
E. Products and Poincare duality
note if [as c- Happen) , Ey] c- Hear (M )

>
O

7 0then i ) d(wry) = dfw ry talk wn dry
= 0

so wry guts hee cohomology class
z) if w ' = w td d , then

why= wry t da n y
= way tdiary)

so [why) = (way)

and similarly for y
'
-
- YtdB

so this product is well-defined !

Hahah) x Hfrom → Hhj're cm)
(Ew) , Ey) ) t [as uCy] = Eary]

lemma 15:

if M is an n-manifold
,
then

HER CM) -- Eo Hin cm)
is a graded ring with product u satisfying



[a) u [p) = ED
""B '

Ep) use ]

and f : M-7N induces a ring homomorphism
f-
*
: HENN) → H cm)

Proof : follows from ring structure on
#(M) and

properties of n on ILM )
L#

example: cohomology ring of T
'

k - O
,
2

we know Hytg = {
'Ike R n

-

- I

0 otherwise

note : T
'
-

- lRYzz where Z
'
acts by Ca

.
b) E ZZ

Tca .by : IR
-

→ R2

(x.y) t Cxta, Ytb)

we see Tea
,
}, dx- dx , Tc:b, dy-

-dy

so dx, dy give l - forms on T2

dxndy gives 2- form on T2

clearly dx , dy, and dxrdy dosed

:
. @x ]

,
[dy) E Hbr (TD

note [dx] uEdy] = Edxndy)

and dxndy a volume form



So [dxrdy) ¥0 (generates HTT))
DR

it [did = a Edy] some a
,
then

[did a [dy] = [ a dyn dy] - o *

so Edx)
,
@y] span HITZ)

and 1
,
dx
, dy , dxrdy span ATTY

DR

¢ exterior algebraas a ring a
*(F) z n ca, b) on 1953

deg a-- deg6=1
= Mla .b)

Kaz. by abeba)
new cohomology :

nah(m) -- { a c-Mcm) l supper is compact}

note : D NY (M) -1cm) it M compact

2) but on, for example, Kk different

3) Integration

Idm ") → R

w t Sm w

always defined

4) dirk cm) → ski 'Cn)



and we still have D= o

we define the de Rham cohomology ofM with

compact support to be

Hhc (m ) = her (dirham → SEE
'cud
-

im Cd :Icymi→ recent)

examples :
D if M non - compact and connected, then

di rien) →rt cm)
f 1-7 If

so if If-0
,
f is locally constant

bat f -- o outside a compact subset
so f-E O

:
. Hoc (M) = O tf M non -compact

2) R
'

, given we sic CR)

w = f-Cx) dx

it Spew = 0 , then set
0

Fox) =) w

-x

as we saw earlier F has compact sup.



and dF= W

now let woe fcx)dx with

fix)

x

such that Sµwo=1
we have woe # CIR) and dwo=0

since 5µW to we see @
o
]to in

' HEIR)

also et w c- Neck) then let c-Spew
so 5µW - C Wo = O

and thus 3- FED
,
CR) set

.

W = cwot DF

re
.
[w) -- c Coo )

and HICK) E R
'
-

e
. HE ={

R k-L

O k¥1



Remark : Attn) is not a homotopy invariant !

since 112=103 but Hhc ( {g) = { IR k -- o

O k¥0

this is unlike High Cid

note : i ) if f : M→N is proper (re . f-
'

(c) is compact
for any compact C) , then

f-
*irony→ rt cm)

and as before weget

f-
*

: Hakea →Him

2) if I : U→ M is inclusion of an open set

then any week (u) can be extended
to a form on M by Zero

I
*
W Er! Cm)

exercise : show it M-- Uu V
,
U
,
V open then

2*-0)* h*tl*
•→return→Icca④rheas→ rkdm) →o

is exact for all k where

unv ÷÷Y, m are inclusions



°

. . just as in lemma 12 weget Mayer - thetorus
for cohomology with compact support

. . .

→ Actual
' *

Him⑦Htlv HEHE Heh
-"

curbs. . .

exercise : If M has a finite good cover show
HEIM) is finite dimensional Hint : Tha 14

let's consider IT : Mx IR →m

(pix) t p

note : t
't
does not give REIM)→ Iconic IR)

but we can
"

integrate
"

2.e
, locally any k- form on Mx IR with compact

support is a sum of terms of the form

⑤ f-(x
,
t) dtrdx 'n . . .

rdxk - '

flat) dx 'n . . . ndxk

so globally any w Ech (MXR) is a sum
of terms of the form

⑤ fcx.tl dtr TI*z yErk
-'

(m)

⑤ fix,t) Tl
*

z y ErkCn)



if the,t) has compact support then

define for type terms

Tl
*
(flat) It n Tiz) = jcxHdt) y

and for terms of type⑤

IT
*
( flat) Tty) = O

exercise : do The = The od

so The induces a map

t* : HE(Mx IR ) → HE cm)

now let e - ect) dt be a l- form on IR
'

with compact support with

Sect) dt = I
IR

(note de -o )

we can pull e back to Mx IR by



we can pull e back to Mx IR by MXR -7M
but still call it e

define

e* : rheum →RE" (MXR )
m 1-7 ⇐*

y) ne

exercise :

D God = do e*

SO e* induces a map

e. : Hilmi → HE '

Cmx IR)

2) IT
*
o e* = 1 on Ike (m)

Tha 16 :

e
*
and K* induce isomorphisms on

cohomology HE
"

Cmx IR) = HE cm)

Imeedlately from this tha an computation of HEUR)
we get

Cor 17 :

HECRY = { IR h -- n

0 k¥n



note : Hhc CIR ") E Hnjk CIR " ) special case of
Poincare duality

Proof : define K : rt (Mx IR)→If ' Cmx IR ) by

⑤ (T*g) nflx.tl It↳ Thy (ftjflxsds -fIdsftyslds)
⑤ THY 1-7 O

Clavin : I - e
*
o = C-1) 9-

'

(dok- Kod ) on Rkc (Mx IR)

node: claim says 1 is chain homotopci to GoTk

so as in our proof of lemma 9, e* o = 1

on Hallux

since we already know to e*=1 on HELM)
we see both 7¥ and e* are isomorphisms

Pf of claim in case⑤ :

(I -e*ot )#*z )#x.Hdt)= fuk n fix,Hdt - Tiz(FIFA.tlIt) re

doKC#y)#x.Hdt) =D
*9)(ftyflxslds -IFADdsftejdds))

= # *dy)⇐fCx,ads -EE,sidsftjeslds)
-

k n t

teh ⇐ *

y) n (E Hazfi as) - S.TT#idstuejslds)dxi
IF

+E#*

g) n ( fix , t) -⇐fcxuslds) ele)) at



K od (Hy )#Hdt) = K#*dy)#x.tlIt + EH ⇐ ''9)Ffi driedf)

=⇐*dy)€fCx,ads -ftp.sidsfjecslds)
-

+eh TIM ndxiffjztxids-S.no#idsIejcDds)
-

so (doK- Kod) (⇐ *

y) n text)alt)
= f- 1)

htt⇐ *

y ) n faut)It

-⇐*

y) n e) Stofkosloes]
=

"

f - e* o# (CT *y) nfcxitldt))

Pf of Clarin in case⑤ :

I

4 - e,⇒ (Tty) feat) = *

z ) feat)

@ok- Kod) (Tiz) = - K *

dy) feat) talking n Effidxi

+ Eltham ifat]
y
O

= E Dh
"

TM ( IIZEheads -EETasfiends)
= fly

"
Tl
*

y that)¥7



Consider vector spaces V. W let

C.
,

o ) : V xw→ IR

be bilinear map

we say it is non-degenerate if

(V, w> =o Vw C-W ⇒ v=0

(r
, w> --o f v EV ⇒ w -0

lemma 18 :

V
.
W finite doin erosional

Then a pairing f; > ivxw→ IR is non -degenerate
⇒

Vt to, .> is an isomorphism V→W
't
and

Wl→ 4. , w) U l l W→ ✓
*

'roof : ⇐) 4 : V→W* : rt so
,

o > is injective
Stice 4th -0 ⇒ sv.ws --o VWEW

⇒ v-- O

and Gw : w→ V
't injective

so dim Vs dim W
*

= doin w e dim V*= dunk

so 4 an isomorphism
⇐) if (v. w> -0 fiveW

,
then 4th - o so v -

- O



similarly for tu, w>= o tr EVL#

for an orientable n -manifoldM define

ti ) : Hphalanx HEMM)→ IR

(Cas
, Cy] ) '→ as.cm

-

-Snorre
note way has compact support so

integral is finite

if 2M =0
,
then note

z
'
e z tda ⇒ Smaug ' = Smwn z t Sawada

=Sunny e SudCwm)
sincedw =O

= Smwrye Szmwrd
=
y

= f.many

slim italy for WI wt dB

thus co
,
.> is well -defied it 2M =0



That9 (Poincare Duality) :

H M is oriented and has a finitegood cover,
then 4 , e ) is non -degenerate

in particular, Hhprcm) =@
"ch (mD*

Cor 20 :

If M is compact and oriented, then

Hhorlnl HEINIE HIT in
canonical ton

canonical

Proof M compact ⇒ Hhdm) = Hokum)
and M has finite good cover E#

for proof of Poincare duality need a lemma

lemma 21 (the 5 lemma) :

If the rows of the following commutative diagram
are exact

f
,

fa fs fee
- . . → A → B-7 C → D→ E

'

→
. .

at et rt s t et
.
. .

→A
'
→B

'
→c'→ D

'

→E
'
→

.
.

.

fi fi fi ki
and dip, s. E isomorphisms then so is 8



Proof : 8injectuie :

C E C if Hc ) = 0 then 0 = fz
"

okc) = So fz Cc)

so fz Cc) --o ( s an isomorphism)

by exactness I b E B SE
. facts) = C

but f'dpcb)) -

- V ( falls)) = Vcc) = 0

thus exactness gives a
'

EA such that

f
,

'
(a ' ) = BCb)

x is an isomorphism so let a = x
-

Ya ')

now Bff, ca)) -- fi@ ca) ) =p Cb)
B an isomorphism ⇒ f, Ca) -- b

finally c- feelb) = fact, Ca)) = O

by exactness

exercise .. Show r surjective
#

Proof of The 19 .-

we first observe that the two Mayer-Vietoris sequences
fit together with integration



k h*④l" h
①A

ET

Hota -→ Hon has→HILMI HEIM

¥÷÷÷÷i÷÷÷÷÷÷÷i*÷÷:÷÷÷:
diagram commutes upto sign

e.g . fat Sr
*

⑦5)g) rlw , -04 )

= Such wit Sudha or
co
, cpt wz opt
Supp in

'

U Supp inv

=) dry)nw , tf Ty r uz
m M

= fmyrw ,
t Sny " wz

= Sny n 2*4 t) 91 Jews
= Sny n k.tt * ) (w, .ua)

similarly for 2nd square
for 3 square we need to see



Sunan sie -- I Sums wre

for this we need to recall the deft af S

looking back at the proof of THE LO if WE1h(Umd

then take a partition of unity { Yu, if} for {o. V}

% W E rtcu)

Yuw e chw)

and d ( q w ) td④ w) --d l %) w) -- doo -- O

on Un V

:
. it(d Yuu) - j

*

(d Yuu) = O

and 3- y ert
"
(M) set .

tiy e zlo
= d luvw = dq r w

l
*

m = ylv = dY
w -
- d% r w

define S w -- z

similarly if TErick
-'(m ) then See is

an Cn -k) form such that

( extension by 0 of set to U , extension by 0 of set to V)

= ( d④ E), d l4T))
= (d Yun T, d Yun T)



so Sonu wn See = Sun ✓w n Cd4 rt)
= ED

'" Judd Yu n w) rt
= f- IT 'S City ) are

UUV

"
dy n w supported in UN

Ky =3 since hey --dy nw

is supported in
'

UAV

= e)
'"

Smg are = C-D
'"

Smscore

exercise : ④ is equivalent to

- . .

→ HILMI → H 40) ④ It4h→ H Kunis→ . .
.

this
. .
.
#innit #nnatiiiinc attn: mite .

.

.

SH

fit-405T④4th-44T

is a commutative diagram (upto sign)

note lemma 21 says it The 19 true for U, V, and

Un V
,
then true for U U V



now letM be a manifold with a fin'lie

good cover
we prove Th

'

by induction on the length of

the cover

Basecasei one element M E M
"

note after her 17 we observed

Hhc CIR ") E Aiff CIR " )

so only non trivial case to check is

Hoon lol x HE un " ) → IR
SH X
IR IR

we just need to see generators pair
non trivially , easy exercise

Inductive step : exactly like proof of Th
'

141¥


