
Section # : Local theory

That I Moser - Weinstein ) :

. M a smooth manifold

. NCM a compact set with a nbhd U

that strongly deformation retracts to N

leg .
N a sub manifold )

• wo ,
w

, symplectic forms defined near N

wo  
= W

,
on TM|~

Then F a difteomorphism t :M→M fixing N

isotopic to the identity on M ( rel N )

sf
.

f*w
,

= wo on some nbhd of N in U
.

Cor 2 ( Darboux That ) :

2h

Given any ( M
,

w ) and PEM , there Is a neighborhood U of p

symplectmorphic to a neighborhood of the origin in ( MY ws+a)

Remark : This says any
2 symplecki manifolds a

"

locally the same
"

Note this Is uhstlkfor smooth manifolds ( all locally Euclidean )
but differentfront Riemannian metrics ( curvature obstruction

to being same )
so at this level symp . geom . seems

closer to topology than Riem
. geometry

Proof :

by Theorem I. 2 I a basis Iv,
a

, ... vnun ) for TPM st
. in this basis

wp= [ vitnuj

let 01 :

J
→

I
be a coordinate chart about p

,
st

.
4 ( p ) = 0

. -

i.e. PEUCM ,
OEVCIR

' "

,
01 difteo .

by composing with a linear map L : lR2n→ IN "
can assume

dolton ) = Fx
,

,
dollar ) = Fy

;

so w
,

=  ¢*ws+d and wo = W on M satisfy hypoth. of That 1 for Ntp }

so ] a diffeo f : M → M st
.

f
*

w
,

= wo on some open set U around p

:
. ( dof)

*

wstd = w on U #F



Cor } ( symplectic Nbhd That ) :

. (Mn
,

w
,
) symplectk manifolds

,
2=0,1

. I ,
CM

, compact sympkcti sub manifolds

if Fadiffeo
. f : To → I

,
and bundle isomorphism F

st
. Tmdz

.

#TM , It
,

and F=df  on TZOCTMO

1 ° t

To f- I
,

and F *
w

,
= weon TMO to

then F nbhds N
,

of Ii and a diffeomorphism
Q : No → N

, extending f

st
.

#w
,

= w on No

Proof Claim : F  neighborhoods NT of I
,

in M
,

and a diffeo
.

To : NotNT st
.

9l%=f  and d§=F  on E
o

given claim ' note §*w ,
and wo satisfy hypoth.

of That with N =
 to

so done as in proof of Cor 2
.

one way to establish claim is as follows :

choose a Riemannian metric g ;
 on Mi

let V. = TE ,↳ ' CTM
, be the normal bundle of Ii

vseing the
" normal exponential map

"

Vo F expq : Vi → M
;

:v= expq.mn ( Th :V
,

→ T
, proj)

-

- aIµ#⇐o=0' sea qµh#givesa diffeo
.

n
,

: if → I,
tit Jr unique geod with

↳ o µ ,
where I ,

nbhd o . sect
. 8th = Fun and Yrlottilvl¥€¥4 andN÷"nbtdof -2

,
, ;

motheretptinm : krl "r " )

sf
.

n
,

I'id "

on 0 - sect
. to Ii

now let to = no ( Non F- '
( Al ) and NT = n ! FINDnd )

and then no

Fonj
'

: to → NT is desired diffeo
¢#

( or 4 :

let fi :

E,w)→lM
,

,wD
be symplectic ,

wdimensiois 2 embedding s ( I compact )
If F an orientation preserving bundle isomorphism F : Vo → V

,
between their

normal bundles ( F covering f. ofj
' )

then to (E) and f. ( E.) have symplectomorphic neighborhoods



Proof :

note V. =
 THE

,
)t° ' and v

,
has symplectic 2- dinil fibers

since F is orientation preserving on fibers of Vo

It takes uol.ge
, not a positive multiple Of °

' lfiberv
,

fiber wise rescaling F results in an Isomorphism preserving w
,

on

fibers of Y

we can now apply Cor 3 L#

Cor 5 ( Lagrangian nbhd theorem
,

Weinstein ) :

. ( Mw ) a symplectri manifold

. LCM a compact Lagrangian sub manifold

Then L has a nbhd in M symplectomorphic
to a nbhd of 0 - section in K*L

,
DX )

+
Lionville form

Proof : one can show F a bundle map TCT * 41ZFT TML
→

such that F=dI on TZ 0 - section

where IT : T*L → L is projection

such that F
*

w = DX  on TlT*L)|z
We will prove this later using compatible almost complex structures

but given this proof is finished as proof ofCor 5 [#

Proof of That :

let 7 = W
,

- wz and w+=  wott 4

On TM In we have 4=0 and we  
= wo ( on Tmtr )

: .
I a neighborhood of N on which wt Is symplectic Ht

1 non - degeneracy open condition and [ on ]×N compact )

we want to find an isotropy Qt : M → M
,

t e { oil ] st
. do . id and

* OF wt  
= wo ( on some nbhd of N )



METrinh
: find vector field if that generates lot

eat ¢t*u£ fat 4*0+1
, = +

+ dfs # osls=+

product  rule f by deft of Lie derivative

=

4*tLqw+

+ lot
't

dwtdt
7

°

= 45 ( (
a #

+ dlqwt  + y )

made # we = 4t* I d law + + z )

so it we want ¥ # we  
= 0

,
then

need
dlq we = - Y * *

note : it % Is the How of vt then

lot satisfies * # vt satisfies * *

so how to find such if ? H the d was not in * * then easy

by non - degen.
of w

so let's remove the d ( standard Derhamtheory )
let f+ : U → U be strong deformation retraction of U to N

n .e
.

f.
=  idu

tofu
) = N

ft
( Xlix tx EN and t E [ 0,1 ]

now for any k . form a set

Ifa) = Slo lzgl¥d)
at where f : U ×[° , D → U isotopy

- this Is (h - I ) - form on Ux { oil ] with
'

notcomponent so can think of as (k -1) - form on U

if Xtlpkdf@a)
1 ¥ )

,
thenIfd x + dIfkl= § [ Lay

t
*

dt + d (zzf* Ddt

= Sj f
*

( hqdxtdlxex) dt

= So
'

f
*

IL×+x ) dt

definition ISot

desfs*×|
dt =

f.
*

x -

#
x

s=tof L×p



Recalls.
This Is what Is used to see f* on Derham whom

Is in deep
.

of homotopy class

for us note

If
17 ) a 1- form and

,
idu gy=o on N

d

Itty
) +

If
# °=

¥7
-

fo*y
= ylu

now let Vt be unique vector field satisfying
(

ve wt =
-If( z )

so Vt satisfies * * near N and vi.  
= 0 on N

extend if to a vector field on M with compact support

note flow lot of

v+
is well . defined since support of a compact
Is fixed on N since vt=o there

and # w+ on some nbhd of N L#

That 1 Moser 's That :

. M a closed manifold
. { we 1 oetai } a smooth family of symplectic forms

If [ we ] e Hhpplm) is independent  of t

then F an Isotropy 04 : M → M st .

$o= idm and # we wo

In particular ,
$

,
Is a sympledomorphism (M

,
%) to ( M

,
w

, )

We call 2 symplechc forms uo ,w ,
on M

deformation equivalent if J a smooth family of symplechi forms { WAKO on M

connecting wo and w
,

happens on isotopic if they are deformation equivalent by a family { we } with
bundle level [ we ] independent of t

happens on

strongly isotopic if Z an Isotropy lot :M→M such that # we wo
mfd level

Clearly strongly Isotopic ⇒ Isotopic ⇒ def
. equivalent

⇐
Moser 's Thm

for Impactmfds

not true for non - compact manifolds

Moser 's that says you
"

can integrate
"

something on bundle

level to something on manifold level



Proof :

note [ daY÷J=a¥[w+]= 0

so we know for each t
,

F 7£ such that dY+= dwtdt
Claims. can choose Mt to depend smoothly on t

given this F a unique vector field rt st
. lvewt  

= - %

so direct  
=

- dye  
= da¥

and discussion in proof  of Tha 1 ⇒ flow lot :M→M of Vt

satisfies # wt  
= wo

the claim can be established by

1) prove in
' coordinate chart

then use Meyer - Vietor 's argument to prove on M

exercise : work this out .

2) Nicer "

global
" solution : Hodge Theory

2h

given a Riemannian metric on M you can define

the Hodge * : rklm ) → rwhlm )

and the
"

adjoint
" S : rklml → rh '

( m )

of

dirk
"

(Ml → rklm ) exterior

derivative

by f =
- * d * ( on  odd dini mfds sign  Is different )

Part of the Hodge theorem says d is an Isomorphism

from 8 1 rh ) to d ( rn )

since daY÷ E d (sew)
,

3 smooth family yteSlsilm)

st . dye  
= dot

dt
E#


