
XII Oriented Intersection and Degree

A Oriented Intersection

let UPand W " be two oriented subspaces of

the vector space V
"

with n -- ptg

if Un W-- {03 and all the vector spaces are

oriented we say UAW
= {o) has orientation t

⇒

oriented basis for U followed by an oriented
basis for W is an oriented basis for V

example : w u

^ 7

1) z so VAW is t

En Wru is -

V-- IR
'

U

2) r n is

so Un w is t
"

wnu is +

I

11=1173



now suppose thatM, N are manifolds

• S a submanifold ofN
- dim S t doin M = doin N

a M and S have no boundary
• S is closed in N and
• M is compact

given any map
f :M→N

we can use ThaVII. 2 to homo top f to f,
such that f, hts

note . fit ( s ) = film) n s = { finite set of points}
if M. N, s oriented then f

-

i

'

(s) oriented

o -manifold by assigning Ecxs -I 1

to xE f
-

! (s) is dffTxM) n Tf# s

is I as above

the (oriented) uilersection off with S is

Itf
, s) = E ECx)

xEfits)
to see that this is well-defined we need



to consider orientations on pre images
that is

, given M ,N any oriented
manifolds

and S an oriented submanifold of N

suppose f :M→N is transverse to s

let I = f
- '
( s)

we show how to orient I

let X E -2 any y = fixes

we know f
normal bundle

TxM = Tx I ④ 0×-2

and by transversalcty

TyN spanned by Ty S and im@fx)

recall df×(Tx -2 ) c Ty S

(in particular TyE- dfj
'

(Ty S))

now fiber dini 0×-2 = codeine in M
= cookin S in N

so TyN =dffv. E) ④ Ty S

and dffu.ie injective



an orientation on Ty S and TyN give
an orientation on df×W×I) so

by injective't, an orientation
'

on Vx -2

now an orientation on TxM and

Vx -2 give an orientation on

Txt re
.
I is oriented !

z s - XE -plane
example : neat I

N -

- N
"

I
- y

y → /
I 3

~ ⇐y) 1-7144,0) r ^

Is , Is , ¥2
X l

X

i e- tics, ÷¥III.In. ..x normal toS
= x-axis in N

red arrow maps to red arrow by dfx

so orientation on -2 is
>



Remarks :

1) I Cf , s ) is well-definedjust like for

Iz tf, s) in Th 'VII. 6 you just need

to know the signed count of 2C I -manifold)
is 0

It

( indeed
,
fo homotopci to f, by homotopy

F :MxEa B -I N

then make F ht s and F
-'CS ) is

oriented I-manifold
to

O

o
!A.

.

I
M

2) f
,
= f-
z
⇒ I ( f

, ,
s) = I Cf, s )

just as in THE VII. 6

3) clearly Iz Cf, s) = Iff, s) mod z

4) Tha VII. 7 true for ICf
,
57 too with

same proof



he
.
M

,
N
, s as above f :M→N

it 3 a compact oriented

manifold W with 2W=M

and f can be extended to

F: W-7N then ICf
,
s ) = 0

we can also define the degree of a map :

given Me N closed compact oriented

manifolds of same deniersIon
and a function f :M -7N

we define

deg (f)
= ICf

,
9×3 )

for any X
GN

exercise : if f is transverse tox then show

def (f) = I sgn ( dit( 4×0 foolI
'))

yet
- '

(x)

where 4
,
i v
'
→ Y

' oriented coordinate
chart about X

and toy : U→ V oriented coordinate

chart about y



Remarks :

D deg(f) well -defined (just as withEVI?)

2) homotopci maps have same degree (just as

in her VII. 9)

3) Th 'dVII. It true for deg CA

re
.

if M - 2W with W compact oriented

manifold and f extends to F: w→N

then deg H) -
- O

4) Corollary : every non- constant complex
polynomial has a root

(same proof as VI. 12)

B
. Degree and Integration

haI
-

H f :M→N a smooth map between compact,

oriented
,
n - manifolds

and w is an n - form

then

gnf
't
w = deg (f) Snw



Remark : Could use this to define degree

Proof : let x C-N be a regular value of f

so

deg (f) = -2 Eun

YEf
- '

(x )

where can = {ti,
if dfy orientation preserving
if dfy u c ' reversing

we know from lemma VII. 8 that there is a

neighborhood U of x such that

f- ' lol -- U
,
u
. . .
u Un (let 1%3=4 n f - '(x) )

where Uj 's are disjoint and fly :O, → 0
is a diffeomorphism
we can assume U is in an oriented

coordinate chart 4 : U'→ V
'

" ⇒

now take an n- form

I = f dx'n . . . rdx"



on IR
" with support in low) such that

5µF = 5µF -- c so

now let I = { 4*5 on u
'

O elsewhere

so Sub -- Sµ
E
= c > 0

now notice that f-
*I is supported in

- 4
, . . ., uh

and each Ui is a coordinate chart forM

i.e
. q : Uz . → ofCfcud)

y1-74(fly))

is a coordinate chart and

it is orientation preserving
⇒

Ecyz ) = c-1

so Sutta -- Su
.
.
. . .

.

-

-⇐Suit 's
= !!Hilson



= c ÷
,

Ely, ) = c deg (f)

= deg Cf) Sju
finally recall THEXI . 14 says

HLN (N ) EIR

so dat -- O- dw both give cohomology

classes [ T) and Cw] in HENIN)

:
.
F a c- IN such chat [w] = a[I]

thus I y e ri
- '
CN) such that

w = ka tdy

:
. Snf *w = Snf

*

Caio ) tf
*

dy

=
aSnf

*

J t gud tfTy)
70

= a deg (f) Swat t S#_*z
to

= deglttfsnawt I
= deg Cf ) Salad tdy) -- degffnw

EH



exercise :

Gwen Mt→N9→w show that

deg (go f) -deg (g) deg (f)


