it tyg is a fiber bundle

,

then it is a vector bundle

⇒:÷÷÷÷÷÷÷÷±
for all xp

Proofs : #l l ) clear



2) gap Cx) E Homer CIR
") and a linear map

i. an elf of Gun
,
IR)

⇐ I give each fiber the structure of a vector

space using local trivializations and
the condition on gapCx) says this structure

does not depend on the trivialization ¥7

now given a manifold M
"

set TM = I TxM
X EM

and p : TM -7 M the obvious projection :

p (v) =X ⇒ re TxM

we want to make TM a vector bundle

first we need a topology on TM :

let { 4)
*A
be a cover of M by coordinate

charts old : Ud→ Va HR
"

note : dold
-

- TV
,
→ TIL = Vax IR

"
E IR
"

- yv 1-74102)paly) T
gets a topology from

T
one- to -one

correspondence



now set U = { dYI
'

(W) I W open set in Vax R , a c-A }

Th '3 '-

-

D U is a basis for a topology on TM and with this

topology TM is a 2n -dimensional manifold.

2) Idols : Ty→ Tk }
,⇐A

give a smooth atlas on TM

3) with the above smooth structure

p : TM →M

is a smooth map making TM
a vector bundle

4) given f : M→N a smooth mapnent÷÷
is a smooth bundle map

Proof: exercise !

TM

yup
is called the tangentbondleotm


