
D
.

Bundles and Structure Groups

recall given a fiber bundle F  → E
,
✓

P

M

we have

headtrivializationsU CM open and diffeomorphisms p
-  '

Lu ) VXF

and for any 2 local trivializationsWyo , )
,14 ,

old PYIP '

U
transitionmaps-y.nu, × F p

-  '

iv. nun Hnuke

→ It
v. nun

olio ,

" :(4h41 x F → Knud xf

( x , y ) t I x
,

Tz
,

ly) )

with re :b
, nu → Ditto I F )

21

+
transition function or clutching function

note :  if 114.0, ) ) a collection of local trivializations

such that M -

- Vu
,

then transition maps satisfy twixt - idf

+ palm -

- ⇐pcxgj
'

thtootxt =trek) otedx)

exercise : Show that if Wa ) any cover of M by open sets and

Tap : Varys -7 Difteofft any maps satisfying # I then

3- a bundle E that realizes this data

Hint : let E = LL ( Vax F) he where I x
, y ) thx F  n Cx : y

' ) E Up x F

off

there is an obvious

Tpalxlcyl
= y

'

,
x=x

'

projection E  → m

exercise . Find a cover and the transition maps for

s
'

→ 5 " "

IR
"

-515 in
"

→ Tap "

t I k
EP

" 5 ¢pn



suppose Gc Ditto I F) is a sub - Lie group ( we will only consider closed subgroups)

It a bundle F  → E has a collection of transition functions

LP Tap : Van Up -7 G

M

then we say
E has structure group G

it the transition functions can be homo toped to lie in G via a homotopy
that always satisfies # then we say the structure group reduces to 6

note : If 6 preserves some structure on F then the fibers of E all have this structure !

examples :

, ) if F -
- IR

"

and G = Gun ,
IR) c Differ HR

" ) then each fiber of E has

a linear structure re
.

E is a

vendorbundledit F = IR
"

and G -
- GE

41121
,

then E is an owedvectorbundles
, it F-- IN

"

and 6=01 him
,

then E is a vector bundle with a metric
-

- - .
. -

note : 0 In ) ↳ Gun .IR ) a homotopy equivalence
⇒ all vector bundles have metrics !

4) Fe MY G -

- Gun .
d) ⇐ E

Emptystructure
)uµyb

" "
'

'd

hipy equivalences
G = Spun ) ⇐ E

symp'structure
a

spun ,

G = Vln ) ⇐ EHermitianstructure ⇒ all these structures
same

5) it F- - IN
"

we have GL 1h ) x GL C n - h ) c GL Ch )

(A
,B) IT ( IT )

E has structure group 04h ) x

Gun
- h ) ⇐ E -

- E
,

④ Ez where
k

E
,

a vector IR bundle

E
, a vector IN

"  - h bundle

specifically Gun
- ht →

GUY
so E has structure groupGun

- ht
A 1-7 ( A 0

⇐
° In

←
k linearly

E has a tetramer independent sections

⇐

E -
- E

'

④ Rh with E '
a vector HT 't bundle

So when can you reduce the structure group
?

to systematically study this we need a new idea



it G is a Lie group then a bundle
° →

Pdp
is a principal G - bundle

M

if I a smooth right actin

P x G → p

St
. D y E p

-  '

txt ⇒ y
. g e p

-  ' Cx) Hg ,
x. y lie

. action preserves fibers )

2) G acts freely and transitively on p
-  '

C x ) H x

Remark : Can more consist ly define a principal G - bundle as a smooth manifold

P with a smooch right G action P x G → P that is free and

property p×b → p xp is properer inverse image  of compact
( pig ) t C P .

g. p) is compact

examples :

i ) if F  -7 E is a bundle with structure group G
t
M

then I a cover of M by trivializations I 14.19 ))
with transition functions Tap : Van Up -7 G

we can construct a principal G - bundle as follows

PE = ¥ Vax Gh where Cx,g) E thx G ~ I x
'

, g
' ) E Up x G

⇐

g
'

=
 I pdx) . Cg)

,
xix

'

exercise : Check PE is a
-

principal G - bundle E G

If E is a vector bundle then PE is a principal Gun
.
IN - bundle

it is called the frame bundle because you can think of the fibers

of Pe as frames for the fibers of E

exercise : think through this

we denote this bundle FIE ) note : OH = Gun
,
IR) so we could

look at orthonormal

2) S
'

→ 5 " "

is a principal s
'
- bundle frame bundle with fiber

I Oln ) ( still denote F ( EH

epn

3) Regular covering spaces of manifolds M are principal bundles

exercise : Check this
.

What are the fibers ?

Can irregular covers be principal bundles over M ?



exercises :

i ) Show a principal G - bundle is trivial ⇒ it admits a section

2) If E is a vector bundle then show a section of E is the same as

a Gun
,
R ) - equivariant map :

v
.

. 7 (E) → IR
"

v

Lyog) = g-
 '

v

ly
)

projection FIE ) -7M
Hint : given s : M → E

then for each y E FIE ) let v ly) = slptlyl) expressed in

frame y
construction

Given
Pym

a principal G - bundle

and p : G → G
'

a homomorphism I of Lce groups ) where G
'

c Diffeo ( F )

then we can construct an F bundle with structure group G
'

Px F  = Pxty
P L pig ,

f ) - ( p , peg) If ) )

exercises :

1) Describe PxpF using local trivializations

a if F =G
'

then P xp
G

'

is a principal G
'

- bundle

3) it E a vector bundle
,

then E  = FIE )
xp

IR
"

where p = i 'd
Gun . ,µ

4) recall Gun , IR ) acts on CRT in a natural way
p*

i.e
.

Gun .IR ) → GL I 427*1 = Gun
. IR )

check T*M = 7 I TM ) xp * HTT

5) Similarly GL In
, IN acts on AMIR" )* in  a natural way

re
.

Gun
. IN 64141127*1

check WITH = F I TM ) xpnnh I

now given a principal G - bundle Pj and a subgroup Hs G

M

it I a principal H - bundle Pa c P then one can check

PµxµG→ P :

Lf, g)
is fig is a

bundle

isomorphism
T H acts on G by multiplication



this isomorphism shows the transition functions for P could be chosen to

have image in H

so we say the structure group of P reduces to H in
' this case

note : If the structure group of FIE ) reduces from Gun .IR ) to H then

so does the structure group of E :

so we have

turned
questions

F (E)
it

x HR
"

about the structure group of E into
→ He 6441121 acts on Hh

"

questions about the structure group of principal bundles

now given a principal G - bundle Pj and a subgroup Hs G

M

we get the bundle
"

Int
with fibers %

lemma 10 :

let P be a principal G - bundle and He G

reductions of the structure group of P to H

are in one - to - one correspondence with

sections of PIH

Proof : ⇐ ) given a reduction we have

PH → P

¥
and so PH/µ → Pff

=

-
I

⇐ I P MH is a principal H - bundle

it s : M -7 Ply a section
,

then U×enT
- ' I sext ) c p

is a principal H - bundle
#



example :

since ° " " " You
,

is contractible and bundles with contractible fibers

always have sections ( check-in ) we see F ( E) / has
0cm

sections and so all vector bundles have metrics !

So how can we tell it PIA has sections ?

E . ObstructionTheory *

We want to study sections of a fiber bundle FIE÷→→MM action  of  IT,

on In

we assume : At M is a CW complex (always true for manifolds )

B) F is n - simple for all n ( examples H -

spaces ,
so Lie groups , loop spaces . . . )

i.e
.

action of  IT I F
, Xo ) on In C F

, xo ) trivial
,

homotopy*- classes
E ⇒ IT

, IF
,

xo ) abelian and Tuff , xo ) I [ 5
,

F ] of  maps
.

a T s "→ F
"

:
'

'

t
*  * canonical

[ oil M not so important assumption so Tn riders .  of Xo

':÷÷÷÷÷÷÷
.aa¥:*;÷÷i.

'

÷::b
.

. . . . . . . . .
map FC ;D

*

' . Tnt F) G

(can get around this using
"

cohomology with local weft
.

"

)

Denote the n - skeleton of M by M
"

assuming we have a section Sh :MM→ E we define a cohomology co chain

E I Sh ) E Ch "
( M ; Th ( F ))

as follows

recall T E Ch
- ' 'IM; Inlet ) simply a homomorphism T : Che

,
( M ) -1 Inlet

where ChefM ) is the CW - chain groupwhich
is generated by htt cells e !

"

,
. . . ehj

"

of M

( recall

Mkt
"

=

MM
ugh "

u
. . .

uehet' he
where 4h "

=D
" "

and 3- a
,
:2eY" → Mlk )

(h )

set.

~  above is gluing ef "
to M by a

,
)

let Ii : et "
-7 M be "

nidus ion
"

I
*

E IfDht '
x F since eh

,

"

contractible

I
e Yt's Dht I



Sn pulls back to a section of IFE along 2e !
"

so pish : 2,97
"

→ F gives an element of  Tht F )

Sh I here pi . eh;" x F  -7 F is projection)

now define E ( Sh) I eh ;
'

) = [ pzosn ] assumptions above

say this is well - def

so Elsa ) E Ck "

( M ; THE ) )

exercises :

i ) E Ish ) invariant under homo Copies of Sh

z ) E ( Sh ) = O ⇒ Sh extends over

Mkt
' )

3) S E Ish ) = O lie.

E Csn ) a co cycle )

4) it Sh and Sh
'

are sections of E over

Mlk
)

that are homo topic
( he - I )

on M then

Elsa - Elsa's I = ST Lsa
,

sie )

for some Tl sn.si ) E C
h

fM
,

'  Tn I Y ) )

5) by varying homotopy class of Sh on M
"

( relative toMK" )

we can change E Csn ) by any co boundary

the above proves

The
-

:

F-  → E

given a bundle I satisfying A) - C ) above
M

and a section Sh: M
"

→ E thenSh in . , , extendstoMkt"

M
⇒

of = I Elsa ) -

- O E H
" '

In ; Tht FD

So we have an obstruction to a section existing !

Remark : if Tht F) = O for he dim B
,

then I a section of
F  →

EL !

M



note .

O I Sn ) depends on Sh I a.p i.e .
it is no just about

M

whether there is a section of E over

Mkt
"

but whether
=

oie
of section on

Mlk
)

I when restricted to M
" - ' ) ) extends

to

Mckee
)

luckily the
"

first obstruction
"

is independent of any choices

Tha :

F-  → E

given I satisfying At - c )

M

Cn )

if Khl F) = O for

hen
,

then I a section

Sn
: M

'

→ E

and
the obstruction O (su) does not depend on

Sn( well - defined in
' dep.

of choices )

so we denote it 8
" '

CE ) I called Primary
obstruction )

and it f : N → m a map then V
" "

( f
*

E) = f
*

y
" "

( E)

example it → E
recall a vector bundle t

M

has a k - frame ⇐ structure group reduces to Gun - h)

or first put a metric on E so structure group is Oh ) then

E has an orthonormal k - frame ⇐ structure group
reduces to 0 I n - k )

in terms of principal bundles
,

let FIE ) be the on .
frame bundle

( ie
. principal Oh ) bundle associated to E )

now E has an orthonormal k - frameLET oh - k ) has a section

fibers of 7 You
. k ,

are 0141 ← called Stiefel manifold
Oln - k ) VhlMY = space of  o .

n
.

k - frames in IR
"

exercise : Ti I V I Mn) ) = O a a n - k

a
n . a in" "D=

↳

n

In
" " '

is:#in . .



unfortunately IT Int does not necessarily act trivially on

In . h
( Vhl MY) when it is Z ( see Steen rod book )

but if we take this mod 2 it will (only auto m
.

of Zthz is i 'd. )

so we have a primary obstruction to a k - frame

over the n - htt skeleton of M

8h
-
hey E) E H

" - k "
( M ; Tn - hyun mode )

set welE) =Yet El c- Helm; # Izz )

this is called the ett Stiefel - Whitney class of E

when l even ( so n - h odd where e -

-

n - htt ) we CE) is the

primary obstruction to 2 of a n - et I frame on

MU
- t)

that extends to MK?

in general it is a

"

reduction
"

of this

Fact : I Steen rod ) the w ; determine all the primary invariants

exercises :

an → E
') given In ,

w
,

I E) = O ⇐ I an a - frame over M
"

that extends over M
"

⇐ E is orientable

2) it E orientable
,

then wz (E) so ⇐ Fan @-it - frame over M
"

that extends over m
"

⇒ Fan n - frame over M
"

that extends over M
"

[
this is called a spin structure

another way to think of Stiefel - Whitney classes

I unique functions
w

,
: Vet (m ) → Hilmi, # A H M

satisfying
, ) w

,
I E) = f

*

w
,

LE) tf f : M → N

2) Wo I E) = I
,

W
,

let -0 H i > fiber din E



3) w ( E④Ez ) = w ( E
,
) u W I Ez )

where WIE ) = It w
,

I E) + watt ) t
. . .

4)
w

,
I 8) to where 8 is the universal line

bundle over 112pA

-

for

4)
recall 8h = { Ce,

v ) EMP
"

x IN
" "

: v ee )

this is a line bundleover MP
"

4)
⇐ w.lk ) generates H

'

l IRP
"

; Hz ) Hn

sample computation recall H
't

C IRP
"

; # a) I # la Yantis ,

degree a = I

WCTIRP
"

) = C it a )
" "

= It ( Y '

) at ( "

IYa 't
. . .

eg
w

,
= ( ntl ) a so IRP

"

orientable ⇐ n odd

example : it IR
"

→ Y an oriented bundle

k
then ThIMI acts trivially on Tin

. IV ,
HRYIEZ

exercise : check this

so we get an obstruction e (E) E H
"

( M ; Zt )

to the existence of a non - Zero section of E

et El is called the Euler class of E

exercise : i ) it s : M -7 E is any section of E that is transverse

to the zero section Z
,

then

et El =P
.
D. [ s

-  ' let ]

2) e ( TM ) ( EMT) = X ( MI
I t

fundamental Euler

class characteristic



example : let an -7 E be a vector bundle with structure group
Glen ; El

t
that is a

"

complex bundle
"

M

( from above we can assume Uh ) )

so the frame bundle can be taken to be a principal Ulm - bundle

as in the real case E will have a complex k - frame

⇒

FIE)/u c n . n has a section I this as a
" "

Yuen
- a

bundle )
exercise :

"
Timman

. ni -1¥is
'

IInn .

2) IT I M ) acts trivially on Tizen
. me ,

I " Mum - hi ) where we think of

Ulm Iucn . h) as the fiber of FIE)/u in - m

thus the primary obstruction to a complex k -

frame
is

82in
- me

E H
" " " "

( Mi Tzu - n , + ,
( Uh ' luh - H ))
-

Z

we define Cnt

E)
= 82hL E) E HMM ; Z )

this is the htt Chern class of E

clearly CHIE) is the obstruction to a complex (n - ht I) frame

on MM - ' )
that extends to MM )

exercise : if E a complex E
"

- bundle over M

i ) Cn CE ) = e IE )

2) Wz , + ,
(E) = O ( ⇒ complex bundles are oriented )

3) Wzz. (E) = Cz IE ) mod 2

4) C
, (E) = O # structure group of E reduces to Sulu )

"

complex
orientation

"

5) it E is E with
"

conjugate complex structure
" he

.

- J )

then C
,

I E)= C-hi I E ) Hint : easy for Cnl E) reduce to

this
.

See Milnor- Stac heft



another way to think of Chern classes

ziF unique functionsco: Vect (m ) → H IMiz ) H M
E

satisfying

1) C.I t
*

E) = f
*C.I E ) tf f : M → N

2)

Col
E) = I

,

41
El -0 Hi > fiber E - din E

3) C ( E.toEd = C ( E.) u C I Ez )

where C I El = It C
,

I E) tCDE) -1
. . .

4) C
,

18 ) generates H2Capo)
,

where 8 is the universal

A- line bundle overGpo
-

sample computation recall H
't

C

EP
"

;

A)
I

* la Yantis ,

i.  
IM degree a = 2

whweendhenotclap"

) = C it a)
"  "

= it CT'

) at I "

I
' late . . .

→

CNN
" "

eg C
,

= ( nella so c. Cap' ) = Za ( Xl 54=2 )

IN c.com/--3a and cdGP7=3a2

there is one more
" standard

"

characteristic class

given a real vector bundle
" " → I

M

then E④µE is a complex vector bundle

the 7th Pontryagin class of E is

p ,
(E) = El )

i
Cz ;

I E ④ 6 )

exercises :

1) Show E ④ G and E④I are isomorphic
use this to show czi+ ,

( E- ④ a ) is 2- torsion

htt

2)( I - p , CEPT-ip.com) -

. . . Ipncepn) ) = I I - a
' )

where a generates H'Capa)

so p ,
CEP

'
) - 3a2

, p ,
lap ' )=4a '

,  
. . .



3)
if E an oriented 2n - bundle then pal E) = ele ) ve CE)

4)if E is complex bundle and E
"

denotes underlying real bundle
IR

then E ④me = Eto E
+

as complex bundles

5) it E is a E
"

bundle then

( I - p,
I E) t PIE ) . . . I put E ) ) = ( Itc

,
I E) t

. .
? Cal El ) u ( I - c

,
CE)

. . .

I Cnt E ))

e.g. p,
(E) = GCE ) u C

,
CE ) - 2cal E)

Recall
,

it M is a closed
, oriented 4 n - manifold then

^ n I

HMM ) x H
" I M ) → It where It "

IM =
"

" (Mltorscon

X , p ) 1- a up Kml )

Html Itami
is a symmetric non - degenerate pairing
this can be diagonalized over IR

the signature of M is

0cm ) = # positive eigenvalues of I - # negative eigenvalues of I

Hirzebruch Signature Theorem :

If M is a closed oriented smooth 4 n manifold
,

then there is a polynomial Ln in the Pontryagin
classes St

.

OCM ) = Ln ( CMT )

for example L
,

= tzp ,
I M )

↳ = Is 17 palm) -

p,
In ) up,

IM ) )

note The  ⇒ you get integer classes even though
there are fractions in formula !

can use this to show there are manifolds

homeomorphic but not diffeomorphic
to the 7 - sphere I and higer

dime spheres)



Application : 54 does not have an almost complex structure !

to see this suppose it does
,

then

p ,
I 54 ) = 4454 ) - 2 Cz ( S4)

evaluate on [ 54 ] to get

301541=415745431-2×154

)

since H 4541=0 we see 445745' )) = O
,

so

30154
) = - 2×154)

but 01541=0 and XIs " ) = 2 XO so 54 has no almost G - Str .

Fact : Can use same argument to see S
" "

doesn't have

a complex structure

with more work can show

S
"

has an almost complex structure

⇒

n = 2
,

6

"

Open
"

Problem : Does Sb have a complex structure

Characteristic classes
,

in general,
do not determine a bundle

,
but we do have

I ) Complex line bundles are determined by C
,

Moreover
, any at H 4M) is c

,
of some complex line bundle

I ) 62 - bundles are determined by c , and Cr

Moreover
,

VK.pl E H' ( M ) x H
" I M ) 3 a d '

- bundle Fun set
.

C
,
CE) -

- a
,

C
, (E) =p

HI ) SO 13) bundles are isomorphic  ⇐ wz and p , agree

I ) 50141 bundles are isomorphic ⇐ we
, p ,

and e agree

exercise : prove the above
.

I ) - I ) "

easy
"

( we will do I ) later )
II ) - IT harder



F. Existence of Almost Complex Structures

We want to see when M admits an almost complex structure

( and hence an almost symplectic one )

We start with an oriented manifold M of dimension 2n

SO we can assume its structure group
is Solar ) and

F ( TM ) is a principal 5012N ) bundle

thus M has an almost complex structure ⇒ FHM Yuen,
has a section

the fibers of this bundle are 5012% I n ,
so we need

for i a 2n - I

It EZ mod 4
Tl

,
( s " " Yuen) =

1=0,7
mod 8 Bott

' 59#it

otherwiseO

and Z  +7/2 # n = O mod 4

am . ,
1501242

,g) = Zhu-D ! It n I I mod 4{¥tk⇒!
€

" = 2 mod 4 Massey
'

61

n =-3 mod 4

SO there are obstruction to M having an almost complex structure in

G

V
,

E H
"
l M ; Z ) for a < 2n and 1=-3 mod 489e It

'

IM ; It12¥) for 2cm and E O
,

I mod 8

recall the exact sequence O -7 a Z → the → o gives rise to

a long exact sequence

. . .

→ Hnl Mitt ) → Hnl Mitt-7Hnlmittkzt )-7 It
" '

cm ; # →
. .

.

B is called the Boch stein homomorphism

the integral Steifel - Whitney classes of a bundle Em are

Wile) =p ( wie ) ) e Hilmi z )

note : Wale) is obstruction to integral lift of  we .IE )



Theorem I Massey ) '

let M be an oriented 2n - manifold

let s : MH" "
→ FCMY be a section

U In )

Then

Want ,
IM -

- {
Khl ! Kinds) h even

Eth) ! Kine,ls ) h odd

Remarks :

" Amazing Kinds) doesn't really depend on s !

2) If H4h "
I m ; It ) has no p - torsion for any prime p I 2h

then Wyn +3=0 ⇒ Kine,
1st = O

3) 8 } Is ) = W
,

I M ) and 8 ! ( s ) -

- Win )

note :

a) no obstruction to oriented surface having almost complex structure

b) when M is anoriented 4 - manifold we have

an I
" " You, )={OzI

:L
,

so a 4 - manifold always has an almost complex structure on M
"

obstruction to extending over M
" is

of cm ) -
- w

,
Int

so have almost complex structure on M
"

⇒

I integral lift of w
,

( m )

we consider obstruction to extension to M later

c) When M is

an
oriented 6 - manifold we have

tht 5016Yung) = {Oz
h = 112

, 4,5

h =3

so the first and only obstruction to an almost complex
structure on Mb is

Vj ITM ) -

- W
,

IM)



When M is

4h
- dimensional the top dimensional obstruction is in

H
" " ( M ; Tzu . ,

lot "

Young
))

-

=

#
n odd{ It -0712¥ n even

It 4h

let 8 I M ) be 8
"

I m ) if n odd and the H In ; It ) component
4h 4h

of 8
" IM ) it n even

4h

recall if TM is a complex bundle

palm ) -
- ti )

"
-2 C-IT calm) u c

,
Im )

It 's - 2k

Th " I Massey )

let M be an oriented 4h
- manifold

let s : MH"
"

→ FCMY be a section
U In )

Then

4. MINI s ) = fi ) "
'

palm) t ¥,
full

'
'

cdmlugcm )

where the calm ) are the Chera classes of TMI men. i )

coming from the complex structure induced by s

and c I m ) -
- e I n )

2h

The discussion above covers all the
"

integral obstructions
"

to an almost complex structure

the non - integral obstructions are harder

But we do get

Thall :

A closed oriented 4 - manifold M has an almost complex structure Sometimes
⇒ called Wu 's

Fa cohomology class a E H2 ( M ; E) such that theorem

wz ( M ) I a mod 2 and

at I Cris ) = 3ohm ) t 2X IM )

Moreover
, any such a is c

,
of an almost complex structure

Proof . ⇐ ) follows from discussion of characteristic classes from Section E

⇐ follows from 2 the 's of Massey above



for the last statement
, prove using last exercise in section E

( about 50141 and Ucd bundles )

exercise : Do this and prove ⇐ result in That in the same way #

Tha 12 :

A closed oriented 6 - manifold M has an almost complex structure

⇒

Fa cohomology class a E H2 ( Mitt such that

wz ( M ) I a mod 2

Moreover ,
it H' hit ) has no 2- torsion

,
then there is a

one - to - one correspondence

almost complexlsruuwesonnHH.int:
and complex structure corresponding to a has

C. = a
,

CE ( a
'

- p.IM) )12
,

and Cz = elm )

Proof . ⇒ follows as in last proof

the one - to - one correspondence follows from more obstruction theory ¥7

Recall : All statements in Th ' Il and 12 also hold for almost symplectic manifolds

- -

So what closed oriented 4 - manifolds might have symplectic structures ?

1) 54 : No for  many reasons : no a E It
'

( 54 ) with a u a ± o

and if a E It
'

( 54) with Wea mod 2

then 2×+30=4 F a
'

Cs 43=0

so no almost symplectic structure

2) 5×53 : does has almost symplectic structure since

w
,

l s
'

x 57=0 so a = O E H' ( 5×53 ) is a lift of  w
,

and

2X -130=0 = a' 45×57 )

so by Tha 3 almost complex /symplectic structure

( in fact easy to put complex structure on s
'

x 5 )

but no a E It
'
I s

'
xs

') with au a # O so Ne symplectic structure



3) # nap
'

: when does it have an almost symplectic structure ?

It
'

I # nap
' )=④nZt Intersection pairing (

'

j. ?,
)

so o = n and X =  ntl

thus 2X -130 = 2n -14-13 u = 5 n -14

also wzl #
n

GP " ) - ( I
,

I
, . .

. 1) E H 't # nap
'

.IE/zz)-=tOnZt/zz

so #
n

GP2 almost symplectic ⇒ Fa e H' ( #nap
'

; t ) with

( 1,1 , . . . 1) I a mod 2 and

AYE# nap'D = 5 n -14

Suppose a -- ( a
, ,

. . . an ) e  ④
n

It

a
'

-

- Iai
7=1

so we need a
,

EZ set . €
,

ai = 5 net and a
,

odd

^
a ? -

- 9 so  must have a
,

= I 3

i. EP
'

admits 2 almost complexlsymplectic structures

( only one upto conjugation )

of course GP2 is also symplectic ! ( Kahler )

n need a
,

't at - 14 no sole !

so Gp2 # EP
'

has no almost symplectic structure !
:

. no symplectic Str .

even though Fae H' Cap
'

# Gp2)
Set. 22 > o

h . need a ! taitaj = 19 so lots ( I 3
,

I 3
,

't I ) C and permutations )

so Gp
'

# Ep
'

#

EM
has almost symplectic structures

C all are diffeomorphic )

also has a ett set. I > o

Is Gp2 # Ep
'

# em symplectic ? NI but very hard to show !

- number of pos .

Taubes : Symplectic manifolds with bat 22 eigenvalues in
intersection

have non - vanishing Selberg - Witten pairing
invariants

Kot Schick : It XEX,
# X .

is simply connected

and bilxilzl ,
then Seiber g

- Witten

invariants vanish
.



so ne #
n

EP
'

symplectic it n > I !

exercise : # n
EP "

is almost symplectic  ⇐ n odd

e.g .
n

-

- 5 get so Hs I 5,1 ,
I

,
I

,
I ) and 1313,3 , lil ) ( these are really different )

lemma 13

If Ma4 - manifold with an almost symplectic structure

then bi I M ) and b. Cn ) have opposite parity

Pref : Wu showed that for any c E H' I Milt )

C V C E Wz ( M ) UC mod 2

Suppose a is an integral lift of win
" ) then

CUC I au c mod 2

such an a is called a characteristic element

not to hard to show for any characteristic element

C u Cfm) ) I O mod 8

so if M has an almost complex structure then 91M¥ we mod 2

and a
,

I 0 mod 8

CT -

- 30 t 2X

SO o t 8h = 30 t 2X some k

8h - 210 TX )

2h =
2

I.e . 04¥ I 0 mod 2

bit - bi +2 - 2b
,

t be - b
-

I
= 0 mod 2

so bi - b
,

-11 is even if M almost complex
#y

exercise

:D
let M be a simply connected oriented 4 - manifold .

Show M has an almost symplectic structure

⇐

bi is odd

2) at most 2 of MY
,
MY

,
and M , # Mz have analmost symplectic

structure


