
D De Rham Cohomology

Recall
,
from Section IC

,
on an n -manifold M we have

recent>e' cm) -9
. . .
→ Icm)

and
d 2=0

so weget

Hjelm ) = ker(d:r4nl→rktym#
wild irk

- '

(Ml → ICM) )

=
C6sedk-forms_
exact k - forms

and given
f : M →N

weget a map
f 't : Hhpnlvl → Hhpnlm)

Cy ] ↳ Lf *y]

since f-
*

od = do f-
*

from the properties of f-
*

andI we saw

(fog )* - g
* of

*

and

f'dMY = l 'dHphnlmi



so diffeomorphic manifolds have the same

cohomology
we also saw

a) H M) I IR
# components of M

(= locally constant functions)

b) Hhpnlm) = 0 if he > n or ka 0

Another computation we can do is for M - IR

o→I (m) →r
'

IM)→ o
' ' il

Cm) { fixdx}

so if a c-Nlm) then da = O (since Ilm) --o)

so closed forms =I
'
(m)

now given w = fcxldx

let g Cx)
= Seo

,
×,

w = Sjfixdx
clearly g : IR → IR is in

. Ilm)

and

dg = g
'

H dx = fix)dx = a
+
fundamental theorem
of calculus

so all w ENIM) are exact



i.e . H'ppl = O

and we have

Hphr ( IR) I { Ro
h - o

k¥0

In your homework you showed

Hphpl s ') = {
IR k -- O

,
I

O k 't O
,
I

-

to go further we need

Th ' 8 :

If f.g : M→N are hometopic maps, then

f
't
.

-

g
't : H

,}µ)→ HEdm)

f :M →N is called a homotopy equivalence if
it has a homotopy inverse , that is a map
g : N→ M such that fog = idn and got =colin

←
homotopic

exercise :

i) IR
"

is homotopy equivalent to a point
2) if M .

N are homotopy equivalent then

Hkpnlml E Hkpn (N)



( note fig
*

andgot f* bijective)

so HpkrlAM = {
'R k -- o

O k¥0

this is called the Poincare lemma

and says it w ENIM
") with

dw = o then F Y e ch
- '

(M
")

such that dy = w
2.e

.
Can solve the PDE dy= w

for y it (and only if) do = o

3) S
'

x IR
"
re 5

'

+
homotopy equivalent

'° HY
,al s

'
x Mn) = { IR h -- o. '

O k t O, I

note : to see f
*

=

g
*
in theorem we need to

see if we Ik (H and du -- O

then f-
*

w =g
*

w t dy for some

Merk
- '

Im)

Z will depend on w so we want

a map haircut → rt
- '

cm )



such that

f-
*

w = g
't
w td hnlw)

or we could also have

f-
*

w -

g
*
w = d Chacao)) t ha!,dew))

such { ha } are called a chauihomotopy
from f-

*

to g
*

a simple case of this is

lemma 9 :

let it : M → Mx Co. D
X 1-7 (x

,
t)

then I hh :rt (Mx co ,D) →I
- '

cm )
St

.

if - iit = dohhthheid

Proof : for w E Ik (Mx Eo . D )

let her = Sidzew ) dt
we know w is a sum of terms

⑦ fcx.tl dtndx "r . . .ndx'k - I and



⑤ that) dx ''n . . - rdxln

the integral above means for

(f) that)dt) dx" n . . . rdxk-I

and for⑤ the integral is O .

if we show the formula holds in
'

each case

we will be done

case :

dm thaw) = dµ[ (fo't ix.Hdt chin . . . rdx in -if
= ¥

,

Zte ' dt) dxindx'in . .
.
idx'n - i

and

hµ ,@w )
= hue

, ( ÷, #i dxindtndx
'
'
.
.
ndx'a -e)

= ⇐ $!- Iti dt) dxindx '' n . . . ndx'h - i
so (dohut hue , od ) w = O

and (if w) (f dtndx
'
'

.
. - ndx'h -D= 0

since It not in Tx M

so dong



Case :

dm (hh w) = o

hw ,
(d w) -- the

, [It dtndx
"
n . . .
ndxk

¥
,

#i dxindxh . . -ndx'a]

= ⑨
'

off at) dx
'
'
r . . - ndx'a

= fffx, D - fix , o)) dx '' n . . . n chik

= i: w - ifu ✓
*

.

Proof of That8:

let H :M xEo, I ] → N be the homotopy f tog
note : f- = Ho do and g = Hoi

,
( 2; as in lemma 9)

←
lemma 9

so we get
skin) ' rhcmxcaishhrkcn)

÷
how I(dad tdhw = HoH

*

(dat t d oh (H
*

w) = h od(H 't w) t do h (H't w))
lemma 9¥ if (H* w) - E (H *o) = (Hoi, )* w - (Holo)

't

w

= g
*
w - f

*

w

as discussed above it Ew) e Hhpn CN)



then dw = 0 so

g
't
w - f

*

w e d (Tn w)

and thus Lg * w ] -- { f
*

w] in
'

Hhpn
L#

That 10 (Mayer - Vietoris) :

let M be a smooth manifold

U
,
V open subsets of M thot cover M

for each k
,
F a linear map
Sk : High cu ma → HII IM

such that the following sequence is exact

. . .
→ Hphnlmlh knees④ Hahaha

"

Hallum HEH 'hi → . . .

where i
n

✓ ny
TV↳

m are inclusions
of

exactness means the image of one map
is equal to the kernel of the next

Cor l l :

for nHy#say ± kn
n



note H :p ( s " ) is generated by any volume form

Proof :
(since it w -- day , Ssn w = o)

we know HERC5) I IR since S
"

connected Cuz i)

induct on n :

-

nee: Hphnlso) = { 113-0042 h -- o

k # O

± :
'

iii. sits::'t
U EVER

so HERCULE Hohrlvl = { Mo II :
Un VE R u IR

so Htfncunv) E { R④ IR k -- o

O k¥0

thus we get

it ;
-

n' is
'HH:

-

n'Heat:L 'M→ It:Lund → Higgs 's → HEY④HIM
for kit :

g ol 4 f h

o → N → IR ④ 113-3112-0112-2 H
'

(5) → o
p DR

H
- '
Cuhk)

DR



4 inject cue since her to = icing -- O

her 4 -- im 4 = IR

i
.
intage 4 E

N ④ Kyker y E IR c IR④ IR

f is surjective since iniagef - kerh - Higgs
')

so High ( s ' ) E mi f E R ④Hymer f EM
④

Mini y
z lR④lR/µ E IR

for k > l :

O → o -so→ HING ') -70

so Html5) =g

nd : S
"

U = S
"

- { south pole }

Vs S
"
- {north pole}

U E V E IR
"

Un V E IR
"
- { o} E S

" "

x IR

I sa
- I

so Hhoncu ) I Htflv) = { R k -- o

O k¥0

by induction

Hfa ( Un v ) Z { R k - o ,n - I

O ht o, a - I



KEI :
4

Hh-Yu) ④ Hh
- '

Cv)→ Hh- 'Curr)→ Hh → Hhcu) HKD
DR DR DR DR DR DR

Ll Ll
°

0

so 4 is surjective and injective
so I

i. Hhc5) E Hh
- '

( s "
-

J
⇐

It;k5
- 'HH;d5HHI④H£vHHp£unvHH¥9

H SH S " SH

o → IR → MTOR → in
/ To

→

H'cut H'tu)

same argument as above shows
H'( Sh) = O
DR

so Hhcsn) = {
IR k -- on

DR O h 't an
L#

to prove Mayer - Vietoris we need



lemma 12 :

with maps from Tha 10 we have the

following exact sequence for all k

o→rkmh4u) torch rkcunv)→ 0

Proof of The 10given lemma
12 :

consider o o

o b b
t d rhun) d→ eh

-"

(m)rn
- '

Im →

fh*④e* fh*④e* flite
.

I
-' cohort

-

Yu)d→rkwI①ehw7d→rh"Cut ITD

fit- it lui's
't fit

d d

rn
- 'lunch → rhlunvl → rent

-

(un)

t t t

O O O

Diagram Chase : to define HYUN) → H
" '

(m)

need to start with Cerh(UN)

St
.

do -- o and get a c- rht
'

(M)



with da - O

note only one thing to do at every step

O O

o b b
t d rhun) d→ eh -4M )rn
- '

Im →

fh*④e* fh*toe*
a-

flite
.

I
-'Colton

-

Yu)d→rkwt①ehw7d→rh¥H⑦rYu)
O

tis tisI'
→

Eft
"-it

d d

rn
- 'lunch → rhlunvl → run

-

(un)

t t C 1-de -- of

O O O

given c c- CHUN) whir do -- o

T-j surjective so

I be Ico) ①Itv) set .

1
"
-g*( b) = C

note G
'
-f) (ab) -- du

"
-T) b

= dc = O

by exactness F a c-It ' (m )



such that h
*

to t
*

(a) = d c

note k*toe
* (da ) -- d Chloe *Ca ))

= d Cdc ) = 0

by exactness at#
'

(m )

da = 0 so gives
a homology class

define 8h : Hh(un v) → Hh t 'CMI

( c ] 1-7 (a]

Claim: S
"
well-defined

① need 8h independent of b

suppose b. b
'

both mop to
c

M-j ) I b
'
- b ) = O

~

by exactness F a such that

*④e 't) (oil -- b
'

- b

note by exactness F! a St. Cheol
")cat -- db

and I
.

a
'

set
.
Chito et) can =Db

'

now (h 'tet) ( a - a '
- day



-

- db - db
'
- d Ch

'

-ICED

= db - db
'

- db
'
t db = 0

so exactness gives a- a
'
- dat-- O

so la ) = La
'] in

'

Hht '(m)
② also need 8h independent of

choice of c
,
C

'

E ( c]

exercise :

i) show this (diagram chase)

2) Show 8h is a homomorphism
3) Check exactness of

Mayer -Vietoris sequence

Proof of lemma 12 :

exactness at Mlm)
-

:

need to see h*④l* is injective

suppose we#(M ) and htCafe
*Cato

I.e. w/o = O , wlv
= 0

them w = O on UuV= M

so w = 0 in ch (my

-



exactness at 140) ④rklv )-

first note CE-j) (h
't

④l
't)( w)

= z
* (h 't(w)) - y 'll

*

Cw))

= w low - colony = 0

so image (
k
*

④l
't) c Ker Iz 't-j

't)

now suppose 9, y
') c- her lit-j

't)

so 2*7 - j t y
'
= o

i.e. 7low -

- 7
'

luv

then define

a-{ 7 on U

y
'

on V

note oErkin ) and

(k*④e*)Col = Cry,z
exactness at Iconic)-

we need to see 2
*

-j is onto

let w e ICun v)

let { Yu
,
Yu } be a partition of



Unity subordinate to {ON}

set
y= { to

w un v

U - support Yu

y
'
-
- { - You

w un v

V - support Yu

note (9.3
') E Ilo) ④ICV)

and (2*-5) lyin ') -- Now -7
' luv

= Y W t Yow = W

L#

That 3 :

M compact, connected, oriented

n -manifold with out boundary
Then

I : Hjelm)→ IR

④→S w
M

is an isomorphism
In particular, Hnprlm) EIR and is

spanned by a volume form



Proof : clearly I well-defined since it Ew] --(w 'T

in Hh(M)
,
then I 7er

""

(M) such that

w = w 'tdy

i
. Smw -

- Snu 'tdry - Smu't Safe; Sho
'

M oriented ⇒ I never-zero n- form SL on M

and M compact so

Smr = a > O

:
. I ([beD= b Sme = b a

so I is onto

we are left to see Icw) -0 ⇐ [w]
-

- O

Ze
. Icw) -- o ⇒ w =dy

⇐ I clear !

for the proof of ⇒ I suppose Smw = 0

let {4 .
}!

,

be a finite cover of M by

open sets diffeomorphic to IR
"

set ME U, u . . .
u Uh



since M is connected we can assume Ui
ordered so that Mun Une#0

Clavin : if w is a compactly supported n - form on Mk

such that S w = O
,
then I compactly

Mn

supported (n- l)
- form Y on Mn Sf. dy-w

(note : want compact support so

we can integrate)

tf clavi true
,
the we are done w/ k -m

Proof is by induction on k

KEI : ME IN

dw = O and H
"

(Mn) - O so Iy
'

study '=w

but y
'

might not have compact support
if not need to fix it

consider n=L-

w = fix)dx and f compactly supported
set Flx) = S? HttIt

-

clearly dF = F'(x)dx = flxldx= W

it support of f c E-RR]
then FLx) = o for X E - R



and for x>R ⇒ f-Cx) - S#Hide

= HIdt = 0

So Fhas compact support

consider n 22 :
#

let B.B
'

be open balls in
'

IR
"

set
.

Supp w CI c B
'

so o -- San w -- Sow -

- 5,94=5*7 '

2B
'

= sa
- I

let 2 : S
"-'
→ IR

"

- B be inclusion

so Ss . -pity
'

) = 0

by her 11 we know [2*71--4] in H:'(5-
') EIR

i is a homotopy equivalence (IR
"
- B E S

"-'

x

so Th '8 gives
Hn

- '

(IR
"
- B) = Hn

- '

(5-
')

¥

:
.

I Ver
" - Z
(N- B) at

.

dV= 7 't
,pn. B

let Y be a bump function set.

4 = { 1 on IR
"
- B
'

O on B



and OE 4 E I

set y = y
'
- d148)

on IR"- B
'

d(48) = dre y
'

so y = o on IR" - B
'

:
. 7 is compactly supported and

dy = dy '- did 48) --wer
inductive step kzz :-

let w be compactly supported in
ME Mk -cu Uk

and Smnw = 0

choose any form r
c-I(uhhMh )

that is compactly supported
and Sune = Suni -- t

Suppr
(say in small ball )



let { to
, 43 be a partition of unity
subordinate to {Mm

,
Un }

set e- SIT - Sm!!
note :

" funk w- er) -- o
low - cr is compactly supported
in Mke so by induction
F a c-I

-'

(Mn . .) with compact

support set.
da = low - CSL

2) SunywtCr = Sm!
-H wt Colby ,

= +Sifu
O

= o
by hypothesis

also Yw ter is compactly



supported in Un so by base case

3- per
"- '

(Un) with compact

support and dp = Yw tch

now atp has compact support in Mk
and dCatB) =@ w - c e) + (twice)

= tot 4) w = wL#

with the above theorem we can now use

Mayer- Veitoris to make more computations

example : compute HER IT')

let U = T
'
-Xp} x s ') where TK s

'

x S
'

y = T
'
- ( f-B x s ') u

so U EV I S
'

xI = s
'

Un V E S
'

HI
,UID

= s
'

us
'

so HhHEH4H= { "I TIE''m

Hhcunv) = { R④IR h -- o, I

0 k¥0, I



o f g h
0-7 H (F) → Hold How)→ Holon) -7 H'(TY

"

in → K'
'

⑦ in→ k"④l§ y
' H'cut H'cult H '

Conn →HTT)-70
SH SH↳ Ah ④ IR → IR -01121

f- injective so IR E Ini f = kerg

img-dhmea-f-R.to#R=n
similarly lui h E IR C H'CE)

from That 13 we know HYTYEIR

so INE H'(TY = im (4) = H'Corkery
so her 4 EM : im 4=1/2

and as above her 4 I IR

and im
' h = her 4 E IR

also know herk -- wig EIR

so
H'ITT
Kern = lmk

that is H
'

(T2) = herh ⑦ lui k = NOIR

:c HILTY =
'R h --or{ MOIR ko'The

,wise0



exercise : compute Hhpn ( Eg ) where

V

-

Eg=xx
-

another application of Mayer- Vietoris
"

Tha 14 :

IfM is a compact manifold, then it's cohomology
is finite

we need following called go-gd.ua
Fact:

-

any n
-manifold has a cover { Us } such that
all finite intersections are0or differ to IR

"

easiest way to prove this is using Riemannian

geometry (don't strictly need this butproof
is nicer with it ! )

Proof : note Mayer - Vietoris gives
It 9-

'

(un v) -5 Halcu u v ) H'lol ④Htlv)



so H 9(uw) I 1in (i ④f) ④ her (i tog
't )

= lui (i toy ) ④ lui ( s )

:
.
if It 9

-

YUN)
,
Halo)

,
HUD finite dimensional

then so is HYu u x)

Clavin : if M has a finite good cover then

Hkprlm) is finite dimensional tfk

to see this we induct on number of elements
in good cover

base case : U
,
= IR

"
done !

assume true for all manifolds with goodcover
with El elements

suppose Mi Yu -
no Vet I

set M
'
= U

,
u

. . .
U Ue

homology of M
' and Vee , finite dcuil by induction

as is M
'
n Vee

,
= l U

, n Veedu .
.

u (Ue n Vee , )
-
El sets

: . done by above observation
L#


