
# tensors

A. Linearalgebra

let V
,

W be vector spaces

let FC Vx W) be the vector space generated by Vxw

let RCVxw) be the subspace of FCVxW) generated by
( V, t Vz , w) - (V, , w) - CK , w)

(V
,
witwa ) - (v

,
w
. ) - Cv, wa)

(arr, w) - a Cv, w)

(V, a w) - aCv, w)

the KnsorproductofVan# is

V④ W =
FCV xWyRC vxw)

the coset of Cv, w) is denoted v④w

clearly : V④ (witwz ) = V④W, t V④ Wz

(Vi t Vz ) ④ W = V
,
④ W t Va④W

car) ④ w = aCV④ w) = v④Law)

Universalproperty:

let lo : Vx w → V④ W be the composition of

V xw FCV xwit V④W



if U is any vector space and

l : Vxw→ U

is a bilinear map , then
I ! T: V④ W→ u

such that
fool = e vxW T

u
f Q °

.
. -7

✓④W -
-

I

exercise#

1) Show this

2) if X and OT : V x LN →X satisfy
the universal property, then

show X EV④ W

" foil IT't ← live: Is
one -to- one

correspondence

4) Y④ W E W④ V
← canonically
E

5) V ④ (w④U) = ( V④ W)④ U

G) to :X→ V
'

linear maps
4 :W→ w

'

then I ! linear map
to④4 : V ④ W → Y

'

④W
'

St. to④ 4 (V ④ w ) = 4th④ Tcu)



and if ol
'

: V'→ V
"

,
Y
'
: IN

'
→W

"

then
④ '

④ y
') . ( to ④ 4) e- ④

'

of )④(Y'out)

now suppose e
, , .

. .

, en is a basis for V and

fi
,

.
. . fm is a basis for W

then e
,

-④ fj EV④ W

note : x EV④ W , then equivalence

←¥.az. cq.w.pt
class

V
,
EH

, wi EW

and VEI vie;
wz = I Wzkfk

'°

a =L aitor
,
uh] - ¥97④wi

= ai ( Ernie;)④⇐with

=

hair! wah ejxofh

thus {e; ④ f; ) span V④W
1=1 . . - n

j it . . - M

if [ a
"
g. ④ f; = 0 then let

et : V→ IR be dual to ez.

fi : W -2 IR u a fj



and note

o = eh④ fl ( I a" e, f;) = ane tfk, e

so {e,④ fj } linear independent

thus we have shown

lemmat:
-

{ ei ④ file .
.
. . .

.
n
is a basis for V ④W

j = I, . . . , manddinV④W=(dimV)Cdim€
teammate:
-

V*④W*EH④w)*=Bihn(VxW
Proof "

y
*
× w

* Is N④WY
(a. b ) t Ya

.b
: V ④W -7 IR
V④w↳ aCv) btw)

+ check well-defined !

UT is bilinear so by universal property
F ! linear 4 : V

*
④ W

't
→④xWI

't

easy to check 4 is one -to -one and onto

(dini 's are equal so just check onto



{ e,④ fj } is a basis for V IN

let {gii ) be the dual basis

now e
"
④ fi ⇒gij )

second isomorphism similar (exercise)L#

Renard :
we could use this to define V④W

V ④ W = V
**
④ W

* *
= (y *④ W 't)*

= Bit in ( v * xw*
,
IR )

( recall y 4*7 canonically
VA ( lov :X

*

→ in : at aus) )

exercise : y
*
④ W E Hom ( V

,
W)

← canonically

Hint : given Cair) EV
*

④ W

define paw : V →w

vt air)w

to get a map
V
*
④W→ Hour CV

,
W)

notation .

P

-

. Tg (V) = V④ . . . ④ V④ V
't

④
. . .
④ V

't

- w

q - trines p - trines

= Bihn ( V *x . .
.xV*xVx . . . XV

,

Tooth = IR



O

set T* (V) = In Tn (V)

this is called the tensor algebra of V

( he
.
vector space with multiplication)
- O

- O

note at l h (V) , b f le (V) then

a ④ b E Tfee (V )

note : Thu) = Th (x) -- y
*
④

. . .
④ V* = T ( v 't)

o k

= MuttiLin ( xx . . .xx→ IR)

B. Tensorfields

define This = peIm THTpm)

Tn M = pttem Tn ( Tpm )

Tf m = ¥m Ten (Tpm )

exercise : these are all vector bundles over M

the fiber of TheM has dim n
htt

where dim M = n

note : T
'

M = T
't

M

TOM = M x IR = To M

T
,
M = TM



In local coordinates o E P(Tkm) is

o = £ of . . . andx'' ④ . . . ④ dx
'k

7 i . - 2£ I

and similarly for PC Tnn) and NTLM)
T T

it o ENTkN) and f : M →N called tensor

fields

then
fit , f-

*

N→ f-
*
M is a linear map

so get
f
't

: TkN → ThM

and f
't

o e r(Tkm)

exercise : it f as above and g : N→ IR
,
then

i) f-
*
(go) = #

*

g) @
*

o) = (got ) f-
*

a

2) f-
*

(o④T) = (f
*

o) ④ Cf
*

re )

3) f-
*
: f(TkN) → f.(Tkm ) is linear

4) h : N→ W then

Cho f)
*
= f
* oh

't

5) (idNY = idpfhn)



now if f : IR
"

→ Rm

(x's . . . xn) t (y
'

Cx'. .- xn) . . . , ymlx's . . . xD)

and
o = I o

" - -- in
dy
'
'
④ . . .

④dy
'
n e Pl Th IR

m)

then
f *o = I@

'i' ' ' inof) dfyiio f)④ . .
.
④ d(y

'
'

hot)

eixample :

o = Xy dx④ dy
f : Itf → IR

'
: Cx

,y )t (x cosy, x sin
'

y)

then

f-
*

o = x
-

cosy sin y d (x cosy) ④ dlxsiiy )

= X'cosy sin
'

y ( cosydx - xsioiydy]
④ [ sin' y dxtxcasydy]

= X
-

cost,slaty ( dx ④d -

x - x'dy ④dy)

t x
' cost, sin

'

y DX
④dy

- X
'
cosy sin

3
y dy④ dx


