
IVectorfieldsandflowsa
. Vectorfields

a vectored v on a manifold M is a smooth section

of the tangent bundle TM

TM

IP fr por ca -- o

M

ie. a choice of vector at each point of M

note: in IR
"

,
TIM
"
= IR

"
x IR

"

so v : IR
"

→ IR
"

x IR
"

H
'

,
. . .

,
xn)t ((x's . . ., xD, to

'
CH
,
. . . ,
v
"HD )

x = (x's . . ., xn)

or we can write

run -- win #i

so v is determined by a function

Frix) = (Vix, . . . , MCxD

this is probably Fr : IR
"

→ IR
"

YET,You Yd; { and given any function F : M "→ innin ODE1calc. we get a vector field

Vp : IR
"
→ TIR

"

X 1-7 (x
,
FCX)



we denote the set of vector fields by

HIM) = P(TM )

exercise: show HIM) is a vector space

no given a vector field v c- HIM) and a function

f- : M → IR

then

v. f : M → IR
X 1-7 vcx) -f

+ derivation at x

is again a function on M check !

so v c- HIM) gives a lineartmap
v : C
-cm ) → c

- cm)

and v. Cfg ) = @of )g tf (v.g)
we say v is a derivation

exercise : vector fields are in one- to - one

correspondence with derivations on M

note : dfw) : M → IR
g
dtxcucxD c- Tfc,R IR

X 1-7 dfxlvcxl) canonically
by Th III. 2



and the local word . computation of
df from sectionII says

dfw) has Vat Cx)

lnlocalcoondcn.ae#:f:M-7lR
VE#m)

m 4 : U→ V a local chart

⑨ I, IM
| Ol f -- foot

"

IR" v
I

now Flx
'

, . . .,x
") -- foot

- ' (x's . . .,xn)# Y. . -
- dollar) E MTV)

11

Erik's . . .,x4 # i

recall dFf¥i ) = ¥xiCx)

so

v. f- =dflr)=dF (Yoo ) = vill ice)

now given another vector w - [with #i
then vote

w. (v.f) = w. I rilxlZ¥ilx)
= ( z¥iz¥itvi÷xi )



and
w.co. f) - v. cw.tt -- E (wi Ef; - ri 3¥;) ' i

so if we set X -÷
. .
@i 3¥. - ri 3¥'s.) Ii

then X is a vector field in these local words
.

exercise : X is independent of local words .

so X is well-defined on M and only depends
on V

,
W we denote it [V. w) and

call it the Liebracket

[ . ;] : HIM) x Html → A CM)

Properties: Ig c- Colm)
, yw, u c- HIM)

,
a. be IR

skew-symmetric i ) (V, w) = - Cw, v]

2) [ to,g w) = fg [ v. WT tf (v.g)w -glue. f) v

linear 3) (art b u ,
w ] = a EV

, w) t b [u, w ]

Jacobi identity 4) [ [v. u) , w) t Ku ,
w)
,
r] t ( Cw, r] , u) = 0

recall a vector space V with a bilinear pairing
[ , - T i Vxv → IR satisfying 1) and 4) is called

a Liealgebra
so (Html

,
C;D) is a Lie algebra



exampled : in local coordinates in IR
"

( Zxi
,
#If -

- fail# H - ¥ Exit) -- o
( it f is smooth )

so [ Zxi . Zx 's ] -- O

from this and the properties above we can

compute any Lie bracket

e.g . r=Zy u = y Ext Zz

[V
, u ) = ( Fy , y Ix t Zz ]

o

= ( Ey , y ¥3 + CHEE
-

- YEE'T-12¥ Ex +

°

=
Z
ZX

B Flowe

"÷M↳°"""d"""tb°"%°V E #(M) a vector field④ there engts.pnozjieo.gg timeous functions
and a unique smooth function



E : we
, g
→M

"

{ Cp,t) E M x IR I - e (p) at a 8Cp) }
such that

① OI Cp, ol =p and

② d Eep. +, I⇒ = r (Ecp. tilnemm÷÷÷:÷÷±÷i:
if v has compact support leg. if M cpt) , then E.S -- x

i.e
. E : M x IR →M

Remarks .

#

1) if we set 8Plt ) = Ilp, t) then

j
P
: f - Ecp ), S Cp)) →M

is a curve such that

✓Plot =p and

HP)
'

Itt = Cd 8%4,7) = VH1th
TP is called aWine orniece of V

through p

ii.÷
zj any map E : we, g

→M satisfying
• E ( Elp, s), t ) = Elp, s -t)
• It (p, o) =p



is called a flow on M or a dynamism on M

given a flow I set vip) - deep, o, l Ze )

exercise v :M→ TM is a smooth section

this gives a vector field associated to E called

the velocityheld of I

note: Th ' says associated to v is a flow E
'

and uniqueness ⇒ I = E
'

3) fix t c- C- mine
,
min S ) and set

lot :µ →M : p to ftp.t)

this is a smooth map and it t , - t C-C-mine
,
mini 8)

then
to p

- tip, = E (E(p , - t), t)
= I (p , o ) =p

so lotof
-t

= can = ¢
- to lot
[ similarly

thus lot is a diffeomorphism !

this is a very good way to builddiffeomorphisms
,÷,flowexamples : not :*? IT II:*, 'me.

¥¥ →

→ → → →



decay,⇒ (⇒
= Co : '

o ) ( E) =L 'd
so V= ( t ) is the velocity field of the=

-

flew E

z) E : MxR→ R'

q g Tp④ "" "⇒ let"""

←←#→

do:*..ie#i-teoteieet.Il:.f- Lee:;]
so v = [ YEI) is the velocity field of the flow E

For the proof of the theorem we need

*m÷÷:÷÷÷:÷mfor a E IR and Xo E U

incise::::÷::÷: ::
Fp e Vo F Tp : Jo→ U such that



"÷:÷;m⇒t④
Uniqueness: if 8,5 both satisfy ④ and

✓ (a) = J Ca)

then 8Ct ) - FH) on common domainw*r÷÷÷÷÷÷
is smooth

the proof of this is standard in an analysis
course or advanced ODE course

ProofofThm given p EM ,

let 4: U→ V be a

coordinate chart about p

dollar) is a vector field on V CIR
"
so can be represented

as a function F : V → IR " so

dollar) Cx) -- Cx
,
FCxD E VHR

"
= TV

by ODE theorem , -3 an interval Jo (containing o) and Voc V
and function f : VoxJo → V

⇐.tl it 8TH



where Fx satisfies Thia - p and

TICH -- F CJ,H)

so we get r : VoxJo → U where Uo -

- 4-
'(Vo )

⇐at) 1-78×1t)
where Vx Ct) -- 4-

'

ok, HI

note : P is E near p and P is smooth by ODE th
'

exercise : Show you can do the same for other points in
- M

and by uniqueness in ODE that they fit together
to give E on all of M and we can assomeat

each p , E is defined on amaximal sub interval

exercise : check E (Elp, ti, s) = E (pitts )

the result about compact support follows from

lemmata-

let 8 : (a. b) →M be a flow line of v

through p ( ie. Not =p)
assume Caio) is the maximal interval

on which 8 can be defied":÷÷::a÷:;::::¥sf
Proof : suppose bars and iintc compact set in M



take ti→ b an increasing sequence in Caio)

n:O::::::::
"::: i÷

of p and Jo- C- E. e)

set
.

F : Vox to -7 M
HH t Kitt is defined

now F some ti SI. tj > b - E set

F : Ca, fat C)→ M

r KI actcb
t '→(fy Iti t- ta )) ta - Utc til

I Tb

you can check that J is well defined an extortion

of T to a larger sub interval
E#

exercise
-

:

i ) if M is a manifold with boundary we say re IM
with XEZM

, pouitsoutotm if there is a local

coordinate chart 4 : U→ V such that d 01×6) has

negative xn- coordinate

^-÷..

Show this is independent of coordinates



2) if v is a vector held on a manifold with boundary
and VIX) never points out of M then show there

exists 8 : M→ Cop) such that

I : Wo
, s
→M is as in th

' 1

and if v has compact support then

I : Mx Eo, re) →M '

Great application !

Th ' 3
-

-

:

every open neighborhood of 3M is a compact mfd M
contains a collarneighborhood
that is a smooth map

4 : HM x lo, e))→M"an"i÷:i:::::::÷::÷
Prod :

claim : I a vector field v such that v points into M and vcxtto

for all x E 2M

given v as in claim weget
OI : M x co . x)→ M

set 4 : an x @, 8)→M

(p , t) 1-3 I( p, t )



note : 1) ftp.o) =p so 4hm × go, is a diffeomorphism
( just inclusion)

2) d Yep, o, (Ift ) = VIP) so dYo
,p,
an isomorphism ftp.ogkmxlo.SI)←

¥0 in TpM
C- Togo, s) to Tp M

Tp,oprmxlo, s)

thus d 4µg an isomorphism for all t near O
'

. . 4 a local diffeomorphism at (pit) for
all (pit) E 3M x So , S

') for some S
'

> 0
.

exercise: an injective local diffeomorphism is a diffeomorphism
so we now show 4 is injective

suppose Vp, to) -- 4cg, so)

Pyµ€• 4 Cp, to) = 4cg, so) - X
so we have flow line Vp :[ o, E) →M

Y
'

p
(t) = Hrp Ctl)

Tg : co
,
e) → m

right = urged
and 8pct) -- 8g Cso ) - X
'

- - Vp . 8g are flow lines through x
by uniqueness in ODE that

8pct - to = 8g It - so )
it to s so then Tg Lto - so ) is not defined but Jpl to-to) is XO
similarly for to > So i. to -- so



i. Tp -- rq and p -
-q

Now for Claim
-

:

for each p c- 2M let ol:p Up→ Vp be a coordinate chart
about p

let rp >o be such that Bpcpglrp ) n IRzo - Vp
ball of radius rp about Glp)

set Op = off ( Bolcpglrph)) and

Op
'

-

- Tp
'

( Beep, Kp ))

and fp : M -7112 a bump function set
.

fp - I on Ctp
,

f-
p
-

- o outside Op
'

,
and

OE fp El

{ Op }pezµ a cover of JM

take a finite sub cover { Op, , . . . , Op!
let Epi = dolt!#n )

set up,
= { tri Epi

X t Op;
O x E Opi.

and VH1 = FZ
,
Vpilx) ¥7



C. Liederivatives

given a vector field v on a manifold M

let I : we
, g.
→M be its flow

and pt : M →M the associated diffeomorphisms for t small
-

t.ee
-

suppose f
: M→ IR is a function then define the Lie

derivativeoff to be

Lu f ex) = figofoEH.fi#=dd+ffooIlxitMlt=o
-

note: this is just f

along a flow line so

Lvf is therateotchangeotfalongtheflou.li#
it w is another vector field then define the Lie

derivation to be

dqqtu.lu
let"")

Low ex = fine; o dohfafwcetixm.ua# 9
""

t oily,
= dat Ld life tweetHD) )⇐ o
-
all vectors in TxM



That :-

i) Lu f = v.f = df fr)DLvw=[yw①
Proof
-

:

1) for a fixed x let

Tx : I- E
,
E) → M

t t E txt)

so 81×107 = V(x) and 8×101 = X

so Vx represents the vector van in Tx M

thus df lol
=p dae Hok,

) I
⇐ o
' dat ( to IHH)le LrtH

alt
. def' of df

in terms of paths
2) Low is clearly a vector field so to see Lew = Cv

,
w]

we just need to see

(Low) . f = [ v. w] . f H f E C -(m)

to do this let It : we:S ,→M be the flow of w

and Yt :M→ M the associated diffeomorphisms

for t, s near @, o) in IR
'
set

4-4444411)

q
"H-""l

Htt. si -- f lol
- t
Its ( lot ha)))

•Nao

x lot Cx)



note 3¥ tho, = I (Hop
- t) o Ils, lotxD] Iso

= Lw ( foot
-t) to text)

T
by definition

=p (
w . Holo

- t)) lol tix))
by l )

so How) . fix) =#(dotoff, w 104×11) le.- o]. f
= dat d Holo - t) ( w 144×11) Its o
"
def ' of pushing vector forward

= da (w . fool -t) ) htt 'd) /
← o

=
He21-251

@o)

now consider
K ( t, s , u) = fo 4

"

o y so lot (x)

so Htt , s ) = K ft , s, - t)

and

IITs !
. ..

-

- Eas ( Ht's. - TD !
.
.
.,

= ¥ ( Esttis. -t) ) I
,o.o,

-13¥ - ¥41
...

now 2K
Ts la

.
.
.
.,

= (Lwt ) Htt xD f (w
. f) Ipta)

by 1)



and 5k
Tuas to

. o.o,

= Lr (" f) My v.6. thx,
by l )

similarly 33¥ = w . (v. f) Ix )

-

'

. (Low) if = fifty ↳of v. (w . f) - w . (v. f)

= [ v.w] . f
E#


