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Approximationandstabilitya
. Approximationotcontinuousfuncti

differential topology is about smogthe functions but

many times we only have continuous information
so we begin with

Th ' Ii-

Suppose M is a smooth manifold and

f : M→ Rk is a continuous function

given any con Goi nous positive function

8 : M → R

there is a smooth function F : M → Rks:÷÷:::÷:÷::"::::.e
then we can take F -- t on A

"

can jiggle a continuous function to make it smooth
"

" smooth functions are dense in continuous functions
"

for the proof we need the following
given an open cover {y }sea of a manifold M , then

a partitionotunity subordinate to { Va ) is



a family of functions { Ya : M → IR }
. ⇐A

such that

① O E LCH E t th EA and xEM

② support of Ya C Va FL EA

③ Vx
,
I a nbhd Vx set. Yah,E O for all but

finitely many x
④ Iea Yak) = 1 theM

teammate-

any open cover of a smooth manifold admitsapartitionofvnitysubordinatet.it#
need Hausdorff

Proof:
"Manifolds are paracompact

" E and second
countable for this

ie
. given {432 ⇐A an open see text book

cover
, can find an open cover { Ve )pets

by sets homeomorphic to open balls in
coordinate charts Sf

.

tf p EB , -3 a
C-A

sit. Vp C Va and { V, } are
"

locally finite
"

( that is satisfy ③ above )

now for each B EB take a bump function

f-
p

: M → IR

Sf
.

f
,
>o on Vp and = O on M - Vp

choose a function i :B →A St
. Yes c Yep,



and set

Ty ,×, = I felt )
REB
ice=L

4Cx ) = E Fa Ix)
LEA

and

yams
Ta "Yycxi

EH

core :I

suppose M a smooth manifold

A a closed subset and

f- : A → 117k a smooth function

for any open set V containing A, I a smooth;::::¥":aa..r*
Proof : by deft of

"smooth on A " we know

for each a c- A
,
3 an open set Wa and a

smooth function fa : wa → IRK St . fast on Wan A

and we can assume Wa C U (by intersection)

{ Wala EA u {M 'A } is an open cover of M



so there is a partition of unity { Ya }ae.nu { Yo }

subordinate to it

set Ia : M→ Mh : x ↳ {Yao '" tak) x e wa

x El Wa

these are smooth on all of M

and since Wa CV, the functions are 0 outside U

set FIH = -2 Each
atA T note : finite sum since Ya are

clearly support I c u
locally finite

and
X EA

,
I Cx) = [ 4am fan)

= fam I 4. Cx) = fa Cx)
LFF

Proofotth.at :

by her 3 3 a smooth function F :M → ink

that agrees with f on A

let Uo -- { x em : HfCx) - FCx) Hc six)}

this is an open set (check this ! ) containing A
we now use the continuity of f- to construct a

"

nice

cover
"

of m

for each xEM-A , 3 a nbhd Ux of x in M- A St

S ly) > ISCx) and

II fly) - fCx) H c '
z SCx) Eye U× } bnthiucty !



N

÷f1-
{Ux } is a cover of M -A

since M is second countable 3- a countable subcover Ux??,
let { Yo

,

4
,
} be a partition of unity sobord. to { Vo , Vx. . }?,

set
fly, = you, Ily) t Yi 41 f ki)

I is smooth and equal to f on A

now III ( Y) - fHN = 1140Gt Ily) t Yilylflxi) - (441+77441)fly)H
E Yo ly) HEly)-fly)H t Fg, Yi ly) Il fix, ) - flynt
< tolyl Sly) t II., Yi ly) I 8 Hit

TSCy)
< Home?

.
tix) sad - sad

*,

we would like a similar theorem for f :Mt N but
no notion of distance in N so need something new !

B.Normalbundlesandtubularneighborhoodstocontinue our discussion of approximations we need
cereal bundle

given a vector bundle Emp and a sub bundle
°

p
M

with fiber dimension of E equal to n and



of G equal to k

then set % = 44M€46,
here Ex is the fiber of E above x

and similarly for 6,
let q : →M be the obvious projection

to see % is a vector bundle we need local

trivializations

let Ux IR
"

p
- 'cu) be a local

p . I fp trivialization of E

U

not for each x EU, 4-
'( Gx ) is a k - dimensional

subspace of IR
" and there is a matrix Ax

such that A
,
ClRkx9o3 ) = 6-

'

(Gx)

exercise : A : U→ Gun
,
IR) :Xtax is smooth

so Uxlthk→(plot
- '

tu)
n r n
U x IR

"

p
- ' lo) tohim = loki Axcr))

µ
,

Jp



and OT thus induces a map
U x IR

n -k

SH

Ux Mmk $-3 g- ' tu)
*

u

19

so % is an K -A - vector bundle

exercise: if G
'

is a sub bundle of E st
.
Gxto GI- Ex

Vx C-M
then I an isomorphism

4 : G
'
→ Elo
lid
M

now if S is a submanifold ofM then Ts is a

subbundle of TMI
s

we define the iormabod of S in M to be

vids) = Truly,
IS

note : if M is a submanifold of R " then set
Tmt = {v e Tx M

"

I xEM and off TxM}
clearly at each point x c-M

Euclidean miner

product on IR k

Tx IR
"
= TxM ITMY

×



so by the above VipulM ) I TM
'

this is why we call it the normal bundle
( you can do this for any S in M but need M

to have an inner product on each TxM
1.e. a Riemannian metric )

That :
-

if Mm is a compact submanifold of IR
"
then

in any open neighborhood V of M,
3- an open

setN (M) containing M St. NIM) is an open disk

bundle over M : Bon - m→ Ncm)

ti::::÷÷÷÷÷::÷::.
on M and q is a submersion

Remains : i ) true if M is non-compact too
2) true for any submanifold S

of M

example :

y
M
'

Yank)" Hittite



Proof : recall v (m) = Tmt ufa
""

let h : Tnt→ inn Tx
N

VE#MHt p.to?tr recall plxl EM CIR
"

x v c- Tx IR
"
= IR "

let Z - { zero vectors in Tmt}

note : any v
c- Z is a regular point of h

indeed : Tpm, IR
"
= An = Tpu, M ④ (TM)jar,

and Tnt

plum To where old -- o e#m )!
and poor = idm

so plz and or are in
'

verses of eachother

so plz is a diffeomorphism Z →M

:
. along Z dper maps onto Tp, M

now dhltntp,, maps onto the linear space
Tmtpcr, C Tpu, IR

"

so image dhpcv, = Tpu, RI
thus since din TM ' and IR

"
are same h is a

local diffeomorphism along Z and i. in a

neighborhood of Z
(any nbhd of Z contains a subdisk bundle

of Tnt )



moreover hlz : Z →M is a diffeomorphism
this implies h is a diffeomorphism on a suitably small

nbhd N
'

of Z

indeed : let Nya be points in Tmt E 's from Z

for some n hlm
,,.

an embedding
if not then tfn I xn

, ya C- Mya Sf
. Xu 't ya

and hlxnl -- h (yal

let x -

- hui Xu and y = kin yn (exist by aptness)

:. hlx) -- h ly) ⇒ x--y (since x.y C- Z)

h a local diffeomorphism so 3 nbhd of x -y
where h is one -to - one

,
this contradicts 3- xn, ya

Eff

C
. Approxiniationsotcontinuousfunctionstitwo

continuous functions fo
,
f
,
:X→ Y are called

homotopic it 3 a continuous map
F : Xx (o, D→ Y

such that
fix, ol -- folx) Ix EX
F- (xn) = t, Cx)

we call F a homotopy
if we set ft :X → Y : x→ Flat) then, we can think

of F as giving a
"

continuous deformation "

from fo to f, through the ft 's



e.g . ①ft,

it X and Y are smooth manifolds and F is smooth
then we call this a smoothhomotopy

exercise: (smooth) homotopy is an equivalence relation

This :#

Suppose N and M are smooth manifolds
(M without boundary)

and f :N→M is continuous
Then f is hometopic to a smooth map .tttq.ie:1?e::ai.:::::::.::::::se.:aW

Proof : we can assume M c Rh by the Whitney
embedding theorem

so f : N→ M c Mk is continuous

3- a tubular nbhd NIM) of M in Rk
and q : NCM)→

M its projection
by That we know there is a smooth map F

'

- N→ IRK

that is arbitrarily close to f



in particular wife N(m)

exercise : we can choose I set . \
C- t) f CH t t tha is in very ¥¥¥, NM)
V t E lo. I] and XEN \

so F : N x(o, I]→M

⇐ t) t gLettflat TICH)

is a homotopy from f to go 't and got is smooth !
moreover I - f on a closed set A where f is
smooth so homotopy fixed on A

Cord:-
let fo

,
f, '

.N→M be two smooth maps
Then to and f

, are
homotopictheya¥smoothlyhomotop€

Prod : # ✓

⇐) let F : Nxco . D→M be a homotopy
(smooth on N x fo, I } )

Tha 5 gives F : Nx Con ] →M smooth

and F -- F on Nx Eo. Betty.



D
. Homotopyandstability
frequently in math (and more so in physics . . . ) we

are interested in properties that are
"stable "

re. don't change under
"

small perierbatons
"

more precisely we say a property of a map
fo : M→N

is stable it for any smooth homotopy
ft of to there is some E > 0 St. ft also
has this property for all t c E .

Thmiilstabilitythmt :-
The following properties of smooth maps from
a compact manifold M to a manifold N

are stable :

d) local diffeomorphism
(2) i immersionsa*÷÷÷÷÷:÷ii
(5) embeddings
(6) diffeomorphisms



recall (from homework ) that f : M →N is

trans to S C N if Hp E f
- '

(s) we have

Tfip, N is spanned by in ldfp ) and Tfepgs
and if f is transverse to S then f - 'Cs) is
a manifold of codin = codicils in N

exampled:

gene transverse

✓
intersections changestays

transvers as under small perturbation
perturb

*¥÷.
.in::
""

not stable

Proof : ( z ) let F : M x(o , I] →N be a smooth homotopy
and fold = Fix, o) be an immersion

we must hid an E >o set
.

ht⇐⇒ c- Mx Coe )

(dfe )x is injective
recall lemmaII. 9 says it a linear map has
Max rank then near by linear maps do too



so for each x EM, F a nbhd Ux of Kool in Mxco ,D

St. @ft)
,
is max rank V Hit) E Ux

now U-- ×4µUx is an open nbhd of Mx {03

so that follows !

items Cl ) and (3) have almost the same proof
as does (4) (once you do your homework )

now for (5) ( IG ) is similar)
F-a homotopy as above with fo an embedding
we know F E > O SI

. ft immersion for f E (o, C)

since M is compact we are done if we show

F E ' > o set
. ft is injective tf t C- Co

.

c')

to this end, assume not, so 3- a sequence

ti → o (decreasing )

and xityi EM St. ft!Xi ) -- ft.Hi)

by compactness we have x,→ x ( after passing
y,→y

to a subsequence)
-

Tin now Fcxo
,
o) = lagging Flxi, ti ) = fiji#Yiith = Fao, o)

since to injective Xo - YoXo- yo Mx{ o}

note it 6 :MxI→N x I
IX.t) t>HTx.H, t)

then do
, ×
. .
o ,
- fdot.7.no/7aI )



to an mimersion says dfo has rank -- dimM -
-

m

so dog. ., has rank met = din Cmx Con))

so G is an limnerscoin at (Xo, o)

i

.
. Tha II. G ⇒ 3- nbhd about lxo.co)

set
.
G is one- to -one XO FHaiti ) and ly. . ti)

EH


