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Gien a maacfold M
- A
a $,VM;0/661‘?5 structure on M (s a 2-form w €.ﬂ. (M)

S£ 1) WO (s uon —o/efe/ze/afe_
(e Yoe T M, v#o, ue TeM  s€ wx(v,a)#0>
2) deo=0
the study ot {/Vm//ecﬁc' waanitolds (M, ) grew out of classcal
Meckamc;,éwt- now s G f'/«/a?a:z/o aren of sf&'&/y with
[n'{mg{f;é7 &oMe(ﬁ—oﬂf To [/ov—olmimo;w/) fo/o/oyz
Riemanncasi ?eomeﬁy and Many ofhe, Sr/éécfj
this (lass will cover the busizs of S}my/etf’ll geonetry
and then focus on um(m.;r&n/u:/w when a manifold
cdmts @ ;}mya/eaiz strature (arma of curveat- research)
t'f finie pe/.uzé we we // a/w d’s!cu.sj Contact mamfa/dj
(an odol dwentrorcl verseon of s ymplectzé wan (Folds).
T Slymp/ecﬁé L e a{;zeb/a

a Symplectii. vect soace s a (hade dimensional)  real vector sace V
7 7 7

with a non-o(eyenemfe, J/tev - symmeﬁfc'c b//zhear 1%/»4
W VK \/—9 /R

) w (@ u) = ~wla,v)
) w(Tscu,w) = WU w)+cwlyw) Y Cfﬂ, guw eV
3) wrul=0 YueV = v=0

/emma 1:

a bllllﬂ'ea/‘ /omi'fn/a ! Vx V*‘?ﬂ\ 115 non —oieyeme/a((e

&
the /M-ea/ map <Pw-' VY — V*: v I—-aﬂ-‘v.tv-?fl?-' U w(@‘u))

5 an G omo/p&um




p/oo :
(=) ¢,)=0 then ﬁr:\/——)m U2 oW W)

5 fhe 2210 map and T=0 by non-depenerccy
: : A
LoPy tMyectire, . lsom/-loh&yw since dimV = A V
&) F www:=0 Yuel then ¢, )=0 and v=0 smce
¢, an iSOmo//olfu.?M &

Waqgle: V= C"= /RM . .
W)= Z Ru  hr ”"[§],u=[-"]

L
,&He/"”l%{a;l form
note: h(v,d) = hluv)
set <vuy= Re h(va) Sym:ueﬁfzé j beth
Onu)z [m h(vw) %ew—Symmet‘rzc— nm—dqene/afe
50 {,> Is an tri/ze/pmdac{" onV
W s a :ym,o/en‘z structure on 4
note: w(v u)=<tr,u)
£ fe - enj (s the stanglasl basis for V over £
and -6 z ZCb
Hen §e.f, .. e, f.) s a basis for V over R
( posthf/f/y o/zeAde)
G/CO/[Y W(%,e)z -w(ﬁ’%) = <%,%>= <.[.'J’.FJ> -1
oll otier othe, ﬁal:’j evaluate to O
Flens’ et 13 i the dual basis Fr (B’

= 2 eJ"A L£¥ | & Standardl ympécﬁé
Js! J Structwe en N

et




F,0,), W, 0,) ae symplectc vector spaces then VO W
has symp/ed?'c structure

w = 7i;¥wv + 'I‘f; O Wl\C/‘e
Veow
ThmZ qrvL/ \’t‘fw
i () a symplectic. vector space \% W
then J an tjomor/oﬁdm V=2 C"s ¢ ore projectrons
CP*OJW =

weé can leea(iafe[y wnclude

(or 3:
1) any symplectic vector space (s even dimensional

2) a 9/23u/fsymmefﬂé o hiear form co:\xV2V

15 non-degenerate & w.aw *0
n coptes ofF dm V/=2n

3) any symplectii vector space s “”""’”’5"@’
oreated (by con..acw)
@) V, W symplecfzc =2 Syn}o/ orietation on Yo/
5 deectsom oreatation
L) symplectié orientateon on € " is steuclarp! one

for the ,orvenc we veed:
° [V:‘J) Sym/)lecfzé vector i
* Wevy $c/!7§oace
thea L. fvréVl wlruw=0 Yu ew}
note: =0 so o W=1 =2 Wcecwt

so 7011"5 a&#’ean'F Hrom ,Jme/,o/oah(f L
bet we 5(7[[ hauve



/emma‘f:

| Avn W+ dur W = dum V

Prook: the map ¢,:V—V* 1s an isomarphim
50 gwen Wel the set GV VE vonshes on W
50 we bave (noluced a0
gw’ wt— [\Z)*
we clawi $, 1s aum [somoritiu
50 Awy W™ = a(m,‘.(v/w)*= todwn W and  done !
wmechindy:  f F,(W)=0 , then wlyv)zo Y v ey

. w=0

50/;iecfz'th:3/z -ﬁa/a/z)/ ele 4;5(\//1/)* ytw?—f a liear mMay)
7:V—9[K
that vanishes on W
s5o JveV st ¢=% and TE€ wt

N &z
lor 5
| (W™ =w

f /‘00£" w ¢ (V ‘L)-L and Same d’m«ienge;n ﬁ

Some fwl/lo/c?)/i We (V o)
F wWeWwt thea Wi isotrop (AW £ L owi V)
f Wowt fhen Wi cosotrpi  (dia Wz L dinV)
F W= Wt then Wis Lctymnquaz:, (Awr W= £ duiV)

F wlh/ s non-depenerate thea Wis a symplectes

Svbspa e




exercise: WelVw) s a symplectic 506;/0ace
IS
wa wt = fo}
&
Wowt=V (ad w= 7] )¢ Ti(),,)

elso note W symplecte; = wis s)/m’o/eché,

Froof of Th®2:

bduct on duirension V
ol V=0: JdAone

A V>0: then J v€V st o *o
(A non-—dc?emena,{t‘—‘? eV st (s %0

«w
let us S

note: wlrw =1, wlvyl-o, wleu) =0

s0 W= spanfru] & e spmplectic 5ubspace of V
vin gt Gomorpim to (€, )
s VEEC o e (€] w;ﬂ/) a (€ o)
ey MHuLﬁoM-
Stnce dm Wt iy L&
F Meo,) (Wo,) ae symplectsi vector soresS  theq a lweas map
-F'. V— W

(¢ 5_ym'p/en‘z<', rp ‘)Ckww‘ Wy

note: F symplectic = £ 5 fvyech(}&
(vekerf = ftzoL W= v LV é)ﬂ‘a-o)
6fou,0 of all Sym/g/ecﬁé lrear saps of (//?M “’sfd) 1%

«Sp(z"- R)

note: (J(n) ¢ Sp (24, ) i fuct maxial comypcret- 5uéymp
Utn) < $p(R) @ homo{z/py e?oua/eme



Sectzon I: Sy,qp/ecﬁ& Man/f{a/%;

recall a symplecf2é structre on a manddd M is a 2= Frm € L)
S5 1) s non—o(eyene/afe [on each Tom)
2) dew=0

notg: Qay sym,%zc{zé manfold My
1) even oezm&/z,;(z.ana/

l) or [em(ea/

3) has canoniiol volawe Form Ls wa..a
) Jac HI(MIR) st av..va 10 cup prodluct

1 aamer o

smee Aw:=o = [a) € Hm[M) £ HL[M,' R)

PSS and  wr.aw S a volume fore

D) S'L'\ n_i{' 4}//14//5(6(—, I:F /’-’(:i So ¥0 q H$£M)
$% 5" ot SYMPIQC'&E, F m*%0,4

1) £ﬂ= IR'U' (XI,YI)"' Xn:Yﬂ) 2‘)=‘xj""(j

4}
G Z, A0yt is a symplectic fom, called the “staadord " styuctue

St J:l

co=dA wheve A‘:JZ.Z*J”"{/'YJ”{\& - ';{ZZJJ%-%/%

2) AAL/ orented surtace with aa arec form O
(o =0 for dum, reasos)
a 5d€mam1[o/J N of a Sym//ecﬁc Mamry[b/a{ (Ma) s
Lag/z:mjm;] ((3’0’ﬁ"op¢c', 5yn3p/ecﬁ<,', osotrogi) it each T NeTeM
‘s Laj/}:mjmh ( (?O’f)’opt(:, 5ym/o/ecﬁc', Ooc_}o'ﬁ"apzz)

fote: if N C,0) s a Symplectic submandfold +ten (W, O )
s o .fymp[e(ﬁé wandedd

examples:
) any |-dwiensinal mandold s sotropec

50 Cuyes A a 5urface arse L@/aend/‘tah

2) any codwiension 1 5démam7{oél U co:Bo‘fop/é



projectioms M¥M— M,

3) M, ), (M, @) symplecte N\
then MxM, has symplectic strucure ’7:50, —f"ﬂ;:w,_
moreover Mxlp}l aud {93 xm, are 5yn4,o/ecfzé_
5 bman kol

o L,’ cM a LQj/anjmq' sdhwandold  of [/4,,01)
thea L,x(, a La'f/'anjta,/l ﬂ/émﬂnzé/&/ of M KM,

e9. I:F 2:, 2’2 Suf7[oc€5 V/a/ea ‘ﬁ?/m.s hen
zZ xZ, bas !o’('_g of' [-a/o/ayyta/) tory

(M, W), W, e3,) sy mplecre
0 map FMIN & calleod sympledtic F F Ve, = o,
note: hig m&/l[&f df, wjective Vxem
o F an lm'mc/';(;an
Q Sym/)éa'/u' o&-#fomoqﬂhéfm f s called o s, ym'ﬂ/ecﬁmo/'ﬂhdw
and s the aatual efuu'/aéme relatzon on sympl. mancfolfs
lnote, £ also sym/Iedza')

amAd€:

M,, ), (M, 00) symplectrc
Vhen MxM, has symplectic structure
Q = A'W:‘\)' -+ %z’a::wt

W
for a7, €R-fo]
jiV&V] a map 7(\-' /4{“9/'41 ,-{ﬁe 7/0/04 o‘F'F L5
7= o) :ine M} € M xpm,

Exercise: a a’:#eomo/p/zifw FiM2M s o S/m//ecfb
=
lo s Lo/amtylén in (M.KM,_, w,’_,)



/rtzpa/‘fnn  eram //e:

Jet M be any smoota wanifo ld
U T'MSM the  projecfion mgy

the Liouwville form ) on T*M
e UAT ™M)
is defined as Pllows:
F ze 7;*/'4, then
2: T,

hex)

M= R

F vé 7;[T'M), then
o('zz'a (v) € T'a’wM

so | A TL(T"m)— R
r — 2(d7,(v)

exe Cise:
') [‘F T are /oca[ cao/a/m‘qnﬂ on UM

thea ary 2 ET U T M (tan be writhy
2 =1=Z’: Piolq,. Some pi.. 0, €R
So £4..9,, f -t} are toorditaats on T U
ond TG .y fiopn) > @ %)
note. dg = T *dzi

/\
g coordmgte 9, coovelnate
o T¥U oa U

“(V)
. dqre.fl_'(T’U) So oy, € (v

511014/ D= é‘.: P 0171-

o ©="dN 5 a_symplects form on TM




2) If we (M) thea o:M—T Y
Show |X* A= ('/\ alsp called cavomcial - I[O/u-()

3) Mage of #ero sectron of T*M La//m:z/era‘n
more geperally, of o €' (n), they
IM'Q/e—Co() Laj/a.}am,f, & do=0
«) fbers of T M= M are Layranyza'q
) F Fimon a dffFeomorphism, thea
£ TV —> T
Is @ symplectomo phism
Rewmark: This means you can try fo 4(7;1‘7'17&«'59
Smoott manitolds uslh/o 5ymp/aﬁcl jb’amet’ry
of their coteagent= bund les !

(A +m.051‘7)7 reseasch p/oblem.' can you use this
dt's'l:m:/uz'jln exofe ¢-mancfolds 7

other homeomoflahtf, lput
Vtof-pfm%()maqahm' pos ?

Wﬂmglt-' : Abouzacd showed & M a (4nt))-mancfold
58 TM and T4 pre s )’W/effDMO/phlc-
thean M a homafv/.y sphere that boards o
wignckold wth vl -{uyemf’ dundle

Thir =2 s )/W/eché U of tota ea¥
buntles can dgzpyag 6 of 7 7

, 9
exofil Sumecth sOuctuwzs ou O From
standary! 5°

M@;o?‘ Open Questzon :

are M, NV a&#eowwr;ohlc'
&
TM au T*/!/ are 57m,o/ccfomaf,ahr2




Mo re La7/ary[on § (Tf/M, d?*)
of .ShC m i o sbhmanifold, theaq its conormal bondle

s NS={yeTM: wy)es, y(v=o YreT,, s}

covectors that- vaush on S
s is a bundle over 5

aud a f?ra,a.e/r./y embedSed sobmandold oF TM

| exertise:
Hmt: chooge g D A NS = n [ so fibers have dii n-k)

Coordlumates
2) VS i Lajmvymh [eWn more 1"A=0 whre 1 -'A/fs-—?—r"/‘)

7)

adagted ¢ S
at €S

omgle: i xeM then HTIxf= T
pote: o we bave an tsotopy St of 5, thea WS ondogoes a  prope
isotopy through Legendvian $vormanitolds
so 5}”"/0/&—{75 mvartanty o the LW/«:}) isofopy class of /S eTMm
are 1arants of the smoocth isotgy clags of S EM [
50 we see T*M confams l_g__otS___ of Laj/‘anjm.i submanttolds, but wchcfu/a[l/
not fots of ompact eract Lryfavymi\ svbmanifolds

0 Lagrangan sobmanddld L ¢ (TAdN) is earct F A a danctios
FiLaR svch Hat df= "2 (vhere 2:L5TM 1aclugion)

Mayor Oren Question :
/ef M be a com/oaa‘ manrfo[o/
£ Lc(TMAX) a compact, orieitolle, exact lfy/my:}:n

tvhen L can be detormed ‘f’hfoufh Cxuuct Ltymryiam'
to the ¥ro sectron ?

/4 yes fo thsg )
fhen yes 1o questfion
on previus page.

thes s Arnold “nearby La/mnjc'an CoM)eofufe"

For our next %’dmp/e we neeA a few more leas

recall on isofopy U a Smeoth map $: Mx(aa)IM  such thet ¢ $t,e): MM
s o drﬂeomoﬂirm ard = ldm (a vsvally tahen to be p2)

Guwen b we get-a time depeadent vector féld
g 4P|, whee g:t.®

e 'v;’¢{= #‘ ¥




convensely quen a tme dependent vector feld v (werh compact seppart)
thea ! isofopy & :MxRM  safishiag % called the flo of 1

oF v is twe widepedenat thea floaw satistes

cg‘ cPt } 4,5«(
exercie: k-ﬁmg*
the Lie deriative, Aetied by L, 7= & () o
Sa‘ﬁsﬁes fv 17 = z»_ a[’? +oll.,_'7 Carton magez ﬁ/mu/a
and

ff‘”:?’ 4’: Ire’l

now gqren a sy mplectr form w on M, the liea ?:omo"p})};m Qo M= T (wd
wes an lsomondhism :
9 8, A(m) = Q)
/q Vi ( w
vector hields on M
all a vector feld v symplete o 0 is closed

note: # 44 Sym,o/emi and ¢ s How then .
» 7 @
£ 6o i led s =

$o ‘#{- présesvés
18, B MM s o symplectomorphism

exerise:
f GMAIM Flow ofF ¥, €M), then

¢£_ G Symﬂg‘-{pmwpﬁ(}m Vf e % 57»%)’?6?‘7& Vf
a special ty e of 5)«704’47‘2& vector el is a Hamiltonan vector feld
jlvén a functon H: m— R
get Al e QM) a closed |-Form

let XH be e vectos hold soch that
by, ©* AdH (e F(AH)
X g« called the Hamilonian veitor feld of the energy ldflﬁu'ltzame})

function H




Note: If Y4) o ‘F/OU /me of XH, Hien .bﬂ/(',= x““‘[ﬂ)

0 Alusw)]= dH (¥H) = 0 yfr, ¥18)

= w( X, (vte) X, (xt9)) =0

so | flow of X, tangeut to level setz of H
1e. energy is conserveol a/ou] Flow
Physies assiile:
o local coordinates (4, ..qm P~ on T R"=R™
we have  wz-d\=-T ofp, adq;
e Z(%%’ oAp +%7ﬂ1o(71-)
and

ty, =~ L (dpi(x,) 4g,- 43, (x,)dp,)

oH
s0 f;-word of Xy*~ 39,

9,- word of Xy-= ;_,(i
7
or £ V0= (900, 9,00, p,8), .. pale) is a Flow lie of Xy tien

é = ':)—H-
1 . . ’
& Hamiltons Cquations
9, * 24
1 OF;

now i ViM2R i some "potential energy "of come sysfem

exerts a Aorce” F=-9V

then the “total enepy” is  Hig.p= 1EL .+ vip

1 local coordinates get Flow lwies - Kinetrc Cnergy

54{7“[)’ ?'1: %%' z '—’;‘!— = my'i (momenfum = Mmags x vdlﬂd'/}’)

, = -OH __ 2V .o -
P' - 371 311 "9 m 71 s P’ = Vv F
NMewtons efuaﬁ'ans .’

/W

now 7w~‘ea a Hami/fvnléq H:m — R for (M)
from abeve XH i ‘Izmjenf to level sers W (e)

assume ¢ o reqular value so H™'(¢) o manibld
Clauws: XH Spans (r{H"[C)))-Lu
iadeed 1€ T (H(c) tuea ¥:16e)> H'L) s Ylolox  Bo)=v



ond 0z F(HFE) = dHey (Fe) = 0o (K v)
S0 X € (THTO)
bt odun (TH W) =1
also note floy 4, of Ky preserves @

/n4,pa/‘1‘an r %a,,vi //e:

recall complex proechve space s
L4 ' J v

CP’= c"- {(OI-"O);/C'-fd where €-§0) ats on € by miltiplization

2nel

S

n

'
~vnt sphere in €
it 5,0‘16/6 m ™Y

A 1
now & we se¢ H: €= R: (2,,-2) F? g'%' 2, = %X 47y;

el -
then S = H /1) ,re}u.(ar valee

note dH= Z 20x, dx+y,dy,)
50 XH‘.' 7-2(—7(, %?z *h %,)
- [ .
now ok V) =ef(x+y, ) wan oot of S -acfion

then  ¥'(0): (yr1m, )
o vector feld 7&4&%&‘7 Stacton is vz 2 ~y,%<1+—x,%y,
Smce X[.( p/ofmﬁwwﬁl’b v, orbits of XH ae orbits of S’

" 2t
o CP"= S /of‘uff of Xy
exercose:
) i (Vo) symplecti vector space and WeV colotrope (Whew)
then w vwduees a symplecte strucfure on W/,
2) x¢€ &Pn and 2 € swﬂ st wie)y=x (7 §MY s f/b.)'ecf?én)

n TR &P 2 TS/ s TH()
then T, & /T(S-orlm‘) : %'(um))l'

9ef5 a symp/echc strucfure from e,
smee ‘Ffov mL XH frc.sefvej %] 5Lou/ sym//ecéc sHrulLtuse on T'C/’
is olependlent of chowce of 2

this is an Wample of also shoy this 7W€J’ a smodl closed 2-form O on CP

.\5ymﬂ/8(,ﬁ& ,»edacﬁm 1€ &P s a ;Y,f/aﬁc mam‘fuu ;u(m\('-&fudy



so (€F" weg) symplectri manibold ‘[oleﬁn'e laver
&P.« is also a wm,abx Mnniﬁ:u and oom,ale/x Sﬁuww—wé’
0 any compler sobmanifpld of €P" is a 5ymf)edz& svbmanifold
@amg/@ gwen a collection of homoyeneou.s wmplefr pa/yaamb/; m L el
p(r2)=2"p@
they have a well-defied 2ero locus v €P"
s 15 called a conyh algelmuc' varlety
F 1t & a wanibld then it s g ,s}m,oézfzé monitold
e.gq. §T 3,'(7 0} o{ejrce A hﬁer;ur“fues w CpP"

Later we will consider many othe, constructions of Sym,o/edzé man i folds
bt for now move omto the “local theory “



