Section IL : Almost symplectec structuses

an almost sym//ecﬁé structure on a manitold M iy a nm-alejene/aée
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c)ea/ly I)‘€ we ko,oe 7%/ M o be, Sym/a/ecﬁé oF G ﬂ&‘(,@_{_sa// that + be
almo gt ymp/ecz‘zé

we will see w this section that ove can Sy!tﬁ!a‘fféa//y
S‘fudy whien 0 manitold has an olmost .;Vm//eC‘/‘tc' stcucture

Here is the mawi tovyédwe of 57/4;4497 about the existence of
5ym,o/é'(ﬂz: structu/es
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1 M a manitold of owiension 2k >4 with

v a class h e H'M) st. hu.vh¥0  and
"
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* @ nov-clegenerate - form ¢,
Then d a symplectez structure w on M such that

e W s Lvamofbptl to W, mmu/,,p. non-dlegeperute Lo mys
[0 can be deformed o b keeping tfs Kt power
Non- /0

Rewark: Mot true w1 diiersion §  (we diseuss #ais more luter)
But here s an alternate conjecture (descuss later)
We dicass on agproach 4o s co,yéciwe loter
as well as some m“/el\‘_’shﬂj test cases m 4D
A. Liuear .g'/m'p/e(ﬁé G roup
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L=
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Proot of TL23: to show Vo)< Spin) a homofygy equinlence we builel 4
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'{Llﬂ* i Ao:" ﬂSph“)
h{. = ﬂ_ Ve

U
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- &7, .
tv fhig éna/ set l)+ (L)= L @ . note L is Symmetre and ,oogn}m':
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commute (sowe ey&mces) so L, L) €

see MDAt~ Slomon For Uln) wax cpt Sr/Ljroap
(not ler, bt we doat /*m//y read rt) £

3 Likear Kom,ﬁl% Structures

a Cowgp/e’/x sYucture on a veal vector yace V s oa /mca/ Mmay?
J: V=V

Sych that 2
T -1,

guwen J on V thes V getx the structvre of « € vecfor space

é'?’ "(eﬁ””? (x+1y) v= ‘xv’-f—ycf('f)
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The space of ww,o/% structuses on ﬂw, Jenoted 7(’%”),

15 defftomorghii o the Aomo;e/zezou; space Gm"% o

50 - 7 (ﬂ(u) has two Lovaponen ts L3 det
- 7R . 6L (21, R)
. (,omponen't" Confummj 'fo, Aenoted ;S % Lin©

4170/ ?uwu/enf- 12 50(2%(,,)
o THR) = fx]
. THRY) = $F

Froof- eaeccse above = GLO2a,R) acts Veszi‘w'cér on 7//22'9
bY A HA—,J;A
and e stabilizer of J & GLwc)
; lf qa, ~ L]
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~ Sol ~ ( -
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so A= A
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1 2 2
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no_f?n)yJ_[ﬂ‘,M: w(qfl ‘7“) 2.5 an ldné/‘ﬁ/bﬂ&lﬂb:



) ja_[v',u)s- (U, 0a) 2 o J7,T%u)z -0 (JTv,u)
= J(u, Jv)= 7ru.1r)
OV‘J

. j(fu;y')z (v, Tv) >0 f v=p
J

D) 9, (Tn 7= g tnw) (e Tg =3.)

/Pmma G

/g-f V be a ve(for §/ace
LW a symp/eoﬁi structirre onV
J a compler stracture onV

72;8:4 the 76//awmf are &Iuci/a/éa't’
) J & compatiyle with
2) G (v, = O, Tu) s a J-mvarant

1tner product

) /V,W) has a basu %,JY, . U, T,
LS AT ‘fhz,( basts o jlm éy J;
%) 3 iﬁomorpltt}m ®: R “ SV sch thet
¢Fw = ey 9T = J,
5) @ famed by J and

4 La]/anjfaia .sUéspacef; L cV e
s0a JL also Laf/ary(a;/l

P/‘om(=

) = 2) above

)= 1) wI(v,T») =j3—("’:”9 >0 o T#o by non—;/efen of i
5y»1m9'6/}/ a‘[- j,)' = 5>/mm€£/}/ o/c t:_)__/

3) & q) dear

4)=>|) clear

)= %) let L cV be a L‘zﬁmnjmw s«és/czce
let U ...V, be a -73' or%cyoma/ bas(s —ﬁ;/ "4



you Can chech that v, Jv, . % T4, (s the

)

oesied bq;g';_/
1) =6) (L Lajfanfzm mean s L =L

Jw=0 2 (v'éé & Jy e(O'L))
s0 (J'L)‘L = J(t) = JL,

§)22) fpt j(‘h‘lf)— (Y, Tv)
we r,Aech j)’ a J-wvf m’lgfp/bﬂld&f
o 9y i wot J-iavorant then a5,
Gy (Tudw) ¥ 3T[‘<:v‘)
50 y(v,Ja)¥ wuJv)

%0 T#0 and q;(v,qu')?O éy fawzea/ cona[z'ﬁon
Q('VTJ“) e
[l dhdeA

t w=u-
& o (v, 7)

U J _
so (v, IJw)=z w (v, Ju) - i((T,fgwM‘f") =0

but w(w, J'-,;—) = wly, J"u')- w(r,Ja) ¥ O [éy QfSUm/p—fzo.r))
gxercise: 3 Lajrwym&, L <V Gowf-a(hin/a v, Jw

50 w, Jr € JL s0 JL ast Ly/aﬂj{a.n

0 ‘:32 => Jy s J= ey @aat
W tomed éY J = yj an mhéx‘pfo&cﬂb =

an imér IO/WQQ‘F g on V i aam/aﬁ'é/c with o mmp/&x structure J
&F ot T ~ihvp st T*\y =9

note: jwv'n g and J wM/paﬁZ/c, then CJJ—[U,zr) z j(‘?&,y*)
5 4 Sj”f/ecﬁé stucture &om/odﬁé/e with T

guen an ingr prodect g and symplectizc structure © on V/



V/Efef v f\.> \/ y
R At
(X v* j

oand a?{?):u)=7[/41)" u)

-j[Av"u): w("rs“):”“[“lf/):’j{Au,'lr)
= '7[”', Aa)
A shew - Jél'n'( ‘Rfj

we call q anAd &om'paﬁ'éle o+ Az: -1

W%Séu)jiven any 2 of 3 ,oassiéle Lompahlo[e_ spructures show
you get-a ungoe 3 structuwe that o wm/aﬁ'é@
with e other 2.

D) 9, w, J are all cowyafzé/e on V

then h=g¢10 5 a Hermehan structae on V thought
07(— as C—V.S. W/J

e h:VxV—> € R-Li hiear

[4(“111") < h(1: w)
hir,v) %o
h(v,Juz4 hiv, W

note thas s real numbe,~

Th2 T
0 (v 0) s ym//«%fw vector space

7[ v w)= { tompatily le cam/r’// stuctures witly c.))
is contrachhle (and mm'eat/ﬂ‘y)
) (V,7) a vedor pace with wmplex shruture

QLW T) = { symplectii strastwes compatile with J. ]

15 contrachYle (and non- ea;my)




REMa/}{'- T/NI ﬂleo/‘em 8558/1??4;&// 5@75 * choosi:7 a Conﬂ,ﬂ/f}ﬂ’
structure onV & more or less e same as
0boosmj a Sym,o/ecﬁz struc ture’

Proot

1) fet I[V) = {m‘ne/'lpmdacé on Vj

o mduwes a mop

J — 95y
we now ézué{ a m:t/o i other aff/ecﬁon:jweh 9 e Itv) we have
\/ ,1—9 v , .
P Y’l/ qs A- Py o ®., (50m0 ryph (S4n

as abovt u(fo',a)=j[,4v_a)
JAG W) = -3, Au)

s0 A" i slf- jé:o"n‘ and j("ALd;v’):-’ijfr,Ay-) 20 o v#0
%0 fA‘L s a posthwt Aefite 519/4{)' Mapo

jus'F as (»n /@MC o7c Zemnnﬁ 7 "AL ha.; 1 57#0/: reot

se € (A?_) Gofmuaﬁ?

c[early A (A) A(A*) ‘A= ADAT = -1
0 a corvf/t'/x styuctare

and w(*ﬂJff) = 9l AT, [—A‘) ‘o) >0 of v=t=o
s5mee Av¥0 asd (AL) Jes- -Aef

operafos
-ﬁma,//y w[J}v; Jy'u){y(A%v’, %u) ;\—j(mr, J;'u) =g [A-q.zu) )
EXAIS R

J, shew -ad) w.rt. 9
jo Jj € TV, ) / ’

ths we be P L (V) = T(Viw)



pote:  Fet=id on T (o)
$ot: TIV)T(V) ir wof identity but of & Lorw@a/;
to eatity smie I ) & tortractible
,hp{eed} c&DOS@ a ééfl:f dt’l/ I(V].’: ZFOﬂ‘HiI@"J@‘[ symmez‘fé M‘ﬁ’?z{'@}
exercse: This is a corver open svbset of all matriies
& tontractble.
s T(vw) = I) s mn#mﬁéie__j

p/zymc of 2 switla, &

Lrerse: GLO
) Show L(R™)Z= A@

(. smie I tontracible O) < GLin) bip D,
2) If 7)‘[5“): {Héfmzf'?/zn H on €7
1) n C)
then W(C7) 2 (,A[,c/um
ond  W(C") Contractible
[ Uln) e GL(n &)  hipy afr/u2>

Y TR ) = %,
so Th™3 5“/‘/5 .7(/117 “’sal) Contractible

(. /415’"05!",’51‘>’ua‘u/€;

et M be an 71-mondold

an a/mo.ﬂ" c'orv:p/W Shructnz on M is a bondle map

J
TM™M =2 TH '
M\/ / st. JL= - JTM (re. fberwise sz
M

a Comples Structue on T M)

an abmost s'ym,p/eafé Structure on M

(s a non —o/efe/rexm‘c L-form o (12 bberwnse wx i
a fym/)’. siv. on IxM)




o (Remannian) meteic on M s a smostlly varying mner produir

on each 7;/4

we call ony & of the above ©mpmbble if they are tompalible
ou each faugent- space

an alpost Rermanan structure on M is an almeost 60144//&,\/
structure and %07@’49/ with a :maa‘h/u/ Va/ymj Hermitran
7@/»4 o1 each TeM

Th™g:
/M amf .smoofél Manl:lé//

) space of metries (M) is non-enply auol contya thile
2) ywel« an olmest- {}/W/f[ﬁ(- sbucture o on M the €

a/most‘ comp/l%’ stroua M

7(/%‘*)) = f&oﬂq/@ﬁélg wth @
is Non-empls and Clombractible
3) ytu‘;’v\ an a[masf’aonyﬂ[%’ strucfuse J on M the s’aac-e

_ (ol symplec ol st~ 04 M
L4 f ompatible with T

(5 non-emply and conpractfle
4) Gubn an a/mas‘/’@nyf%’ structure J on M the space
U(m7): ?a/mwf Hermctian st on @4,,79)?
13 non-emply ave! contractijle.

Rewark: So upto homotopy
) any manitold has a vngre metri |
b) almost comples; almost Syﬁw.ééflé, al most— Herue tron
structures are the same | [ ugto ﬁwMopo?/)

Prost: 1 note o g, .9, are winer pma&((c”; on V



ond t, t,20 st Z ¢ =
then 7 % 9; o winer product on V
F {U,(S a coven 07CM éy coordidant C&a/ﬁ’

fet % be oy metril on ¢ (e T=UxR"
fake any 12 o)
and fpuS @ partifion of vachy subordinant to fc4)
then 2 fot Gy s a metric on M
of %.9, ¢ mebrcs on M, they S0 (s z‘z t(-£)9,
caenii: Show thi implas (W 15 ontractible

2),3) hllow diectty from Th™7 (f"’i)f
%) /Lbéf ///fb )C;,, ‘) Z

I)C@/IMD an almost éom/a%'mamw‘ol/ then VM an almost w,g’/efr
smanifold & T(TOcTY (o0 7 /T'f an olmost tompler str on W)

M")l% J 13 ww:/a/ﬁé/e with w on M and N an almest Wlﬂ
5ULWMMI.76// a‘F @4,47) -{M\. V ts a,lso Qa 5}/»%/861?[ ;:/bmnnco/d

) Show tonverse uot Troe
) if Letyw) ujm.ﬁm‘q and T iy compatible with o then T(TL) us
te vormal bondle of L in M
(note H#is completes the proot- ot lor .5 about nbbds of
Laym"tﬁcan' Suémm"ﬁlﬂ( S)

We will use ttis theorewm +o show there are bt of maon dolds
Uat cant be 5/m//ea’72, but- bree we digcuss bow o

“remope the almost ¥

of Course, an almost- 5yh,aézﬁ£ struLtue @ s Symﬂ/éa‘cé' Ff dw=0



recall COW?OA%/ manitold s 5/«4/17 a (Hausdorff, 2% nountable) pace

M with a maxima ( at/as 07[ toosHiont chavrts ({ﬁ( (4 '9\,/(}7
whewe \Q cC g and transcton map)s are holomorphcz
eaescse: Show a complex waniteld R omplea debecgutiible
has aa almet tomplex structure
an almost com,a/%/ structire J ea M s called lo;*lé.zrab[g F M

has a complex structure inducing J.

recdl om almost Mermitan Stracture on an almost lompes wizcfolol
™M) ques (ard is determmed by) O comatijle almost symplectsc

Structure co. H T i mtj/&é/e ad deo =0 then AT )
called o Kebhler mandold

N A*‘—
ample:  €F = € {(%"'O)I/af-f@}

has toordinate Lhats ¢1-' U, —2Y, where U‘ < {23,5 - %.,'” g, %o/
e

(a2 D=(o, 2% . “4)

4’-‘/@,..- 2,,): fZ,L.. % 32"]
s0 € 2 Comp/f/x manttold 1 entry

xercisz: Chech w, is compaiyle with compley structure
s0 (€P" wFs) o Kabler mantld

you can ea;zfy see. transitrou
Maps are L‘obmo/‘/hl&

and all Com/ofe'«\/ fuémaniﬁ[o/{ are too.

Bemaf/li /a{-e/ we will see not all Co%//wr and aot=all Sym/a/ecr'?g
manibolds are Kahler,

recall @ fwcton f:€"— ¢"ite,, . 2) (£(s..2) . £y - 2,)
with ’[‘;':U.i"“? s ho[omo/phté n[: mrdw{anf" -64”(,{1045'

%eﬁ';fy v, 2y Vi
¥ Ok ‘J
9 u _ov _ R A
T)::_: XA (aublxy RLCMan @ <




Lyercise: If J & alwog omplor shrutture on € 3 /com:iy from )

an J; \ 1% ) " CM C\t I()
then F: €7 & [lolonw//o/uc'
P
df o T =T, o Jf

now £ MJT) and (M!T') are almost wm)p/% mani-po//} Hhean
2 Puaction FiMa2M" & called ( Q;galg) hﬂ/omor'ghu'

(o/ J——Qa)omorphtc' ov Ujf')—ho[amo/ﬁtuc‘ ) l‘F
dteT =T M | %

7cz>m exercise. above we see for Com/[efr mandolls thee & the same
as Lenif ["OLOW/FLI.J

Eemrﬁg:
‘) 6”‘" 7C:M"9M' as aL0(/C Wl‘l’h i M= W,ﬂy,an Whe,, you

write ot ¥ 1A local toordants you see toat- of
n>l 5}/5{5/)407&[)05; s overdetrmied
n=1 | 4 G 5”‘77'7"
2) S0 for n>l eapelt 4@ soluttoqs. s ¢ miracle of wm//%’
geometyy that there are 0y such ﬁmcﬁén; bet

for 76'46/62 almost- cowykx shructures %@_‘_no 50. [?s

D) for n=l expert- sol*s to be nuwe”
In (185 Gromoy observed this ard revolutionize Syn';o/ecﬁo'
?&om?ﬁ’;/ Ly st‘mgw-y pseudlo v[w[oma//o/ué CArVES
(more on this later)

4) In 199¢ Downaldson nofiied You could 5ﬁm{7 'ﬁm&fim; tho ¢

a/mag‘- solve X and learn a /a{—aémf s)m?&/eaﬁc'
mami[v{o' [more on the /afe/>



So when is an alngst Compler mandold W[%’P
yu'/cn an almos™ covya/e’/ wanfold é“,f) detie

M0z [T7,Tu] - [ou] - T 16 Tu] - T Lrv,u]
bor vedor helde vu € Y(m)
ererige: ) N s a teror 12 A//ﬁ;,u)=,cj,«//¢u>>
2 & T s vivgrable skow #/=0
3) for any diffeomerghicwr MM : /%,J(‘P"’. ¢'“)=‘P'/'§(ffc“)

116— & called the /f/:;je[fa (s fensor of J

Th® (/'/CWIWO@/'/VV?néeCy ‘57)-‘
an a/mos-{' &om//ex structue J on M s M"I?mue
he and oﬂ{y l{‘ //}=o

froof is beyord tis course (wanly PRE)
let's wnderstamd thy mere 7eom€‘lwéa»/&

F J an almest com/o@’ struttare on M
then eyenvaluey of J i LMITM ace e (ot of ew of ~idr,)

40 cant dzajonelzée over [R
lee 7;./14 = T ML complesmczei/ tangent bandle

. Lo CO.
how we can write TgM = (M’ ' ) 4
f 1

ei/en space of 1 etgensgace of -7

Laeruse: (.o (o)
Show TM—(TM andd TM—(TH)

v —>ifv-iJu) v 4(v+1T )

are linear iswo//olzé’m;



the Adwd of T:TM=>THM 4

J AT
50 we have_a “compler structme’’ on TN as well
as above we have
Tm=Tmec = (T )
? N M = AN (Tmec) = 'ﬁ k/\(”’r"m
aliUm): T (AT )
now o G%, s a bess for T, M ten

v, JYy... U IV, O @ real bagig Gr (7;/‘1),(

d CI,O)
o h/J: 'Ji(q’j'tJ"z{") )=l.n S,amy (‘I’M)
i
2

— ) &)/
w=3sG+iTg) ):len pan Gm)
Wf: V,‘*?I%’ )zl span (‘(’fu[f‘t’)
= 'I‘f)"’llf""{;r J:')...l/l 5/4/( ('I"M)@")
moreover Y € ﬂ ' )(M) can be writen

Z 4{46\4/ AW
(Al=p, B]-4
whare Yy, Prctons  AB mu/ﬁ.m.@ (¢ A= (4-1,)
t éfl-pm}
and WA' w'z" - AW 1, efc.
%e/a;e,
) g e Q) then dy €T men e LT e LT ()

2) 1{' W,tf) lmiqmé/e then alif e SL '7(/’4)@ ?*'[M)

dente D lm) > Y(m)
35 '._gf"’(m) — Q! ’7'" [/M) the &awyesn‘zw of £
with agpropreafe prv)edzm

50 vou showed o M complex =33



D d M oomﬁ/f/',r s how 92: 31; ) +deD=0

©) Wjehuis tnsor M = O & Gl et e L bracket
E D=0 o fuackons
E A=2¢ - pael
& (1) e e 7 (M)
50 all of these & T ,a tegrable

W Mis a complox mam#old then =0, and we can dehue the
Dolbcault (ohonology of M to be

ke (3 : S8 1) > o' ()
wa (3 i LT0) = 2 (M)

F7 () =
H; (M7"

orercise: F FiM—N a bolomorphi map between complox wian Fold's
then £ a*W) 5 a%W)  idues o may
£ 2w - 28w
st £5) = 2f

S0 wt /w:{— a map 7[*: H':"ZA/)*H;JIM)
2

Hodlqe THhe:

for a compact= COM/@’ mom:/o{d
H %7 A F hade Awiensional

PI'OD'F is all about 8”1/'02"‘(: POE and beyono/ Yy tourse
but f,fwt‘ nofes on lourse web page.

Morse Facts: F M « q compact, wane cted wm//f/x N-mgnitold with o
Hermchain form , then

H5 M= C

d e
> HE (w) x H'%”' W)t (w0) SMoup

)



we wrie W= dim H?IM) calle/ ,'/3096 numbers

Fom above we bave WPt oo
wWl=1
b‘n_fln‘?_ L)P‘?

More Facts: F M i« q Compact Ké'hle/ ”'Mam'ﬁ/&/, then we bhove the

I‘b&ly& de&oM/osz%bu Hp’ (M) @ Hf_'q (M)
R petg=r 9

and -
Hg’m) z H;’(«)

and
hhk>0

40 we have Jhe Hoajqe Aiamond
lﬂ = |

ﬂ’n

ho'a

§7meﬁ"u: about mdSe (e

Lor 1
for a Kiblar wanthld M we have

A H;‘;,\ﬂ (M) s even

Proot: Clear Hom symmetry of Aiamond Y4



