D. ngolles ond Sh’ua‘u/e Grou,,ﬂ.s

recall jiwen a fbhe bundle F— E
'LP
M

we have local trivéilizations ‘ o
U em open and dffeomerphiims  plv) — UxF

avd for any 2 local trivadirations (V.,#’, ), (g, 4,) P \/'/p,
‘- v
bansiton makt Van) = F& p"/ff,nl/,)f'i(v.a%)xF
N LS
VU, ava

¢,ob”: (Gav) x F > ag) F
("‘17 )H (%, ’Z;‘[x) v))
with ¢, Uny — D#fes (F)

'\' transitzon ‘ﬁmdw:'] or c,(u{‘c&tﬁi chon

note: F {(4. )] o wllection of beal triniliatons
such ot M= Uy,
Hren troastthon maps satzly |t (==
+P" (x) =({2¢(’9) ¢

+,‘.°( (X)= 't'.(éb‘)" gdlk)

onecse: Shaw that o [4] any toves of M by open sefs andl
T«ﬁ‘%ﬂ%—?vrﬁeo(l‘) an;; naps ;oﬁ?&:y(*) then

q o bonde € Hhat realies the Aata

Hit: let  €=L(wxF) — where y)eGxF ~(xy') € YrF
FF
there o an obvious 't;*(x) (y)=)"l x =X
prt?fecf?f-:n € -5M

/

Exescse: Find a cover oad the bansiton maps 4o
5!__7 Szn-fl /R""')TSA mzn___) TCP"
l L l

cr” 5'4 cl”



suppose Ge Dfteo(F) 75 a sb-Lie Group (we will onky wnsider closad 5u1ajroups)

It o bondle F 7€  bas a collectron of trunstiron Puctions

P ,
:ﬁ 't_'%.({xm/p—a(,

then we say E has structwre group é
F the brons ibon Fuactior can be Amafvpea( o he v G vid a /'lamm‘ofy
that alutys satizhes (%) then we say Hie strucue group redues + (5

note: If G preserves some structure on F then tue fbers of € all bave Wi shuctre!
%ame[Ej:
N f F= R" and G=6LInR) < Dffes(R”) then each Fbe of E hes
o liear ctructre 1e Eis a vecta bundle
Y F F=R"and 660  then £ is an oniented vecto bumdle

~ e —— s

note:  0O(n) < GLIMR) o Aamafopy e7uu}a/e.qce
= ol vector bundles have. metris |

G= Splin) e £ fy_@//e&ﬁc‘ st wctuve UMZ"S " hipy equileaces
6= Uln) & € Hewhan structure 5 all Yese stvctures
5) A Fr R we have GLIKY X CL(a-k) € CL(n) Some
0 — (33)

E bes spructore roip GLIYx Clin-h) & € = E®L, where
E o veetr /Rk bovetle
€, a0 vedor AR bondle

4) F=R" 62 6L O € comder structue } 6L inal

spectfl&alﬂ/ Gﬁ[:::\ "Aai/—[") 50 E[ms shructie W GLn-h)
e Iﬂ & /! leea/{y
€ has ¢ k-fome< dependient sectyus
&

C-EoRN  with €'a vector M -lunlle
S0 when can you veduce the sfmcm?/au,o.?
fo Sys'tmaﬁéalsr 57‘244{}, e we need a new eo



6P

l
M

F Gisa Lee group then a band . S a ,Q/m'cz"g/ G- bundle

F# da smooth rht- acton
pri— P
styyept) = y-ge pld Vgry (12 octon precerves fhess)
2) 6 acts 'f;'ee.ly andl 'h'un.srhbe[r on piix) Vx

Remask: Can more msm'?ly Adebwie q ,ofwlaﬁal 6-busdle as a ¢moott mandold
P with a smooth /iyla‘ G actton PxG 2P Hharis FPree and

porer -
K Px6-2PxP is W{,Mlﬂ'«e tmage O}: Comﬂu{

(2 (P.P) s tompact
gxamples
1) ¥ F"’f 1S a bowdle with structure group 6
M then 6 cover of M by e hpations {[V.(ft,)}
with Bansition fundtzons ’l‘:(p: Ya UP-—? 6
we can tonstruct a p/m'aPa/ G- buwdle as fllows
PE=‘.,2LU°‘XG/- whese (x9)elx6~ (x',f')e% x6
(4
exercise: Chech PE s a j' = ’lfpd(x)'(y) , xX= x'
p/m’c:p'a{ G- bondlle EG
£ € is a vector boadle then Fr s a p/map'a/ GLI ) - bomdtle
it & called e frame bordle because you Cont fawk of the fbers
of PE as froames for the fbers of £
ewercist : ok m/'bly)! s
we devote this bundle FIE) note: O = GLVR)  so we could
look at or%7wormal £
D ‘=85 wicpal S bundle Frame bundle with Pber
v e 0 ) (51‘7'” denote F(E))
cP”

3) Kefu(a/ toverzhf paces ayt manrfob’; M are F/Mapwe hma(le;

enesccsé: Chech tais. What are the hbers?
Can lf/efu(a/' Coves be p/m'ccpwl bondlles over M?



exe/s(L5es:
1) Show a p/lﬁa’?a/ G-byundle_ is trpwil] & rt adwmits a sectron

D) M € is avector bomdle then show a section of € is the same as
a 6L[n,lR)~e7u£va/za-4f map: vt FE) = "

vy -9)= 3" vb)

Huit: ywc-n SSME J

then for each yEHE) et v ly)= slply) enmpressed ia
Frame. y

p/bjec’ho'n 7E)-> M

lonstruction

Gwen ‘f; G F/Ma/‘oa/ &'wa(@

Mm

and P 626" a Ltomomorpht}m (of Lié jma,o;) wheve G'e Dl'f’ffo [F)

then we cau tonstruct au F buedle weth structuve j/ac79 ¢’

F= Prf
Px x/pg,f’)ﬂ'(p,/@)(f))

eresises:
1) Describe P % F vsing local trivializations
2) ,-f F=6' fhe,,; Px A ap/mc«,m/ G- bundle
3 Ff £ a vector bwzdé thea £ = ?(€)X R™ er pee GL(MA)
€) recall GLAR) acb‘ on (R) i a mmf way
re. GLinR) 5 GLIR™N") = GLin R)

check T'M = F(T) %, ()
$) Swilarly GLINA) acts on AR)" 14 a nafuod way
e GLaf) D GLIN*(R))
chech N ™Mz F( TM) /\h(fR "}
now guea a IorMapa/ G - bunolle J ound a sl/éyfaa,o H< 6
M

FJa /)/Ma'pa[ H -bondle PH c P vhen one can check
ﬂ,ﬁ,é‘"’l"[‘ﬂj}"’a 'F'j is a bundle ijomw‘ﬂﬂ}m
NH acts on 6 by moltplicotron



this isomorphism shows ¥4e trangition fenctiory tfor P covld be chogn to
bmve :ma;e u:: H
$0 we say the structure group of P reduces 0 H 1 #his cose

note: 1 the structuwe group of ?[ﬂ redwes feom GLWR) to H then

S0 does the structuse grouUp of E£:
FE), xy R

have ed questious
50 we have furned qu ™~ H<eLmf) acts on B”

about the structure group of € 1np
guestons about e structuse 7/au/oa-F ,mna;oal buodle s

no w 9((/&' a ,orm‘apa/ G - bunolle f ond a suéjrou,o H< G
M

P,
we get the bundle f‘ with  fhes Yy

M

/emma [0:

let P be o F/‘l/iapﬂ[ G- burdle. avd H< 6
reductions of he sructure group of Pt H

are 14 one-fo-one co,f/e;awdance, vty

Séf‘ﬁé:tj of P/,q

Froof: (=9) juréu a reduction we have
Py < P
\ /
M
and so ﬁ‘/H ] P/H

e
X 4

() PE; P/H s a f/m‘c:p:v[ H- bvndlo
+ s:mM P/H a section, theu U TUsw) cp

Xém

is a Io/tdapa«e H 'éuml/e.ﬁ



example :
smee CE™ m)/o(,1 ) i tontvachble aad bandles with conteuctible fbhess

alwoys have sections (chech thi) we see  F( 5)/0[“) has
sections andl s all vedtvr budles have metvizs !
%o how can we f‘C[/nL P/H has 58({764{,?

E. Obetruction 7Zreo/.y p
F—& -y =2
We want fo studly sections oF o fiber bondle Pl = 1
M

we assume M I a Cb/wmplwx {a/w7/5 e for Mam'ﬁ%)

B F i n—s»‘n/:é for all n (c’m»y/e; H- s0aces, s0 Lie groups, loop spaces ...)
14 actzo A o7£ 'E'(F,x,) on 'V,;[F' ‘:°) e {hoo{mo/o/y
asses

= T (F x) abelion and 71;(1‘,!,);‘5[57 F] ;fn:%::"

canont
not so lea/'l-ayrf as;wu/ho/p so M. m'dcp.o'l: X

C) acfion of T (M) on T, (F) trivel
so T(Pix) (amm«tc/@ wdepandent of xe M
(can get around the usiag “cahomo[ay/ with lcal wetf “)

Denste the n- skelefon of M by m®
aS.‘UMl;‘y we baye o section Shi/q{h)——? € we defue a Colao'uo/oyy o chaw
F(s) e "'y T (F)
as follows
recall e Ch”/M,"lfh(F)) sm'\,al/ a homomorphism T Gy (M) T, (F)

where G (M) s the CW- Chan group

which is generated by wi cels €. of m

) _h
(n:ca/[ M&ﬂ)ﬂV\ )uq Yy k
(
where €MD" and 3 0,365 M
. kel (k)
st~ above G glomg €, fo M by¢1)

]

¥
e, |

let I /"M be “mcvsion

I'€ 2 DMF  sice €4 wntructibtle

/

1 letl
e =D



5h pUI/S bach o a Se(.‘h{?n 0',: I;'E ale ae:-ﬂ

R+(

50 pz°5/*59“8,' —F gWwes an element of W, (F)

sk (here p: eYFaF i proeihion)

n y i ktly - oS assvmphions above
ow dehie &(5) (€57)7 [po%] 2 phons A

so Bla)e (' (m;mye)

exerases:
1) o ( %) wivarant vnde, homofgm'ef of Sk
D) F(5)=0 & 5, extends over M40
3) §&()=0 (1e T(5)a wcyde>

9D F 5, and 3 are sections of € eree M

on M( k-1) then

Fls) - Flsx) = § Tlsg, &)

(k) that are homm"o’o/},

for fome T(s,5)€ (M T, (V)
5) LY Wy"y hmofvn/ clags of S O M(h) (relotve fo MQM))
we can O[’larye &V(Sh) by a,qy Cabounda/;/

-ﬂte aLoue F/oue;

Th:
F=2 E
9(0‘&1 a bunalle (l, 50{;5)8/,;,\} A)—C) aéoue
M
and o secton 5, 1MV € then |Mu-.; ertends to M
=
ot$)= 1550170 € K (m; T, (FV

So Wl have on obstructiomr fo a sectzon W/?ﬁ&y I

ﬁﬂ‘wa/}!: l'f‘ 71},“:'):0 for }l‘d';wglﬂten 345%?70;4 070 F=

R



note: O (S,) degeads on 5, Lg.o 12 ¥ 5 mo just ebout

whethe Here & a section of € wver MLt wheattie

our choce of section on M) (when restrited to MET) extend
(rt1)

to M

lvckily tae “first obstruchon “u 1ideypendent- ot any chowes

e
F2€E
gwen L safzs&uh/ A)—¢)
M

F W (F)=0 for ken, thea 3 a section SpM™ = €

and the obstructon 0—(5") Aoes not dep&w{ 61 S,
( well-defuied mdep. of chowes) y
el

$0 we olerofe 1t ¥E)  (called fzﬁ )

and f Fiv—-om a map +heq Y”'[.f“'g); 1("'7"“(5)

exXample

R"—€
r‘Cw” o vector bundle

4

M

has a k-Frame & Shwdere group reduces to GL- k)

or fest put a metric on E o Structure 9/00«/.{; O(n) then
£ has on orthons mal k- raume & Shucture groap reduces to O(n-k)

wi ferms ot p/ma/aa/ bendles , let F( €) be the on. frume bodle
(12 priicipal o) bundle assocdted to € )

now € has on orthonormal k-frame @7(67/0[,,4?) hes a section

o) called Strefel manfold
foers of Ppruiy @& " lopusy < V(8= space of on

k-frames in R”
rerse: 7/;./\{((112")): 0 7 ¢ n-k

_ n-k even or k=1
T LV, (B 2

Zé% n-k  odd



Vmco/‘funm‘féx T (M) poes not necz}sa/i/y act 'bfu'//;%/ on
ﬂ;_h[\{k(/]z")) whea 1t & # [ see Steenrod book)

but o we take this mod 2 1t will [mly a,ufom.m&z/zg‘ (s w/)
50 we_ have o p/wia/‘y o‘éfﬁf‘ucﬁa-q fo a k-frame

over the n-ktl skelefon of M
—ktl
‘b’ (E)é H” +[M;’”;,,k(‘£(ﬂf")m.d7—)

h-het

st w, (€)=Y, (6) € H' (4 %)

%[S 18 (a,l{ed e ﬂﬂ 5{76706/’ VA:Z’ne’y class a‘f‘ €

when L even (so n-h odd where Lzn-he) w,(€) « the

P/'M;la/Y obstructon to A of a n-k<| frame ocq M
that extends 4o /46!_)

11 7me/u/ (¢ a “veduction' of
Fact: [Steenred) the w; determuiie ol the /V/»%a/)/ 1ivoriants

)

eXErc(ses:
cs' R E o
') jw‘% L, V,(E):O@gan N-frame over M o
“ that-entends over M
& € s orentable
2) F € orennable, then w, (€)-:0 & 3 an @-1)-Frome over M
that ertfends over u®
& 3 an - frome over P
toat entends over M

{ﬂu} s called a g4 S ucture
avpther way 1o think of Stefel-Whitrey classes

3 Uﬂl'fve 7&'101‘7‘0”5 ‘A/Z : Ve&{_ (M) — Ht(MIZ/z) v M

501‘1'5&}.1]
0w (€)= Fu (O Y fimsy

2) w (€)=, w (E)=0 V7> fiher dun €




) w(E@E,)= Ww(E)v WIiE,)
where W(E) = | +w; [€)+w (E)+ .

%) W, {D’) 30 where Y5 the vnwerspl lide
bondle over RPZ

for @) recall %, = {(t,v) € RP"x K™ < v ef]
Wy s o hae bundle over Re”
1) @ %) gonerues HIRI &) Vs

.Sam'ﬂ/e tom’pa.'(*a tov recall Hv(ﬂpnj 3—‘/1); Z’,zla:l/a"“:—-l

a/ejree__ a=1
W(Tﬂ?p") - ((-FQ)”“ - 1 (ﬁl-ﬂ) a-t(u;‘)a%._.

eq w*= (ne)a g0 RP" orcentable & n odd

T T
example: ¥ J on ornented bundle
M thea T, (M) octs bf(}/ézlly on '77;_,(\/‘(”{"))5%
exerce: chedh iy
50 we get au obstruction elé)e K'(m; &

o the existeace of a von-2erp  secfzon of €

el€) ¢ ca//ﬁo/ the Cules classof E

evercisé: ) f s MIE s any sectzon of € that is pravsverse
to the #ro section Z, theu

e(€)= PD.[s"(2)]

2) e(TM)[g’M]) =AM

ﬂmo( a m&/rful Eu [8/ i _
clasg characteristrc



M,L/‘ff et €5 f be o vector bundle witl Struchine group Olin; ©
¥at (s o “complex bundle
M
(From obove we can assume o),
50 the frome bundle can be taken to be a p/zda,‘oa./ U )- bundle

as mthe real cae € will have a Complox k-fame
&

?[E)/U/n—k) has a section (this as g Wu%/n-ﬂ
e bondle)
t u(n) - 0 7 < 201-K)
) 7/’,( /V[ﬂ"k)) - g Z 2: z{n-k).(.l

2) T (M) acts trwall, on 7’2-(;14')-” [UM//M./,_)) where we tik of
VO iak) os the fibem of 7/5)/001-)2)

s the primarcy obstruction v a wm,’)/%’ k-frame iy

2n-k)+2

72('7—};)4-2 ¢ H (M; 72’[n-kl+l(U(”)/UI”')')))
\_____/vg_/

Z

ve detic (€)= %, [€) € H (#; 2)
Wis is the kY Chern clags of €
c/eW-/y L (E) s the obstructionto a complex (n-k+|) bome
on mM%) Hat exterds f» Py aad
exéeérclse: (7‘ € a wm/[@/ fd"éwm//e oves M
) €, (€)= €elE)
2) W, o (E)=0 (= complen bundlles ore orented )
3w, (€)= C,(6) mod 2

q) ¢ (€)= 0 & structre 7/0'.5001‘ £ redues (o SU)
" tomplex orentation
§)iF € is E with “ww]«:yafc comglex stucture "' (12 -7)
then  C, (€)= €)' (€) Hut: easy for cnlg)J redace to
this. See Milnor - Stacheff




avnpther way to thnk of Chern close

4 um‘fue functions (’z' ; Ve&f: [M) - HU(M,- 2) M
501‘1'5‘&}»1]

) GIEE)-FTC (e Y fimon

2) ¢ (€)= <, (€)=0 V7> fiher €-dm €

3) c (E@E,)= C(€)v (&)

where C (E)= 1+ [E)+ 6 (E)+ ..
@ C, (%) jeAe/atf?.’s /'/2(6/'), where ¥ 15 te vnwersl
- lie bondle over € P

Sam'p[&' Lom/_am‘a tov  recall H(C Pnj %)= Z LQ:l/a"“:l
6’/\’“ afejree_ a=2

wv”df"wo*"-uc (€P7) = (+a)"™" = 1 (%) an (%) a ...
CL,(,/SM‘;T ey C.= (rda 50 c,(€P')= 2a (’/\’/5‘)=2)t
¢ (&)= 3a and C(€67)73al
there s ong more “stendard ' characterisic class
given a real vector buadle mﬂ_ﬂ?f
m

tea €& C is a conpler veitor bundle
the 714 Ponz‘;:)'alqoé class of € &
p(E)=C ¢, (E®8)

exerceses:
1) Show E®C and E®@C are Somsrphc
vse this o show ¢y, (€1 ®C) is 2-tTorsion

) (-p @) p @ 2pa@) = (1-a)""
where a gererates H{cP")

50 P (€P?)= 30‘2, P, (6P) 4a*

)t



3) F € an oriented 2n-burdle thea p,(E) = elE)velE)

¢) o E com//c;r bondle and € R Aenofes umé/lyioy reol bondle

then 5'&&5 z fO&
Qas wmp/%’ é(mol@!

5) ’7£ EU a 5” éwm([e taen
(1- plE)+pLE) ..t pulE)) (14, (E)4. 3 C(EN (1-¢,6) ... 2, (E))

eg. plE)= C(E) v¢ (E) - 2¢, (E)

Reca”, FMis a closea,/ orianted 4n- manitold then
I’:{ “m) Xﬁz"/ﬂ)f’l where H™"m) = Hw[M)/fafsxon
(%, ) — wvp(i#])
HY(M)  He,w)
(5 a Sypmmetril noﬂ—/ejeﬂe/afc pamh’
s can be dcdjamllw( over (R
the signature of M is

o(m) = # posd‘u}e e{yemnb&s of I - # Meja'h\}c e(‘j&rvn[ues of I

Hirzebrvch Signature Theorem:

f M is a closed orented smootls tn mandhold,
then there &5 a pa/ynamu}[ L, ta the Ponh")a‘?né

closes st

o(m) = L, (LM])

for example L, = 3 P (M)
L, = &= (Tl - p#) g, (#))
note: Th? = you get m{e/og/‘ clesses even ﬂwa/eé
the e ac 76’“67?0;15 9 ﬁrom(/a /
Con vse ¢uis 12 Show tere are moadplds
homeamp//heo' bt not dc#eomo//hzé
to the 7 —;ahe/e (and luye/ Ain A ?h?f?s)




AﬂphbaﬁpW ¢ Aoes not have an a/mos?‘ comﬂ%( structuse .I

to see this supose it does, then
0.[5%)= ¢ (5%) - 26,(5Y
evaluate on £5%] o get
30(s)= s)[[s]) 2 A7)
sine H15Y):0 we see ¢>(sYs*)) = 0 so
30°(5%) = -2045Y
but 0(s¥)=0 ond X/5%)=2 }Q 50 5 bhas no almost €-sty.

Facf: (an Ve same a/'?ume.qf- fo see SW, doesn'f /mvc
a Comp/@( strattare

with mose work can show

5” has an almost zomp/&x sty Uttuse
4
n=2,6

\‘Openupfoé/ew= Does $ have a complex structure

Choracteristei classes i generul, do not determire a bundle, but we do hove

T) Lomplen liie bondls ave determed by <,
Meoreorer, ony ae ™M) is ¢, of some wwyd/% lide bundle
I) €% budlos are detrmmned éy ¢ ond C, £
Moreover, ¥ @) €M xH M) T o C:bundle L st G lE)=0
/ m
C, (6 )= (8
IL) 5003 bundes are isomorphic € w ad f, ogree
i ) S014) bundles are Bomar,alu}, & vy, p, and e djree

enescse: prove the above. 1)-IL) “easy” (wewill do I) bter)
I)-X) harder



F. Exctence of Almost (om’p/%’ Striec furses
We weat fo see whea M admits an olmost oom/‘% Sthultre
(ond bewe a1 alwost 5}«94/@5752 one)
We start with an oriente! monidold M of Amersion 2
50 Ve can assme 13 strustue roup s Olin) and
F(TH) o a pnacpal 20(1n) bondle
tos M bhes an almpst compler structre & ?(TM%{”) has a section

the hbers of iy buclle are 2 Vypn) S0 ve need

For 1< 2a-1

Z 122 mod ¢
S0(z) -
T ) = 22/7_& 20,7 moo §
0 othe utse
and 2 +%/2x nEQ mad¥
sl _(Z —

qrzn—l[ ”%M)) - /61«1).’& A= |
& Nz 2 ol

Z/p-0'z NZ3 mad?

S0 taee o obstructioer to M hamnj on almost KoM//G:V SBuLTAE (1
)’: e H 1M/- Z) For 1<2n and 123 mod ¢
'ff e H’[M,' Z‘/z,z) for qc20 and 12 0,1 mod ¥

recall the exact 5674/@1(6’ 022 -:’2 — %, —»o0 Jue rie fo
a {ony enact S€quence
o H(MiZ) = HImE) 5 1M ) 5 H i) = ...
B 15 called the Bockstein homomorphism
the ttegral Steifel - Whitney classes of a bumde ; ave
WAE) =@ (yle)) € H{[M,'Z/

note: Ml £) is obstruction + zirtegra/ It of w,. (€ )




Theorem (Massey):

/C'(' Mbe an orienteAd 24 -manifold

. g (the2
let s: m ™ 7["’)/{”") be o sechon

The
n tﬂus lM) (Zk)' -b;hﬂls) hk €ven
L) LS9 Kol

Rema/hv
1) /-\ma%l;a} b/’-fk 31) Aoesn't /ea”/ afe,ae.ad on 5 |

2) H%”(M,Z) has o p—fo/szw for any prime p<lk
hen b/%ﬁ-vo = “a:m (=0
3) 1;![5): W, (M) and {7 ()= W (m)
note:

Q) no obstruction fo orieated suface having almost tomplen spuctue
b) whea M 14 an ariented Y- mnd[o/ﬁ/ we bove

a2 Ue)* § 5 ke

50 a ‘{—mam'fo/a[ alvayf wa an almost ‘Dmﬂ/m’ syucture on Mz)
obstruction fo eafen 9 oves A s
%Em) = W (M

s0 have almost 491190/% structure on m
e
q l&k,/a/ It of w, (#)

we consider obstruction 10 extension fo M leter
¢) When M (s an oriented G-mandold we have

h=12,4,
ar [306)) ) = ° '
h ?) 2

h=3
50 the f;isf ana{ on[y obsﬁ’uc(z‘om fo an a/masr camp/oz/
Shructure on M is
¥ (TM) = W, (1)



When M is Yu-Awensioncd the top dvensional obshruction is 1a

H*" (m; T, [ om)/wzn)))

ket TE(M) be B F nodd asd the H7UA;2) component

of ‘6’: (m) F 1 even

recall # TM s a W/ex bundle

pulM)= () T 1) e m) v ¢, (m)
74) =2k

Th* (Messeq):
let Mbe on oripnted 4a-manidold

. g (40
let sim" ')-—97["‘)/0,") be a sechon
Then

4. 72 (=€) p, ) + T EV'c (oo (4)

14)=2m
where the ¢ ,(m) are the Chern classes of TMI‘P"")
LomMj From He Com//%’ shructure nduced b/ s
cnd Czn(M) = e(m)

The discussion above covess all the “wtesral obstructions” to on almest complen sthrustre
the non-lin‘eyml obstructions ace hardter

But we oo get
The
A closed orienteed 4-manifold M has an almest omples structuse sometlmes
& called V%
da cobomology cluss a € H*(m;F) svch that thearen

w,‘_[M)E a mod2 and
qQt ([m3) = 3o (M) +2%X(M)

Moreover, ony such a is ¢, of an olmost wm,o‘w( structure

Proot: (=) fo llows Howm discussion of characte itz classes from Section €
(&) Pollows from 2 ¢6™% of Massey above



for the last sfafement, prove uszhj bs¥+ exerce m Section €
(about $0Let) and Ucz) byndles)

eretise: Do thes and prove & resolt 1 Th2 i the same Way gz
Th2 12

A closedd orented 6-manidold M has an olwmost Com//&r structure

=
da cobomolo gy ¢ luss a € H:M;3) svch that
w_‘_CM)E a mod 2

Moreaver, i Hirm#) has po 2-tforsion, ¢hen there i a

one-to -one wr/'egoondence

Z almost- tomfbﬂ’ e |a¢ HiM 2) with
Structw'es on M vy(Mza rmod 2

and comp@f structure to//eWJMj ¥o a has
¢=a, €= (a*-piM)) | and (5= e(m)

Drook: € follows 65 ia last proof
e one- to-one (.a//Es,Jondan(_g Pollows Hrom more obstructipn Veo y =

Recall: All statements in Th? Il and 12 also hold for olmost Sym//ecf?& mam'fo/ﬂlﬁ
V/4

So what closed orienteot ‘f‘mamio[éls mi}Lf have éym/o/ea‘zé structures 7
) ST . Mo +or wany reascds: no aeH(s?) with ava*o
and 4 a €H(5Y) witt wzamod?
then 2% +30-=% *¥a"[sY=0
50 no almost sym/o/ecﬁ& structure

2) $'%8%: does has almest symplectic structure since
“’;(5"‘5;)”0 50 a=-0O € H(s'¢s) is a e of w

and

2X+30=0 = a*Cs's*])
(&) -
{o by Th= 3 almo;{' Com//e,x/f y»}d&ﬁc structure

(in foct easy o put complex structuce on S’ x5%)
but no a € Hz{gll‘!t) with ava®*0 ¢, Ao Symplebﬁb sthructure



3) #, €P': when does it have an almost 5ym/a/ea‘n shructure

H (4#,6°)= @ Inwersection poiring ('o‘-.o)
50 or=n andd Y=nt
s 2X+30 7 2u+d+3u=5n+4

also w,(#, €P")=(4}... 1) & H (#,6r"243) = B thy

50 #,1(/2' a/mos/— 5ynp/e£'h£ E Face HL(#,,CI’L)' k) wetly
(41,..1)T Q@ mod 2 awd
aif#,&)= S+t

Sv,opose a= (a,, La)e®, &

2_'_0

1-‘

50 we need 0, €¢ st Zﬁ

1=t

= 5 aeqt aud @ oddl
n=1:

a’=1

so most have a,=13

o P admits 2 almast aon«,dhf/fym//“ﬁl structuses
( Oﬂly one ypfo conj uya‘tion)

0'(‘ oursé Cﬂz is also 5ym/écﬂ£ .' [Ké’l: le,)

N=2 need a'+atz 14 o sol™!

so &P'# & has no almost Syﬂpledzz structure |
5. no Symplectic 54
even though 3 o ¢ H{L#Cr)

£ aiso
n=3: peed & +a}+a =19

wlts (£3,23,21) (ond permotations)

50 el # 6P has aluost s g lectic stractaves

(all are dcfﬁfo»wqohw>
olso bas el ot #*>0

|s ¢l « e’ r_ymp[ccr’z&? Mo but very bard to show |

(\ nomber of pos.
Taubes: Symplectse mandolds with b 22 eg::/m(ue_; 1
have won- vam;Amj feée/y Witen " ,:fgff;
MVO'/lanb'

}‘(0'66[“6‘2 If X— X #X, s Stmoly connected
and b:()‘,bl then 5e(‘be/9-h/‘ﬁen
(Avarants Vamsb_



50 no #, cr’ Symp/ecfz& F n> | !

exercisC: #,6&¢ "5 almost 5ymplecle & n odd

9. N=5 get sol®s (5,1,1,1,1) and (33,3,11) (¢hese are rea/ly dftereat)

/gmma 3:
I M a b~ mantold with an almost symplecti, structure

the b: (M) and é,[ﬂl) have Oﬂoos:?e parhy

M Wo showed hat for any C € Ht(Mi?)

Cve = w(M) ve mod?

Suppose a is an 1})1’27/;7/ e of %[,u") then

cvcC = Gu C Mad(?—

such an a i called a charactesiste element

not o hard o show For any characteristic element
4 uC([”J) S mod ¥

S50 (# M /'\a,s an a/moﬂ“ wmpéx Shructure theq C,[M)?—V, wod 2

and ¢tz mod §
ct=30+2%

50 o +8€h =36 ¢2X some R
3hz 2(c+%)
2h = XX

€. z——_:—x-?_OlnodZ.

+ -
b,_~b,, +2-2b+he-b. = 0 mool 2
t

so | b -b*l is evea| £ M olmost complex

exercese: ) et M be a 5’”%/7 connected oriented 4- manifold.

Show M has an almost symplectic structure
&
b: is odd

2 gt most 2 of M?,M.;f, and M#M, have an olmost fym,a/ecf?'c

structure



