
VIII

Lotangenttdundlesandtformsa
. Linearalgebra :

let V be a vector space
the dualspace

of V is

V* = Hom ( V
,
IR )

IR

= { IR - linear maps L
: V→ IR }

it e
. . . . .

, en is a basis for V then set

e
'
'

: V → IR : e
;
t s;:{ 9

iti
- e =j

exercise
-

:

i ) e 's . . . ,
e
"

is a basis for V
*

(called the dualbasis to e.. . . . , en )

2) din V
't

= doin V

3) if a E V
't

then we can write

a = Z q . ei
2=1

and n

v = E vie;
7 = I

show
a to) = Is

,

ai vi e IR



4) if a = ¥
,

a;
e
"
E V
"
then

a;
= ale;)

If L : V → IN is a linear map , then youget

[
*
: w

't
→ ✓

*

a 1-7 a o L

exercise :

i ) (To SH = s*oT*

2) I 'd y* =
,'d
,
*

: y
*
→v

't

3) if e
, , . . . , en a basis for V

fi
,

. . ..fm a basis for W

then
Lee;) --÷

,
fj

2. e. the matrix (Lj ) represents L in these bases

show 1-
*Lei ) s t

,

Lij fi

Ze
. If

*

)! = T! transpose

expressed as matrices T
't
=
Ttt



B
. lotangentbundle
let M be a manifold and p EM

the atpa¥tp is

1-
*

M = LT M)
*

= Hom (TM
,
IR)

p p p

+
elements are called couectors

note : if f : M → IR
,
then

←canonically
df : Tp M → Tap, IR = RP

W K K

V 1-7 dfpfr) = v.f

so dfp E Tfm

now given a coordinate chart to : U → V around p
q↳ (x'Cq), . . .,X

"

Cq) )

then we get a basis ¥.
. . . .
#n for TpM

let DX '

, . . . ,
dxn be the dual basis

2.e
.

dxi (¥; ) = s;

Recall: Fyi really means
"

Ii
"

= DH
-'top,Zxi

so we should say
"dxi " but again we wont

usually do this



if f : M → N is a smooth map and

To :O → It is a coordinate chart around fcp)
qt ly

'

Cgl
,
. .
.

, ymlq ))

then Zyl, . . . , Zym is a basis for Tfp, N and

dy
'

, .
. .

, dy
n

u n T
*

N
f-Lp)

we know that dfp : TpM → Tfp,N can be

expressed in

' local coordinates as the

matrix fest;)
where this

. . . xn ) = (t
'

Ix '
,
. . .

,
xD
,

. . . ,
fmlx '

. . . .

,
xn))
( locally )

i.e
.
it v C- TpM is v - ⇐ riFi
then

dfpcvl = Evi3i Fyi
e,j

Recall : the dual map

dfp* : Ttip,N → Tpih

is defined by dfp* (a) = a odfp

we denote this map FIT,
recall further that f-Icp, satisfies



i ) (fog )*fg,p, = g; ofIgm,
2) (idm ) ! = l 'dTp*M

3) in local coordinates f-Icp , is given by
⇐it

that is it a ai dy
'

'

E Tap, N

then

Ima = Eai dxi

Remain: consider
f : Rn → IR

df = -23¥ dxi

this looks like thegradient in vector calculus
so why is it not a vector here ?

suppose lo : IR
"
→ IR" is a coordinate change

lolx's . . . , xn) = (y
'Cx's . . ., xn) , . . .

, yaCx's . . . x
"))

then doll -23¥ ¥ ) = -23¥ doll¥)
¥

= I 2¥ i Fyi
-
note index problem

but f in words (y
'

. . . ., yn ) is fool
- I



so 2¥i = -22¥; 3i Fyi * dollof)

but do
- 'T Cdt) = do

- 'Y (I ftp.dxi)
= I Fyi @ -1)

*

fdxi)

= -2 Ifi Ifidy's = dHolo - ')

so the
"

gradient
"

transforms as a 6¥ under

coordinate change , not as a vector

GtangentBund
set T

't
m = pin Tim

we can put a topology and bundle structure on this

as we did for TM

2.e
. given word . chart 4 : U→V

note V C IR
"

so TV = V x IR
"

and T
*
V = V x IR

"

how
to
't

: V x IR
"

→ T
't
U = THI

u

is a bijection

so coordinate charts on M give these word charts

on T
*

M and local trivializations



a section of T*M is called a tform

(or corrected)

T
*

M

at 9 a
M

denote the space of sections I (m) = r(T
*

m)

note : given aer
'

IM ) this gives a linear map

Html ¥ c
-

cm)
v 1-7 aCv)

exercise : r' em → Homonym, CHCH,
C
-cm))

x i→ Ola

is an isomorphism

( this is not so easy ! )

note : from above we have

d : c-(m) →r
'

(m)
f 1-7 If

this is called the exteriorderivafi.ve

exercise :

i ) dCafe bg ) = adf t bdg a.b E IR

e) dCfg ) -- fdgtgdf



3) if 0 : M →N a smooth map

define ol
'

: crew) → C
-

cm)
f 1-3 fool

then
of

Gcn ) →Tcu )

d L µ
Id commutes

n' w ) -71cm)

4) f- C- CNN)
,
LENIN)

,
then Iffd) = @F)(4*2)

example : i i
- -

1) f-Cx, y,z) = ( x'y , y Saiz)

x -- n'drtvdu C-R' CRY

now f- * due dluof) =D#y)
= Zxydxtxdy

similarly
f-
*

as #y )
-

dlyswiztysinizdlxy)

= Ky)2( scuizdytycosedz)
+ yscoizlzxydxtxdy)

x4y't x'y) sont dy=
y
'Sindh

xeyzcoszldt

I
2) lol rio) = (r cost , r Sino )



x -- Xdy - ydx

01*2 = rcoso-dlrsi.no) - r shod Cr cos o)

= ruse ( sited t rwsodo)

- r s in o ( costed - rsinedot

= r2 ( cos 20 t sin#do = redo

C. Integration

a l-form L on la , b ] CIR can be written.

L = f- (Holt

for some function f : [a.b)→ IR

t is the word. on cats]

we define the integrator to be

{
a .gg

d = Sab HH df
T
ordinary integral
from calculus

suppose to :[ c ;D] → [afb] is a diffeomorphism set
.
c) = a

then note

Sec
, dy

10*2 = S? to*Heldt)
= f?fool Cst) ol 'cads

set t = lots)

so It= ol
'

olds

c → a d-7 b



= fab fieldt = Sea
.
by

note : it to (c) =D then

{
c.a,

a =
- g a

[a. b)

now if a E SL
'

(M) and C cM is a compact t-manifold

with a direction chosen
,
then on can parameterize

C by some map
V :[ a. b) → C cm

( if C = s
'

then 8cal = 8lb))

so a Ct increases
,
C is traversed in

'

the

chosen direction

g
also write this Sydthen def

megg=Suis
the computation above says this is well-defined

example: given a l- form a Pdx t Qdy t R d't in 1123

then the integral over some curve C c IR
3 is

Sox = Sc Pdx t Qdy t Rd 't



= Sab Htt ) x 'ft) t (Qora) y '# t (Royle)) Z'HDdt

where 8 HI = (x HI
, yet), ZHI) parametrizes C

a Et E b

so integrating a over C is just the line integral
from vector calculus

exercise :
y god is independent of oriented

parameterization (essentially
done above)

2) Scadt bp = a fax + b Scp a.pet (m)
a.b EIR

3) if 8 is a constant map then

Sy x = O

4) a c c c b Chen

Sg -
- Saathi

where V. = 8 Iga
,y
K -- Hcc

,
b]

lemmata :
-

Scdf = f lB) - fCA)wherecisapathfrom-to.TW



Proof:

Scott q Sabz
* It = Sab dHor )

r:(a.b) →m
= Jab for) 'H) dt

param. C

= for(b) - for (a)

= fl B) - f IA)
#

it x -df for some f- E (m) we call a exact

THE2-
d C- SEIM ) then the following are equivalent

i ) x is exact

2) Sad = o for all loops C cMp⇒:""""÷:÷÷,
1) ⇒ 2) and 3) by lemma 1 .

2) ⇒ 3) G B

c
A

so 0=5
, .ci

- Saa - San



3) ⇒ 2)

c
let Ca - constant, atop

Sca - Scan -

- o

3) ⇒ 1) fix Xo EM (assume M connected)
H xEM choose a path K, from Xo to X

set fix = S a
Tx

f well -defined by 3)

exercise : show df =L
¥7.


