
X
. Firms

A. Linearalgebra

recall V*④ . . . ④ V.
*

= Bit in
'

( xx
. . .
✗V
,
IR )

~ T

we say a map 10 E Bihn (V ✗
- - - V
,
IR) is alternating

if
¢ too,, , . . . , van, ) = sgnto) 414 , . . . ik )

where 0 C- 5h an element of the symmetric group

and

sgn (
o) = {! , it • is even # of permutations

it " " odd " "

eixample : 0114, . . .

, Vi, . . . ,Vj, .
. - Uh )

= - ¢14
,

.
. . ,Vj, . . - , Vi, - -

- %)

let hk ( v ) = { to c- Bit in IV ×
.
. - ✗ V. IR ) : to is alternating}

so NIV) cV*④ . . - ④ y*

I

10 C- Bit in (V ✗ . . - ✗V. IR ) then

The following are equivalent
① 0 c- 1kW )

""^

②µy,..µ,.,o;,...vñ=°"""
entry repeated )③µy,,,y,,y,nagy,,,yn.

1in
. independent



Proof : ① ⇒②
¢ E Nk LV) then

switch
a

¢ (V, . . . Vi . . . Vi . . . Vh1 =
- 0/14 . .

. Vj . . .Vj . . - Vh )

so 24 (V
.
. . . Vj . . . Vj . . . Uh ) = 0

so lo (N
. . . . Vi . . . Vi . . . Un ) = Oz

② ⇒③

can assume v, = azrrzt . . . tank

so
lock , . . . oh ) = ⇐zai Hoi ,k, . . - Un ) =Er

③⇒② I

② ⇒①
(Y , . . . , hit Vj , . .

.

, rat Vj , . . . , Vh ) = O
ll

>
O

4 to
, ,

. ..Y ,
- . .Ht Olly, . . - Vi

,
. . - Vj , . . ., Fe )

+ 019 , . . . Vj , . . . Vi, . . . , rn ) t 4th, . . . g) = o
€#

we define a map

Alt : Bil in ( Vx . . .

XV
,
IR ) → Mtv)

to 1-→ LT
.

Ecsgn o) too
OE Sk

where 444
, . .

. , on ) = to loom , - - -

, rock, )



example-:

1) 4 E V
*
④ y
*

(Alto ) (v. . K ) = I 1419 , Vd - lock , v.D

2) to E V
*
④ V

*

④ y
*

f-It 4) to, ,k , Y ) = I [ low. , It 4th
,9,4)

+ 0115,0. .Vz ) - lock,4, Y)

- 4Cv
, is ,
rat - d Irs

,
K
,
41]

exercise
-

:

i) Alt is a linear map

2) for any of E Th(V) , A- It lol) is alternating
3) if 10 EMv) , then Alf to = lo

(2-e
.
Alt (Alt ) = A It

so Aft is a projection)

now given w EMN) and 2 EAlly) , then we define their

wedgeproduct to be

w n z =
(kee ) !
I

Alt (w ④ y )

example
-

:

i ) w
,
N E A

'

(V) = V
't

w n 2 = ?÷, Alt( w④ z ) = 2 tz (w④z - z④w ) = W ④z - y④W



2) w E N (V)
, 7 C- A

'

(V)

way to,.ve?h)--z?#.AltCwxOz)C4.k , y )

=3 Lw -w¥ - www.lzc#

+w¥twE -

wcy.ve#rD)--tzLzwcIdyIt2wcv,vp7Cr)-zwc-Wd
]

= who, .ve ) 715 ) t w wa Moist wtf, 4)7th)

recall if e
, , . . . , en is a basis for V , then

{ e' '④
. . .
④ e'

'

Yui
,
en

is a basis for V *④
. . . ④ v.

*

-
k

so AHH e' '④
. . .
④ein } ) = { ear . . .

rein} spays Ahly)

but not independent e.g, eh eh . . .
= - eine ' n

. . .

but if we demand I
, size . . .

< in then

exercise : i) { e'
'
n
. . -
re
" }

, ⇐ i. a . . .
< zen

is a basis for MV

Hint : assume dependent and evaluate on
k vectors

z) so dim 1kV = (f) = OE ke n
k ! (n-k) !

note : MV- {o} for k co or k > n



we define
A CV) = NH) . . .

to N(x) (din V = n )

and call it the exterioralgebraotv

note : din n al) = 2
"

lemma 2--

i ) (a w t a
'

w
') n y = a way t a

'

w n y

y r (a w t a
'
w
' ) = a y nw t a

'

yr w
'

z) w n Cy n 9) = (wr g ) n I:::÷÷÷÷::÷÷:÷i
where wi E V 't

, Vi EV

Proof: i ) ④ has this property and Alt is linear
⇒ we first note it w E Thy

*

, y E Te V
*
then

A- It (w ④Atty ) -
- cnet.IS#gnGlwxOeT.Eee9en5T
think of se c Shee so that 7 He

only moves last l elements
g.ne"

= Ketel! T.Esn.ee?seCs9noKsgnT) @④ y)
set u= OoT for each µ E Sh te there
are l ! ways to writeµ as crore



=¥ !
I Csgnie ) @④g)

^

MESkee

= Altlwxoz)

similarly Alt ( (Alto) 2) = Altlwxz )

so wkrcfnei) =wnff-Y.in?!-AltlzxosD--%ffe+I#y.FYm?!-A1t(wx0A1tty- D)
=

%Fe-i.mn?!i-A1tlwx0lzxo3D--%Fe+?m!-A1tlCw④2) ④ 3)

= 4^97^3

tsimilarly I

3)
let 2=4 - - - l l-11 . . . ltk]

k -11 - - . ktl I - - . k

note : 01 1) = OCT letD)
'

:

01h ) = oltcetk))
01h -111=01711 ))

:

ockte)=o(Tle ))

so Altlw ④7) 19 , . . .ir#e )

=¥I not www.iroynPZCVocn-ii) - - - rocket
oc-sh.ie



= (k#[ csgnol wlooy-ye.my . . - vogue+nÑY(Friend . . . Votedk ! l !
oc-sn.ie

=¥(Sqn 'T)-249^00%1%1-yep . - - rotund 714th) . . . Volte)))
Ot Swe

= (sgnt) 4¥ I not wl%a+, . . FriendMiri , , - - - Tied
k ! l ! oi-sn.ie

= (sgn T) Alt ( Y ④W ) 19, - . . ,rn+e )

so
wry = C-1)

he

ynw ( check sgn e-C-1¥
4) (win . . .

nwk)to, , . . . .vn) -

- ¥÷??÷ Alt (w'-0 . . - ④ 0414, . . -in
= h ! ¥ E.sncsgno ) www.D.i.oktoow

Gani : ifm-cmj.jisahxkmatrix.tl#detM=Fqsgnomdai"m%n
Clearly Clair ⇒④

Proofofclaim

exercise: show F ! function f : Match ✗b)→ IR

5.t . 1) f- (In ) = 1

⇒ f- l m) = - fin
') it M

'

is obtained

from M by switching
adjacent columns



3) find = f- (m ') it M
'

is obtained from
M by adding a multiple
of one column to another

4) flM
' ) =nflM) if M

'

is obtained from
M by multiplying one
column by n

exercise : show Def and formula above

satisfy D - 4)
EH

Cort :
-

let L : V "→ IN
n

be a linear map

e., . . . , en a basis for V

emEtis÷÷÷÷E÷÷m.eb
then L

't

ft
'

n
. . .
n f n) = (def Md eh . . . ne

"

Proof: i immediate from lemma 2 part 4)
(evaluate both sides on e, , . . .

, en )€#



B. k-to.rs

for a manifold set

MM = p¥nM ( Tpm)

exercise : show AKM is a manifold and a vector

bundle over M with fiber Akltpm) c Th ( Tip CM) )

let N CM ) = r (Mn) sections of MM

x Erk (m) is called a teform

note: i) NM = T*M

so r
'

(M) agrees with earlier definition

2) NM = M X IR

so I (M) I (m )

M X IR

tu fo Ocp) = Cp, fcp))

f : M -7 IR

nowgiven f
: M→N

weget f
*

: rn (N) →rk (M)

by restricting f-
*

i r(Thr) → r (Tkm)

to ICN)



iemma :
-

f-
*

( way ) = f-
*

w nf*z-
Proof : we know

f.
*

(w④ g) =f*o④f*2

the result follows ¥7

In local words

f
*

( I wa
.
. . .zdy'' n . - indy 're )

= Ice
.
.
..in#dfy1oHn...ndCykof)

eixample: fir, E) = (roost, rsi.no)

f-
*
( dxndy) = dlrcoso) ndCrs in't)

= (coso-dr-rsi.no#ACsino-drtrcoso-do-)---rsinZo-dondr-r6S0drnd0
= rdrndt

THAI :-

f :µ^→N " smooth map

¢ : U→ V local words for M Cx's . . . ,X
")

of
'
: U'→ V

'
il n N (y

'

,
. . .

, y
")s÷÷÷÷÷÷::÷⇒=ae+a⇒axn



Proof : by Cor 3 since ④ f)I = 3¥;
EH

C Exteriorderivatrie

Th IG .

##

M a smooth manifold of dimension n

F ! map
d : skin)→ It 'em)

for k = 0
,
. . . ,
n

such that:÷÷÷÷::::÷:÷::::.i
4) df is the exterior derivative

if ft ro (m) = (m )

d is called theerderivation forms

Proof : if we Shh ( Rn) x; . . . , x
"

coordinates

then
w = I ah

. .
. . in dx

'
'

n
. . .

rdx"

where we
,
. . . rn

: Rn → R

to simplify notation we use multi- index notation

2.e
.

I = ( oh, . . . , in ) then



dxt = dxiin
. . .
ndxik

note : d WIES'LlMn)

so we define
dw= -2@⇒ rdx 't

clearly : • do Erk" (m)
• dcawtboy ) = a dwtbdy

• df same as before for f- ETCH)

now . x=IL±dxI and f- Epftxo
then

d@np) -
- d -2C Boat dxtndx

't)

= [ (podattdedpj) rdxtndx 't

= -2 (datndxnfpodxo)

+ ED%IdxIn @ponders) )
= da n p tell

'"
andP

and . dw=IdwIndxI by deft

so d
'

w - I d~wtndxI-dwer.dk#
now f- ERKIN) then

If = -22¥ . dxi

so d 't -- Ed (3¥ ) ndxi



= I 3¥z×i dxindxi

= 0 each term appears
twice and with

opposite sign !

So few = 0

thus d on IR
"

has the all theproperties !

now for w Erk (M )

let lo : U → V. be a coordinate chart

(4- 1)
*

w is a k- form on V CIR
"

d# 'Yw) is a Cheh - form on V c IR
"

so to
*

(d((f- 'Y w)) is a (htt ) - form on V C IR
"

we define

dwcxl = to
* (d Ho

- 'Yw)) Cx ) E thx 'm
clearly dw satisfies all the properties if
it is well-defined

check well- definedness
M
-

in a - hi
,

ai

tout. .to.
F = to 4-

'



need to show

to
*

(d l
'Tu)) cxl -- I

*

(dat - 'Fo))ad

for this
'

let y = (4-
'

)
*

w and

we = @
-1)
*

w

note i F
*

Wg
= ④of ')

*

(I
- 'Yo

= do
- 'Yo otto ④

- 'Y w

= (4-1)
*

w = Wv

Clavin : d F 't = f- *d

given this note

to
*

[d (④'Tw)] -- to *(day ) = 4
*

(d# *up ))
= of

*

( F *(dug )) = 4*0 (go to
- 'Y day

= 4*04
-

1)
*

of * dug
= I *Cdc 4)

*
w)) done !

proof of Claim
-

:

given any Film→ R
"

H
,
. . .
xn) it (FYI . . . xD

,
.
. .

F7x!. - xD)
" "

y
'

ya

we know DF (Zi) = -2 3¥i Fyi



SO F
't

dy
's
= -23¥idxi
i

and thus

d#
* dyi) -- DCI 3¥ . dxi)

i

= -243¥. )ndxi
i

= En dxhndxi

dxindxi - O so

= In air -
a?Iildxindxk

= O = f-
*

(dldyi))

and dF*(dyindyi) qd(F
*

dye
'

n #dy 's)

lemma 4

= @F*dyF*dyi - F*dyin@t8)
= O = F

*(d Cdyindyi))

:
. F*d(wIdxI) = F " (dw±rdxI )

= f-
*

day n F*dxI

exercise# d (F
*

WI ) n F*dxIfrom# B

= d [(F
*

WI ) F*dxI]
= d l F't@IdxII

nowtoruniqueness:

Clavin: if u -

- w
'

on an open set U,



then du -

-du '

on U

( re
.

d is loyal )

Proof : let p EU and f:M → IR a bump

function set
.

I nearpF- {o outside U

so f (w - w
') = O

:
. linearity of d gives
0 = d Cf (co - w' )) Cp)

= df§n@ - c
' )Cp7tffpYTdw -dw ')Cp)

= do (p) - dw
'

Cpj

now in a coordinate chart f : U→ V

f w is supported ca U then we hone

the forms "d¥ "
= of dxI

and we can write w as

w = I WI
"

dxI
"

"W

dw [ d lo,
"dxI

" )

& -2 DWI n
"

dxI " t defend "dxI
"

note : d
"

dxi
"

= d ol
't (dxi)

= dldfxioo))
Q o

so d
"

dxI
"

= 0 too



= Edwin
"

dxI
"

since due is determined by ④

this expression uniquely determines do

finally if u E Ck (m) let 5 = fu where f is a bump
function with support in word chart

and f-= I near p

so dwcp) =D Tcp) ←
is determined by

①- ④

i
. dwcp) unique H p €#

example:
i) x = dz - ydx in 1123

then
da = - dy ndx = dxrdy

and anda -

- dxndyndz

2) it w = Pdx t Qdy t R dz

then
dw = 2¥ dyndx + ZdzdZ^dx

+ 3¥dxndy t 3¥ dzrdy

+ 3¥ dxndz t 21¥ dynd 't

= CE
, -3¥ ) dxndyt (Ex - 371 dude

+ ( Fy - 2¥) dyndz



Kid
'ooh

::p:

d

r →rdx
dxndy

dy dxn de
de dynd't

3) Y = Pdx dy t Qdzrdx tR dynd't

then dy = 13¥ t Zay t fix ) dxrdyndz

( similar to divergence)

note we have

Derham from
cm) -4 recused . . .

Erica)

complex and d
'
= 0

so laid a herd

define : Hpkpcm) = her Cd :
rhin ) →rt"cm))

→rhCmD
this is called thehEhDeRhamcogcof M

if dw -- O we say w is closed

it w --dy we say w is exact



so Hpkp (m ) = closedh-formsexac.tk
- forms

note: D H# (m ) = 0 if k > dimM or k co

2) Hoopla = her (direful→r' cm) )
cans

= locally constant functions

= IR
# components ofM

Amazingfact: If M is compact , then

Haha (M) is finite dimensional Fk

That :-

given f :M-7N , then

chin) rkcm )¥wi¥Ye
Commutes

Remade : if [w) E Hphp (N) then dw - o
so f

*

W E Rh (M) and

d f
*

w -
- f
*

do = 0

so [ f-
*
o] c- Http (M)



if w '

= wedy , then

1-
*

w
'
= f

*

w t d@ *y)

so [ f * w ') = [f 't w]

that is weget a luiear map
f-
*
: Hip (N) → It:p (M )

i.e.
Kth DeRham cohomology is a
contravariant functor from

smooth manifolds to vector spaces

ProofofThm

need Cd f*w) Cx) =@
*

dw) Cx) for all x

since d is local we can just check in

coordinate charts
,
but we did this in

the proof of Th 'd 6 #

a useful lemma is

lemma 8 :--

Yaeen
ILM)

,
4 , . . . , Yee , vector fields ,

dw th
, . . . irne . )

= ' Fri (war
, . . .Fri, . . . one .t.E.f.in?iiwccririsir...ir....is..v!



examples :
1) WE[(M)

,
then

dw Cr) = V. w

2) WEr
'
(m)
,
then

dwcv.ir) -- y . wire) - ra.wth) -Wku,

Proof : let DCM
, . . . , one , )= RHS.

note : i ) both D w and dw can be computed
locally so we just check in word. charts

2) both are linear so just need to check

D w =Dw for co = f-dXI

3) dw (Y , . . . , for, . . . , one, )
= fdw (M, . . .

, re, -asked
since dw a Chel) - tensor

exercise: Daly
,
. . .

,fri , . . . The , ) -
- fDw th - - - ik, - --tha)

so by linearity Dw --d w
it Dw Ex 's

; . . . ,ZxiaeD=dwlZxi; . .
.

,
in-u)

for all i e 's
,
a

. . . cjhe , En

to see this note

d Cf dXI) = I ¥xe dxendxt

I = (21 , . . ., 2K )



"
def dx

') ( Zim
, . . . ,

H = I IIe SEE

where
se
,:{÷ it!:¥E÷÷m: :::p:mutation

it non -zero then jpe -- l some IE Pe E ke I

clearly of
'
-

- c-DK'S
p,

where Epe -- J with pe
removed.

"
du CEI

, . . ..
Exine . ) -- Een"

- '

IIe SE
Pe

now [ Ii
,
Zxi 3=0 so

Dao Bai .
. . . ..

Exine .) -- IIe I
-'

Iii Cfd#Ein
.
.
. . .?z¥

= Een
'
'

- ' 3¥: SE
ji

= dw (Zyii
,

. . .

,
Zxine . )
#

D. Lietderivatives

generalizing the lie derivative weget
Werk IM)
V EHIM)

off the flow of v

then Low cxi = I'Io ¥w%an-
C-



= dat

@IwDt-olemma9_Lj.rk
cm ) →rhlm) is

1) Linear

⇒ Lvcwrz ) -
-K why c- wn(Luz)

3) Lr ( Cww ) = Ly
,
W t Cw Lr wm:::::÷:i÷÷÷÷:÷÷.

recall here how is a Ch - D - form defined

BY lowly
, .

..pk, ) = OH, Y, . . . Nm)

and we know

↳ (wry) -
- doo) r y tell

'W'

wn Luz

Proof : i ) evaluation and pull- backs are linear
⇒ either 7)%c+FHEw¥⇒X HE7¥,)

by lemma 4



so Lvlwny) = !I;o 054441057*54^7×2
t

= Lingo #The⇒
'453*5 we #7¥,twxn¥%¥ -way
-

t

-

- fin;oLft*4e¥i4)no¥%*iwxn4MEIM⇒
= Lowry + w - Lvg
"

Lrccww)=¥%¥kN¥w4x
C-

= If lotkwwhfexi- Lw htuol.antlwtfwqan-kw.ch,
-

E

note : two:wow,hi, . -you- it
=

wqaaldftlwl.dk#t--;d4ohh-iD--4ECcdqewyw) hi
, . . .

,
Ted

=L Let f4¥*Duxtwu¥"D
= LL
,
w

W t Cw Low
[
recall Low = Kottke

2

but note ye = 4.← is flow of
- v



so the above is - L
-ow

= try
4) byinduc.tn#

,
function

k -- o : Lrw = Low

kit : Lr (w ly ) ) = Lv (cu
,

w )

= (
yw,

W t ly Low

= (Low) (v. It w (Lor )

assume true for h- I , now let u be

a k - form

LolWH ,
. . . ,k ) ) = Lr ((Lv, w) (ra , . . . , rn ))

by
Kuku, w ) ) cry . . . , Yi -'Eadrisk, . ..kz.

.
.- ra )

induction

by a
KLM w) ki -Htlv, Hrw) to. . . . , rn)

+ ⇐ Caw) the, . . . ,Lori , . . -ik )
= Lowly, re. . . . .vn) I¥

,

WH
. . . .Tara, - . .edu#

Corto :-

for functions fLvldf)=dL€



Proto by lemma 9
.
4) we know

(Lu Cdf)) Cw) = Lrldflw)) - dffcv.us)
= Vow. f - [ v. (wat) - w. (v. f)]
= d#f) In

¥7

Thall .
-

'

-

Carian 'sfor any k - form w and vector field v
magicLvw=dLrwtLr Formula

Proof: induct on k = Iwl

k -0 : (rdf +dc#°= dfcr) = v. f = Lot
k =L : locally any l- form is a sum of terms

f-dg for functions f.g
thus since both sides are linear and local

we just need to check for fdg
Luffdg ) F (Lof) dg t f(Lrdg )

by 9.27

(Lrt ) dg tf d (Lvg)

by 10
= @ . f) dg tf d (v.g)

and we have



(
v dcfdg ) t d cuffdg ) = to@fndg) t dCfdgcrl)
= dflvldg -Hf tdgtf dcdglrl)
= f. f) dg tf d(v.g) = Lrlfdg)

now for h > I

locally w = I w±dxI

Set a = WI dx
'
'

, p = dx
'
'
n

. . .

rdxlk

then w is a sum of terms of the form

a n p

I- form th - I form

so by linearity and locallily suffices to check
on terms an p

(IrdtdCr) ar p = Iv (da np - andp)
t d Kunp - Ln Cup)

= dodd n p t dats -¥dp tan lvdp
- -

t @dump tDTs -d#petrol@p)
- -

= Loanp x x - Lrp = Lula n p)
→ -- EH

induction

Lor 12-

Lud = d Lvw



Proofs :
Lr (d w) = Lr# Ot d coldw)

= d Cr Cdw) t dd#w°
= d (Lvw) ¥7

exercise
-

Lr Lw - Lw Lr -
- Larus

to "

geometrically
"

see what the Lie derivative

is telling us we have

Thm
-

let v be a vector field on a manifold

m:eh¥÷÷÷::÷i¥÷:
Boot

obviously dat It.otiwpecxf dat I =

I
⇐) need a lemma



lemma 14-

let V EH(M ) and lot :M →M its flow

for a Erk (M) (or even TKM)) we haveaH⇐¥*¥.t¥*n¥
we first finish proof of Th ' 13 :

if Lr w = 0 , then

It It⇒ 4¥woke× ,
= 45 to) = o

thus for a fixed x EM constant

let r : C- E
.
c)→ MC Tim )

← vector
space

t 1-7 GE wqui

from above we see

T
'
ls) -- dat I

⇐ it I wqex,
= 0

:
.
8

'

is constant i.e. GE w = wL#

Proofoflemmatl:

Fett
. t.tt honest

'

das t.ootiito.es#ocx,



= Is I
⇐otto HE done*pm )

= tito dad
⇐
OKE does cottons )

= iii. Know.ae#

example :-
set v = (din ' r t rush Zz

+ sin r Zoe )

and a = Cos r dZ t rsirdo

note : L
r
a =DLrat Lud a

= d (1) t Lv ( - Sui r dride

+ (sin
'

r trashdr n da)

= 0

so the flow of v preserves a

exercise : Show if he is a time dependent

I - form , then

dat feat = 4¥ (Lat daft )


